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ADVERTISEMENT 

TO THE SIXTH LONDON EDITION. 



The favourable reception which this Treatise has met 
with from the public has induced the author, in this sixtn 
edition, to make some considerable additions and alterati(ins. 
By contracting the letter-press, more particularly in the 
early part of the work, these improvements have been eflect- 
eJ in such a manner as to render it unnecessary to enlarge 
tJie size, or increase the price of the volume. The whole 
has also been revised, and the press corrected, by a friend 
on whose judgment and accuracy the author has the great- 
est reliance: it is hoped, therefore, that it may still retain its 
character, as a useful elementary work on this branch of 
mathematical science. 



ADVERTISEMENT 

TO THE SECOND AMERICAN EDITION- 



Thb favourable reception of the first edition, and its in- 
troduction into many of our colleges and academies, have 
induced the publishers to stereotype the present edition; 
which, after a careful revision and correction, has been 
taken from the seventh and last London edition. It is con* 
fidently hoped, that it will now supply the wants of teachers 
and students in this department of science. 
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ELEMENTS 

OF 

ALGEBRA 



INTRODUCTION, 

Algbbiu is that branch of Mathematical science in which 
number or quantity in general, and its several relations, are made 
I be subject of calculation, by means of certain signs and symbols, 
ihe nature and meaning of which may be explained as follows. 

L 

ExplanaHm of the AlgfSbrme MMhod cfNeiafim* 

1. Quantities whose ralues aare knmpn or detemdnedi are gene- 
nlty expteased by the/r^ kteers of the Alphabet, a, b^ c, d^ drc. ; 
and wihmm or undetermined quantities are oommonly represept- 
ed by the last tottecs of the AJphabit, ar, jf, is, &c 

2. The snultiples <if these quantities, such as, twice a, three 
timee by jlne timee x^ &c. are expressed by placing numW^ before 
them, thus, 2a, 3&, 6a;, &c. ; and the numbers 2, 3, 5, &c. thus 
prefixed, are called the coefideiUe of a, b^ m^ Asc in die several 
quantities 2a, 3&, 6a;, &;c. 

B« The siga -f ip^^) P^«M)ed b^ween two or more quantises, 
ineans that those quantities should be cMed together ; thus, a+6 
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+ jr+&c. means the mm of the quantities a, fr, x^ &c. ; and the 
sign — (flttnti^) placed before any quantity, means that such quan- 
tity should he suhtracUd from the quantity or quantities with^ 
which it is combined ; thus, a — fr, means the difference between 
a and h ; and a+ 6 — c, the di&resce between a + 6 and c. 

4. In the general expression a+2fc^— 4a:+3y — 62, &c. such 
quantities as have the sign + prefixed to them, are called positive 
or affirmative quantities ; and such as have the sign — prefixed 
to them, are called negative quantities. If no sign be prefixed to 
a quantity, then the sign + is understood ; thus, in the foregoing 
expression the positive quantities are a,+2&,+32f, and the nega* 
/tve ones, — 4ar, — 6z. 

5. The general sign for the muliiplicaiion of quantities is X ; 
but the manner of expressing the product of two or more quanti- 
ties is varied, according to circumstances. The product of quaur 
ties consisting of single letters, is expressed by placing those letters 
one afler another, and generally according to the order in which 
they stand in the Alphabet,* thus, the product of a and h is ex- 
pressed by ah ; of a, 6, and ar, by dbx ; of 3a, ar, and y, by 
Zaxy; &c. &c. The product of a-f 6 and c-f <f, is expressed 
bya+fcxc+d, or a + 6 . <?+d, or(o+fc) (c+rf);/in the two 
former cases, the line drawn over a+6 and c-\-d^Xo mark them 
as distinct quantities, is called a vinculum* . 

6.- The sign -r- placed between two quantities, means that the 
former of those quantities is to be divided by the latter ; thus, 
a-r-fr means that a is to be divided by h ; o-f-j-rc+d, that a+& 
is to be divided \iy c-\-d. Bilt since every fraction represents the 
quotient of the numerator divided by the denominator, this divi- 
sion is more simply expressed by making the former quantity the 
numerator^ and the latter the denominator of a fraction ; thus, 

J- expresses the quotient of a divided by h ; and — j, the quo- 
u C'\-a 

tient of a+b by c+d, 

7. The powers of algebraic quantities are expressed by placing 
a small figure (equivalent to ^e number of factors, and called 
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ike index or exponent of the power) at the right-hand of the 
letter; thus, 

aXa or the square of a . . is expressed by a«, 

bxbxh or the cube of 6 by ft», 

x'KxXxXx . . .or the fourth power of a: by «♦, 

{a+b)(a+b)(a+b) or the cube of a+b byT+J|3, 

and so on. 

8. The roots of quantities are expressed by the sign >/, with 
the proper index annexed ; thus, 

v^a, or ^a^ expresses th^ square root of a, 

^/b cube root o£ by 

i/a-\-x ..... fourth^ or biquadrate root of a+a;, 
and so on. The roots of quantities may also be expressed by 
fractional indices; but this method of notation requires an ex- 
planation, which will be given in Chap. III. 

9. Like quantities are such as consist of the same letter, or the 
same combination of letters; thus, 5a and 7a; Aab and 9ab; 
'2bx^ and 6bx^ ; dec. are called like quantities ; and unlike quan- 
tities are such as consist of different letters, or of different com- 
binations of letters; thus, 4a, 3&, lax, bbx^, &co, are unlike 
quantities. 

10. Algebraic quantities have also different denominations, ac- 
cording to the number of terms (connected by the signs + or — ) 
of which they consist ; thus, 

a, 2by Sax, &c. quantities consisting of one term, are called sim- 
pie quantities. 

a+x,BL quantity consisting of tu)o terms, is called a binomial, 

b — c, (that particular species of binomial which expresses the 
difference between two quantities) is called a residual. 

bx+y — », a quantity consisting of three terras, is called a tri* 
nondaL 

a^x+by — Be +(?, a quantity consisting of /our terms, is called 
a quadrinondaL 

a+b — c-\-x — y, &c. a quanti^ consisting of an indefinite num- 
ber of terms, a muUinomial* 
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*11. The sign = placed between two osp mora quantkteff, ex 
presses the equality of such quantities; thus, ^^a+bsK0+4»l 
means that a+b is equal to c+d ; and " ax+by=cx+dy=zeX'{- 
/y," mean that the quantities ^ix+by, ca+dy^ and ex -f^ are 
all equal to each other. When quMitjties are thus connected 
togeth^ by this sign of equality, the expression is called an egtia* 
ti&n. 

12. In algebraical operations, the word therefore^ or emue* 
querUty^ often occurs. To express this word, the symbol .% is 
generally made use ojT^ thus, the sentence '< therefore a+& is 
equal to <;4-£7,*^1i expressed by « .*.m+b^e+dJ^ 



11. 

ExemplificaHon rfthe Algebraic Signs and SymboU. 

It. The use of these several signs^ ayoMi^ and «Mnma* 
lt(MM, may be «cem{dified in the following mamer : 

Ex. 1. In the algebraic expression a+b — c, let a=9, i^=7t 
and c=3 ; then 

a+b — c=9+7 — 3 

=16—3=13. 

Ex. 2. In the expression ax+ay — xy^ let ci=;6, a?=2, y=7, 
then, to find its value, we have 

iix+ojf— «y=6 X 2+6 X 7— 2 X 7 
=10+86—14 
=46—14=81. 

Ex. 3. What is the value of , . ^ , where a=5, ft=3, af=7 

b+9 

andy=6? 

Heie a«+5y=6x 7+3x6=35+ 16=6Q» 

andft+a:=3+7=10j 

ax+by 60^ 

•*• T+r=io--^ 
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Ex. 4. In the expression r s — » ^®* as=3, &:=6, c=2, 

ar==6 ; What is its numerical value? 

Here aa^+6»=3x 6x 6+6x 6=108+25=138, 
and bx'—a* — c=5x 6 — 3x3 — ^2=30 — 9 — ^2=19; 
aa^+y 133 ^ 



bx — a^ — c 19 



Ex. 5. There is a certain algebraic expression, consisting of six 
terms connected togeth^ by the sign plu$; the first term of it 
arises from multiplyiHg three times the square of a by the quan- 
tity h I the second term is the sum of the squares of a and h di* 
mded by the quantity c ; the third is the. product of a, 5, and e ; 
the/ottr<A is two-thirds of the product of a and &; the fifth 
arises from dtvu^iag' the square of a by the cttfte of ft; and the 
last term is a fraction, whose binomial numerator is the difference 
between a and ft, and whose trinomial denominator is the sum of 
the cuhes of a and ft and the fourth powenof e. 

AH this is expressed, in one line of algebraic writings thus ; 
« 91 . «'+*' r 2aft a» a— ft 



c ^-"^'^ 3 ^ft»^a»+ft»+i?* 
Let o=4 ^ *^^^ ^^ value of this quantity is, 

^-,2; S ^ ^^ ^27^64+27 i-16 

or 
25 16 1 

B 

• 5-r_-^ ■' , ^ - . - ■ ■ 



CHAPTER I. 

ON THE ADDITION, SUBTRACTION, MULTIPLICATION, AND 
DIVISION OF ALGEBRAIC QUANTITIES. 



14. PREviousLr to the application of the fundamental rules of 
Arithmetic to Algebraic quantities, it may be proper to observe, 
that, although the explanation of the sign minus in Art. 3. does 
not, in strictness, extend beyond the subtraction of a less quantity 
from a greater one, it is convenient to consider negative quantities 
abstractedly, without any reference to others from which they may 
be supposed to be subtracted. For although^ when we say that * 
2 — 5 is equal to — 3, we mean nothing more than that the addi- 
tion of 2, and subtraction of 5, is, on the whole, equivalent to the 
subtractidn of 3 ; yet, after the algebraic operation has been per- 
formed upon it, the quantity of 2 — 5 assumes the definite value 
of — 3. 

It must be farther observed, that the word Addition is, in Alge- 
. bra, taken in a much more comprehensive sense than in common 
Arithmetic ; and as denoting the union of two or more quantities, 
positive or negative. Thus, the union of 2 with — 6, in the fore- 
going example, is called the addition of those quantities. The 
same remark is to be extended to Subtraction ; which is, properly, 
the finding such a quantity, as, being algebraically added to the 
subtrahend, will give the quantity from which the subtraction is 
made. 



in. 

ADDITION. 



From the division of algebraic quantities into positive and nega 
tive, like and unlike^ there arise three cases of Addition. 
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Case I. 



7*0 add like quantities with like signs. 
16. In this case, the rule is, " To add the coefficients of the 
several quantities together, and to the result annex the common 
sign, and the common letter or letters ;" for it is evident, from the 
common principles of arithmetic, if + 2a, + 3tt, and + 6a be added 
together, their sum must be -|- 10a ; and if — 36', — 46*, and — 86* 
be added together, their sum must be — 166". 



Ex. 1. 


Ex.2. 


Ex.3. 


2x+ 3a— 46 


Tx'-f 2xy— 5bc 


4a»_ 3a«+ 1 


Sx+ 2a— 66 


9x^+ 2xy— 7 be 


2a'— a«+17 


4ar+ 8a— 76 


Ux^+ 6ary— 46c 


5a»— 2a«+ 4 


9x+ 4a— 66 


<*>a;«+ Axy— be 


3a'— 7a»+ 3 


6ar-f- la— 96 


aj*+ 9xy — 26c 


a'— a»+10 


23x+24<4— 316 


29j:2+23a:y— 196c 
Ex.5. 


15a'— 14a*4-35 


Ex. 4. 


Ex. 6. 


Ss^^^j^— X 


7a'— 3a'6-f2a6*— 36» 


23^y—Sx+ 2 


Qx^+ a^—Zx 


4a»— a«6+ a6'— 6» 


^3fiy—2x+ 1 


7r3+2a:«— 2a? 


a»_2a«6 + 3a6»— 56» 


3x*y— 5a:+10 


4aJ»4. aJ»— x 


5a»— 3a«6+4a6*— 26« 


^y— x-{-l5 









Case II. 
To add like quantities with unlike signs. 
16. Since the compound quantity a4-6 — c+d — e &c. is posi- 
tive or negative, according as the sum of the positive terms is 
greater or less than the sum of the negative ones, the aggregate 
or sum of the quantities 2a — 4a-|-7a — 3a will be +2a, and that 
of the quantities 76'— 66«+26*— 86' will be —46'; for in the for- 



('*) In these Examples, it may be observed that some of the qaantities have 
no coefficient In this case, unity or 1 m always understood. Thus, in add. 
ing up this column, we say, l-f- 1 + 11 4-9 -f- 7=29 ; in the third, 2 + 1 -j- 
44-7 4-5=19 ; and so of the rest 
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mer case, the excess of the sum of the positive tenns above the 
negative ones is 2a ; and in the latter, that of the negative above 
the positive is ibK Hence this general rule for the addition of like 
quantities with unlike signs : " Collect the coefficients of the pon- 
tive terms into one sum, and also those of the negative ; subtract 
the lesser of these sums from the greater ; to this diferencCj an- 
nex the sign of the greater together with the common letter or 
letters, and the result will be the sum required.'' 

If the aggregate of the positive terms be equal to that of the ne- 
gative ones, then this difference is equal to ; and consequently 
the sum of the quantities will be equal to 0, as in the second column 
of Ex. 2. following. 



Ex. 1. 

Aqi^—3x+ 4 

—2a^+ X— 5 

3a:*— 5a?+ 1 

7a;*+2a:— 4 

— a? — 4a:+13 

lla^— 9a?+ 9 



Ex.2. 
—lah-{-2hc — xy 
— ah-\-2hc-\-^xy 

Zah — hc'\-2xy 
— 2ah + 46c — Zxy 

bah — 8ftc-|- xy 



-2ab 



^dxy 



Es. 3. 

— 5«»+l&r« 

— 2a?»— 4a« 

9a:»— 14a* 
_18a:»_ 2a^ 

— 4aJ»_ ex" 



Ex. 4. 

4r^ — 2x+Sy 

- a^+ Ax — y 

7ir»_ x-\-9y 

9«®+21ar— 23f 



Ex.5. 

6a'— 2afc+ b^ 

- a»+ ab+2lf^ 

Aa^—Bab+ hf 

2a'+4afr— 41^ 



Ex. 6. 

4«*y»— 2a?jr— 3 
— a^i^ — xy — 1 

Sa^t^+Axy—5 
— 9«'^— 2ary+9 



. Case IH. 

17. There now onlyiremains the case where unlike quantities 
are to be added together, which must be done by collecting them 
together into one line, and annexing their proper signs ; thus, the 
sum of 3ar, — 2a, +5ft, ^— 4y, is Sx — ^2aH-56— 4y ; except when 
Uke and unlike quantities are mixed together, as in the following 
examples, where the expressions may be simplified, by collecting 
together such quantities as will coalesce into one sum. 
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ir 



Ex. 1 

dab+ X — y 
4c — 2y-\- X 
bah — 3c + d 
4y + a?—2y 



Collecting together like quantities, 
and beginning with da&, we have da& 
-f5afr==8afc; -fa:+a:=-f 2x; —y— 
2y + Ay — 2y = — y ; 4c — 3c= + c ; be- 
sides which, there are the two quanti; 
ties '\'d and 4-a^, which do not coa- 
lesce with any of the others ; the sum required, therefore, is 8a& 
+2a? — ^y+c+d+a:*. 

Here 4««— ««=8a:» 



8tt&+2x— y+c+d+x* 



Ex. 2. 
4x»— 2ary + 1 — 3y + 4ar* 
Ay +3a^— y»+ary— a:' 
5a:^— 2a; +y_15+ if 

Sa^—xy — 14+2y+12ar^— 2a: 



— 2ary+ary=— ary 

+ 1—15=— 14 

— 3y+4y+y= + 2y 

+ 4ar»4- 3ar»-f 5ar»= + 12ar» 

— 2a:=— 2a:. 



IV. 



SUBTRACTION. 

18. If it were required to subtract 5 — 2 (i. e. 3) from 9, it is 
evid^ that the remainder would be greater by 2, than if 5 were 
subtracted. For the same re^n, if h — c were subtracted from 
a, the remainder would be greSIr by c, than if b were subtradted. 
Now, if b is subtracted from a, the remainder is a — b ; and con- 
sequently, if b — c be subtracted from a, the remainder will be 
a — b + c. Hence this general Rule for the subtraction of algebraic 
quantities ; ^' Change the signs of the quantities to he subtracted y 
and th^n place them onMif^er another, as in Addition." 

Ex. 1. From 5a+3a: — 26, take 2c — Ay, The quantity to be 
subtracted, with its signs changed, is — 2c+4y ; therefore the re- 
mainder is 6a+3a: — 2b — ^2c+4y. 
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Ex. 2. From 7a:"— 2x+5, take Sa^+6x-^l. 

The remainder is Tar*— 2aj+5— aa:*— 5a:+l, 

or ?««— 3a^— 2a:— 5a:+6+l=4«»— 7x+e. 

/ 
* But when like quantities are to he subtracted from each other, 

as in Ex. 2, the better way is to set one -row under the other, and 

apply the following Rule : <' Conceive the signs of the qtMntiiies 

to be subtrcLcted to be changed, and then proceed as in Addition." 



Ex. 3. 
From 7a:«_2j:+5 
Subtract 3a:»4 5x— 1 

Remainder 4a:' — ^7a:+6 



Ex.6. 
From 7a:y+2a: — 2y 
Subtract 2xy-^ a?+ y 

Remainder 



Ex. 4. Ex. 5. 

12a»— 3a+ 6—1 6^— 4y+3a 

6a»H- a— 2&+3 6f — iy— a 

6a*_4a+3*^ —f * +Aa 



Ex.7. 
14x4-y — z — 5 

a?+y+2— 11 



Ex.8. 

13a:»— 2a:»+7 
_a:8^ ^ — Q 



MULTIPLICATION. 

19. In the multiplication of alg^raic quantities, the four follow- 
ip^Rules must be observed. ^ 

•t I. When quantities having like signs are multiplied together, 
the sign of the product will be + ; and if their signs are unlikcy 
the sign of the product will be — .* , 



SiSpi 



* This Rule for the multiplication of the Siflfp may be thus explained : 
To multiply a — h by e — d^ is to add a—b to il^lf as oflen as there are 

units in c-^; now this is done ..by adding it c Hmes, and subtracting it d 

ttmea; 

But a — 6, added e times . , ^-ac-^Jfc, 

$ 



II. The coefficient9 of the factors must be oiuldplM together» 
to form the coeff cieat of the product. 

in. The letters of which they are composed roust be set dowo, 
one after another ; and generally according to their order in\ke 
Alphabet. 

IV . If the same letter is found in both (actors, the uidioes of it 
must be added io^xher^ to form the index of it in the product. 
This follows immediately from Art. 7, as will appear by the foU 
lowing example ; a'x cf^^aaa X aa=za4iaaaz=iaK 

Thus, +a multiplied by -f 6 is equal to +aft, and — « multi- 
plied by — h is also equal to +afc ; +3a:X — 6y= — 15xy ; — 3 
abx+4^=—l2abcd; '-Aa^Vx — Zab^^-\-\2c?Vdf; &c 

From the division of algebraic quantities into nmple and com^ 
pounds there arise three cases of Multiplication* In performing 
the operation, the Rule is, " To determine first the sign, then the 
coefficient, and afterwards the letters." 

Case I. 

20. When both factors are simple quantities; for whjeh the 
Rule has been already given. 

and a — 6, tuhtraeted d iimeB = — ad -[. hd^ 

,'. a — h X c — d =ae-'be — ad-\-bd, 

Le. -fax+c=+ac ♦ 

— 6X +c=— 6c .. 1^ , 
^ax—d^'^ad'- 
-^£X -^f^+hd. 
Or thus : . . 

I. If ^a is to be multiplied by -f(t it jipeana, that -fa is to be added to 
Itself as oflen as there are units in 6 ;'and consequently the product will be 
^. - - , 

II. If —4 is to be multiplied by 4-0* it means, that -—a is to be added to 
Itself as often as there are units in 6 ; and therefore the product is — aft. 

III. If 4- a is to be multiplied by — &, it means, that -f. a is to be subtracted 
as often as there are units in 6, as'illfpears from tlie foregoing explanation; 
andjeonsequently the product is -Mfd* 

4lr« If — a is to be multiplied by^^, it means, that -—a is to be subtracted 
as often as there are units in & ; ajid, since to subtract a negative quantity is 
the sanfs t^ iaadd a posUip^qfft'ihe product will be 4.06. 

■\i ' ■.: . . 





MULTIPLICATION. 




Ex. 1. 


. Ex.2. 


Ex.3. 


Ex.4. 


4ab 


2axy 


— Sabc 


— 5a^bc 


Sa 


— eaxf 
Ex. 6. 


5a^b 


— 21^0^ 


12a«6 


— 16a»yi? 


+ lOa'h'ca^ 


Ex.5. 


Ex.7. 


Ex. 8. 


Aabc 


Ox^y" 


— 4cdx 


— 7aa:»y 


Sac 


-2y 


— 2c 


— 2ac*x 









Case ■. 

.21. When one factor is compound and the other simple; 
V Then each term of the compound factor must be multiplied by 
the simple factor, as in the last Case ; and the result will be the 
product required." 



Ex.1. 

Multiply Sab^2ac+d 
by 4a 


Ex.2. 
3ar»— 2««+4 
— 14aar 


Product l2a^b—Sa''c+^kad 


— 42aa?*+ 28aa:*— 56aar 


Ex.3. 

Multiply 7a^ —2x +4a 
by — 3a 


Ex.4. 
12o«— 2a«+4a— 1 
3a? 


Product —21ax*+6aa;--12a* ^ 




Ex. 5. 

• 

Multiply 9a*ar+ 3a— a:+ 1 
by-a;^ 

Product 


Ex. 6. 
4j;V+3a:— 2y 
-Sxy 



Case III. 

22. When both factors are compound quantities, each term of 
the multiplicand nmst be multiplied by 6%ah term of the multiplier , 



urnnruoAtiov. 



2] 



and then placing Ulx fuanHik$ under eocl ^Acr, tbe tmn of aU 
the ieirms inU be the product roquu^ 



Ex. 1* 

Multiply a 4- h 
bya+ b 

l8t,by«. .«'+ «6 
2d, by i . . 0^+*^ 

Product a«4-2aft+** 



Ex.2, 
a + 6 
n — ft 

— aft— 3» 
a« *— ft« 



Ex. 8. 

o«+ oft+ft? 
fl— ft 

«*+.a»ft+ay 
.^«6-..oft^-»6^ 

?~;? * —ft^ 



Ex. 4* 

3a!«+ 2a: 
4a: + 7 

I2a*+ 8«2 

+21a:»+14x 

12a:»+29a:»+14a? 



Ex.5. 
Sa^— 2x+5 
6x—l 

lS3^—12a^+S0x 
— 21a:»+14a:— 35 

18a:»— 330:'+ 44a:— 35 



Ex.6. 14a c— 3aft + 2 
ac — aft + 1 



14aV— 3a'ftc+ 2ac 

— 14a*ftc +3a2ft«— 2aft 

+ 14ac — 3aft+2 



14aV— 17a*ftc+16ac +3a'ft»— 5aft+2 



Ex.7. «"— !*+§ 






83 DITIBIOir. 

Bt. 8, Multiply o»+3a«6+8fl5^+6'' . . hy a+b. 

Answer, a*+4a»6+6a«6«+4aft»+W. 
Ex. 9 Aa^y+Sxy—1 by 2a:*— a: 

Answ. 8ar*y+2a:*y— 20:*— 3a:*jf+x. 
Ex. 10. . . . ,ar»-^+a?— 5 by 2a:»+arH-l. 

Answ. 2a:*— a?*+2a:*-— 10a:*— 4a?— 5. 
Ex. 11 8a«+2a6— ft* by Sa*—2ab-\-hK 

Airaw. 9a*—- 4o'6'+4aft' — 6*. 
Ex. 12 s^+a^y+xj^-^-i^ ... by a:— y. 

Answ. «* — ^y*. 

Ex. 13 a:«— |a:+l by «*— ^a^ 

4 o . « 



VI. 

DIVISION. 

23. In the division of algebraic quantities, the four foll6wing 
Rules (which arise immediately out of the consideration that the 
quotient multiplied by the divisor gives the dividend) are to be ob- 
served. 

I. That if the signs of the dividend and divisor be Kilre, then the 
sign of the quotient will be -f ; if unlike, then the sign of the quo- 
tient will be — .<*> 

II. That the coefficient of the dividend is to be divided by the 
coefficient of the divisor, to obtain the coefficient of the quotient. 



{•) The Rule for the 9%gn& follows immediately from that in MultipUcar 
tion; thus, 



+a5 +a& 

Sincse +aX +6= +06, . . —5 — =+^and ■ 1 =+« 

+aX-.6=-«6. . . ^=--6, and^ = +a 



i. e. liht signs 
produce +• 
and uidike 
signs — . 



DIVISION. 28; 

III. That all the letters common to both the dividend and the 
divisor must be rejected in the quotient.^*^ 

IV. That if the same letter be found in both the divided and 
divisor with different indices, then the index of that letter in the 
divisor must be subtracted from its index in the dividend, to obtain 
its index in the quotient. Thus, 

I. +aftc divided by +ac .... or =4-&. 

-\-ac 

II. +6abc ..... — 2a. ... or — —- = — Sbc, 

— 2a 

III. — lOxyz .... +5y. ... or ^ = — 2xz. 

IV. —20a'a^f . . . —^Laxy . . or ~^^^'^^ =; + 5aa:y'.»> 

OiDimsion, also, theie are three Cases; the same as in MuU 
tiplicatian. 

Case I. 

24. When the dividend and divisor are both simple terms. 

Ex. 1. Ex. 2. 

Divide ISaa^ by Sax. Divide ISa'ft* by — 5a. 

Sax — oa 

Ex. 3. Ex. 4. 

Divide — 28arV by — 4xy. Divide 25aV by — 5a'c. 

— 4ary ~+^^2r. _5a?c ~" 

Ex. 5. , Ex. 6. 

Divide — ^14a'6'c by lac. Divide — 2^3?}^%^ by -^yz. 
— 14a^y c_ — 20^3^'_ 

7ac ~" — 4y» "~ 

(') If any letter or letters are found in the divisor, which are not in the 
dividend, they must remain in the denominator of the fraction by which the 
division is expressed. See Art. 35, with which this case coincides, and the 
examples there. 

(^) If the index of any letter in the divisor should be greater than that of 
the ^ame letter in (he dividend, the index in the quotient wiU, by the rule, be 
negative. The signification of this negative index will be cTxplained in Art 66. 



TifV&l^&9i 



CdsvII. 



25* When the dmd^ild is dt c&mp&and qoanfity, and the divisor 
a dnifh one, th^n each term of the dividend must be ctivided 
sefHlmitdy^ and the lec^ting qcamlities will be the qtiotient required. 

Ex. 1. Divide 42a + Sah + I2a» by 3a. 
42a+3a(+l^' 



da 



-=l4+6+4a. 



Ex. 2. Divide 90aV— 18aar»+ ia^x—2ax by 2aar. 
90oV— 18aa:*+ 4a*«^2a« 



2aa; 



-=:46aa:»— 9a:+2a— 1. 



Esu 9. Divide 4«*— 2^+2a: by 2x. 
4g'---2g'4-2a? _ 
2x ■" 

Ex. 4. Divide — 24aVy-- 8o«y4- 6a^y* by — 3ary. 
— 24aVy— 8ga» +6a!'y' _ 
— 3a?y "" 

Ex. 5. Divide 14a6»+ 7a»ft«— 21a«t»+ 35a*i by 7o6. 
14ay + 7a'y— 21a'y + 35a?ft _ 
7a6 "" 

Case III. 

26. When the dividend and divisor ate both compound quanti- 
ties. In this case, the Rule is, "to arrange both dividend and 
divisor according to the powers of the same letter, beginning with 
the highest ; then find how oflen the iirst term of the ^visoi 
is contained hi the first term of the dividend, and place the result 
in the quotient ; multiply each term of the divisor by this quantity, 
and subtract the product from the dividend ; to the remainder bring 
down as many terms of the dividend, as will make its immber of 
terms equal to the number of those in the divisor; and then pro- 
ceed as befoTBy till all the terms of the dividend are brought dOMm, 
as in comm(Hi aritfametic." 



Bx.1. 

Divide a'-^^'HSaft'-^ by tf— ft* . 
ii^-^y_8a«6+ 3ay— y(a«— 2a*+ V 






In this Example, the dividend is arranged according to the 
powers of a, the first term of the divisor. Having done this, we 
proceed by the following steps : 

L a is contained in a', c? times ; put this in the quotient 

n. Multiply a — h by a', and it gives a" — a'ft. 

IIL Subtract a* — a^h from a? — Sa'fr, and the remainder is 
— 2a«ft. 

rV. Bring down the next term +8a6". 

V. a is contained in — 2a'fry -— 2a6 times ; put this in the quo- 
tient. 

VI. MuUiply and tuhtraet as before, and the remainder is off* 

VII. Bring down the last term — 6*. 

VnL a is contained in aft*, + h^ times ; put this in the quotient. 
IX. Muhipiy and subtract as before, and nothing remains ; the 
^pioHent therefore is a' — 2db+I^. 

Ex.2. 

••+3«r+««y-f5a<x+lfti»*»+l(kV+&i«*+jc*(«»+Sa»*-f3a*«-|.«» 



• 8o«a;+9a'a*+10oV 


• 3o'a«+ 7a*a»+Saa* 


# . * 



I 









+ 8a:*— 34a* 
+ 8a?*— 14a:» 

* — 20a:»+40ir« 
^20a:*-f35a:» 



Ex.4. 
3ar— 6) 6a:*— 96 (2a?+4a:*+8«+16 
6a?*— 12a? 



* +12a?— «6 
+12a^— 24a? 



* 4- 24a?— 96 

+24a?— 48ar 



+ 48a?— 96 
+ 48x— 96 



Ex. 5. 



2-0? 



aa4.;,._l)a:6_af*+a?— a?— i(a?— a^+a?— <»+ 1— ^, ^1| 

"""^?+5— a? 
_a?_a?*+a? , ' 

■ a?*— a?— 1 

• — a?— 1 - . 

— 7? — 7?-\-m 

—13a? '" ." 



(*) When there ia a rtmaxadtt^ it must be made the nttmcrotor of a Frae- 
tioa whose denon^inator is the divisor; this Fraction must then be ]^aced m 
the qusHaU (with its proper sign), the same as in comnioa Arithmetic. 



1 



Ex.6. 

a?* 






-a: 



a:»+a:» 



Ip tl|iii lust Example, tho division may be coat^iued to any 
qnmliei; of t^Tim at pleaauve, observing only to place th^ whole 
divisor under the last remainder* 

Ex.7. Divide a*+4a«6+6a«6«+4<i6»4-&* by 0+6. 

Answer, a»+8a**+3a*'+6*. 

Ex. 8 a«— 5a^a?+10aV— X0aV+5aa?*— a* 

by a'— '3a*af+8€MP^ — a?\ 

Answ. a* — 2ax+a^. 

Ex. 9. .... 25a:*— «*— 2a;»— Sa:" by 5a:*— 4««. 

Answ. 6ar*+4a:«+3af+2. 

Ex.10 o*+8a'a:+94aV+32aa:*+16a:*byo+2ar. 

Answ^ a*+6a«a:+12aa^+8ar». 

Ex. 11. ... . a* — ^a?" by a — ^ar. 

Answ, a^^a^x+aFaf+Pf^+^. 

Ex. 12 daj*-f »«*— SOa? by 8a:»— 8a?. 

6x 
Answ. 2a:*+2a:+5— .--j-— - 

Ex. 18. ... . fta^it— 4<iB«+05a^+15Oarby a:»— 4ar— 5. 
Answ. 9a?* — 10a:*+5a:'-r-3(kr. 

Ex. 14, . • » . a^hyl-^. 

^ Aksw. a»+ oV+ aV+ = — 3. 



f9 AfVUOATlOV OF XKMSiBiaJBI TO QVAVnTOM 

vn. 

On the ApplicaHan of the foregoing Rvks to QuamitieM vfitk 
literal Confidents. 

27. In applying the foregoing Rules to quantities with literal 
coeffictentsy such as, mx^ ny^ qp^^ &c., (where m, n, 9, dsc. may be 
considered as the coefficients of x, y, x', &c.) a compound quan- 
tity may be expressed by placing the coefficients of like quantities 
one afler another (with their proper signs) in a parenthesis, and 
then annexing the common letter or letters. Thus, the turn oflmx 
and nXy which is mx-\-nx^ may be expressed by (m+n)^; their 
d^erence, which is mx — jix, by (m — n)x; the multinomial nu^+ 
fi£^^^a*^q3!^, by {m+n — J?+q)^; and the mixed multinomial 
pxy'\'qf—rxy+mf—nxyy by (p— r— fi)ary-f (g4-«)3f*; &c. 
&c. According to this method of notation the operations are per- 
formed in the following Examples. 

Ex.1. 
r my^-\'ny+ % 

Add -^f ^'^''' 

^ -Fry— ^g 

(m— p+?y +(n+»*)y+(l +»— »— i[> 

Ex. 2. 
From j^-\-qQ^ — rx-\- e 

Subtract ma? — na?-\- tx — 



Remainder (p — »i)aj'+ (^+«)«' — (r+<)a;+«+t>^'* 



(■) As the Bigrn prefixed to qoantitiet in a parenthesb affects them aK, 
when this si^n is ne|fst»ee, the signs of all those quantities jnmst be dianged 
in patting them into the parenthesis. Thus, when +to is subtracted from 
"-to;, the result is — tx-Ax \ and, as this means that the Sttin of rx and to is 
to.be tubtracted, that negative sum is expressed by — (rx+to)=' — (r+i)x. 
For the same reaspn, any nmUinomial quantity, — nufi^ — fufl — qafi-\'ra^, when 
put into a parenthesis with a negative sign prefixed, becomes — (m+h -f^f— r)** 



Ex. 3. 

Multiply pa^+ qx^^r 
by flia>x- fi 



— npic" — nqx + nr 



Ex. 4. I 
Multiply aa^ — hx -\- c 

by ^^ CX + 1 • S.->-^{ 

ax*— bx^^ ex" ' • i "^^-i* ' ' 

— ac3?+hc3? — (?x * :• * ^ 

+ aa^ — hx+c '^^' 



Product aa?*— (&+acK+(c+&c+a)«'— T(c*+ft>i?+c 

Ex. 5. (Division.) 

aa:* — acaJ* +a«' 

_ Jx»+ (c-f ftc)a:»— (c«+&)ar 
5j:» 4.6ca5' — &a? ' .' 

+ ca?" w-rclor+c 
4- ca* ,— ^+c 



Ex. 6. Multiply m«*— nar— r .... by nar— r. 

Answbb, flwia:*— (;^+«r)a:*+r* 
Ex.t. Multiply ai*—|«i^+^—r . . by.«^-HX. 

Awsw. i^-^a+py^'{q'\'apy--^r+ai)x+ar. 
Ex.8. Multiply iiaj*—raf+^ . . . .by a*— fa:— ^. 

AwBW.iKB*— (1 +p)ra5»+(g+r*— «K— t^* 

Ex. 9. Divide aa:*— (a'+ft)a;*+V . by aa:— J. 

.A^sw. a^-;-aa?-^ 



▼in. 

gmtral TleorcMf, dtditetd hf amom of ikt fartgmng 

From tiie dear and dBatioct manner in winch qoanthy and its 
aevnal rebtioiis ars repfcsented throoghoat every part of an alge* 
liFBiB opeiatioD, the exemplification of its moat ordinary rules 
afibids the means of investigating certain general The o rems relat- 
ing to the jma, difercmct^ prodvet^ &c« &c« of namben, of which 
the following are examples. 

38. Let a and b be any two numbers, of which a is the greater 
and b the lesser, and let their sum be represented by m and their 
diference by d. 

Then a+6=# 
and a — b=d 




••. by Addition, 2a =« +df ] 

and a 

by SubtractioD, '2b=. i 

and b= 

From which we deduce this general Theorem, that " if the gum 
and difference of any two numbers be given, the greater of them 
may be found by adding half the given sura to half the given dif- 
ference ; and the lesser^ by subtracting half the given difference 
from half the given sum." 

29. Let a, fr, s^ d have the same relation as before, then 
8=a +ft 
d^s^a"^ 

Uenoe, by Multiplicationr' X d^n?—^ (See Ex. 2. Case III. p.'21.) 
... ,=_- 

and ii=s ■ 

9 

appears, that « if the 9um and difference of any 
multiplied together, the product of that sum and 



diffeienoe gives the difertnce of the Mptares of the two numbers ;^ 
and that *' if the difTerenoe of the squares of the two numbera be 
divided by their differtfice^ it gives their man ; and if by their 
«tf m, it gives their difference.^ 

30. Let the numb^ c be divided into any two parts, a and &; 

Then c=a+& 

••• by Multiplication, c'=a'+2a&+6' (See Ex. 1. Case III. p. 21.) 

From which we infer, that " if a number be divided into two parts, 
the ji^ttare of the number is equal to the gum (ffike mjmree of the 
two parts, together with twice ike' product of those parts." 

31. Let a and h be any two numbers ; then 

Their difierence=:a — h 
The difTerence of their cubes=a" — 6^ 
By actual division, a — 6)a* — ft* (a* + aft +y (quotient) 






+aft«— ft» 



Hence it appears, that <'if the difference of the cubes of any 
two numbers be divided by their difference^ the quotient arising 
will be equal to the sum of the squares of the two numbers 
together with their product.^ 



CHAPTER II. 

ON ALGEBRAIC FRACTIONS. 

The Rules for the management of Algebraic Fractions are the 
same with those in Common Arithmetic. 



IX. 

ON THE REDUCTION OF FRACTIONS. 
32. To reduce a Mixed Quantity to a Fraction. 

Rule. " Multiply the integral part by the denominator of the 
fractional^ and to the product annex the numerator with its pro-. 
per sign ; under this mm place the former denominator, and the 
result is the fraction required." 

2x 
Ex. 1. Reduce 3a + r-r to a fraction. 
Oct" 

The integral part X the denominator of the fraction, + the 

iitt»i€ro^or =3aX 6a*+2ar=15a*+2ar ; 

16o'+2a:. , ^ . 
Hence, — —^ — is the fraction required. 

Ex. 2. 

46 

tlednce 5ar — ^-5 to a fraction, 
oa 

Here 5a; X 6a'=30a'a; ; to this add the nuinezafCHr with its pro« 

.r .L 30a»ar— 4ft . ^ - . 
per sign, viz. — 46 ; then — -^ — is the fraction required. 

Ex. 3. 

„ , ^ 2x— 3 ^ . 

Reduce 6a? — to a fraction. 

7 

Here 5a; X 7= 35a;. In adding the numerator 2a; — 3 mth Us 

proper sign^ it is to be recollected, that the sign — affixed to the 

fraction — - — means that the whole of that fraction is to be «i6- 



iraeiedt aad oooaequently the signs of each term of the mune- 

rator moat be changed when it is combined with S5x ; henoei the 

^ . . .. 85j?— 2x+8 83x+8 
uactioa xequured is = — ^— = — = — • 

2e 
Ea^ 4. Reduce 4ab+-^ to a fraction. • 
on 



ANSWER) < 



Sa 



4a 
£x. 5. • . • • SV—'z-' to a fraction. 
6x 



la^ar— 4a 
Answ* 



5a; 



Ex. 6 a — x-i to a fraction. 

X 



A2VSW. • 



« - « • 4« — 9 

Ex. 7 oJT ^— -- to a fraction. 

80a'— to+9 

AlfSW. ^ ^ • 

38. To reduce a FracHan to a Mixed QiianiUy. 
RuUB. "Observe which terms of the numerator are divisible 
by the denominator without a remainder, the quotient will give 
the iniegral part ; to this annex (with their proper signs, and 
observing the caution given in Ex. 3. of the last Article,) the 
remaining terms of the numerator with the denominator under 
them, and the result will be the mixed quantity required.** 

EXAMPUS 1. 

tj^A-ah+V 
Reduce • to a mixed quantity. 

Here =a+i b the iniegral part, 

and — is the fractional part ; 

•% a+fr-l — is the mixed quantity required. 



Ex.s. 

Kediice to a nuxed quantity. 

Here — —=3a is the integral part, 
, 2ar— 3c . , ^ . , 

_ , 2ar— 3c . ^ / , 
.«. 3a H — - — IS the mixed quantity required. 

Ex. 3. Reduce --^ to a mixed quantity. 

Answer, 2* — --. 
2x 

Pv ii 12a"+4 a— 3c, 

*^' * -^ T- to a mixed quantity. 

Answ. 3a+l— ?^. 

„ . 25a*— 3a+2c . ' 

*^^ ^ g^ to a mixed quantity. 

A e^ 8a— 2c 
Answ. bar — . 

84. To r^uce Fractions to a commit Dmnmnator. 
Rule. « Multiply each numepafor into every denominator hut 
ka own for the new numerators, and all the denominators together 
for the common denominators." 

Ex AMPLE 1. 

2a? 5a; 4a 

neauce — , -^, ana -^^ to a common denominator. 



2xxbx5=10hx^ 

5a: X 3 X 5=76a; > new numerators ; 

4ax3xft=12a5 J 

3 Xbx 6= 156 common denominator ; 

Ex. 2. 
r> J 2x+l - 8a: 
Keduce — g-^, and ~^ to a oommoa dendmoaior. 



Hence the fractions 
required are 
lObx 75a: 12a5 



r Heiic^ the fimc* 

5x4==20comto<m denominator; 8;r+4 .15« 

Ex.3. 
. Reduce —7—-, — 5— t and jr-> ta a common denominator. 

Here5a:X 8x2ar=30a:« ^ ''^^ ^^^^^ """^ 

(a-x)x(a+:r) X 2^=2a«:r-2a^ gJ^, ^^, and 
1 X(a+'it) X8 =da +3:c 1 ««*+«^ 6«a?+6^ 

^ ^ -L 3a+da? 

(a+af)x 3X2* =6ax +(k^ [ Q^^+e?' 

Ei. 4. 

„ , 3a? 4fta? , 6«" - 

Reduce -x-5 -77—, and — , to a cdmmofi denominator. 
6 3a a 

9d'a? 20abx , 75aa:" 



Answer, -— „ ^--5-, and 



15a*' 15a» ' 15ct"' 

Ex.5. 

Redact •"^^—j and ■ • ■ ■ , to a common denominator. 
X 3 

6ar+9 . 6a^+x 

Answ. — - — , and — ^ . 

3a? 3x 

Ex.6. 

„ , 4a;»+2a? 8a?» . 2a? ^ ^ , 

Reduce •• ,,• ' • , -— , and -r» to a common denominator. 
5 4a 00 

ABaba^^Q^hx 466«« ' AOax 

^'''^- 60^6 ' 60^' ^"^ 60^ 

Ex. 7. 

7a?— 1 _ 4af«— a?+2 ^ j . . 

Reduce — o"^» *°" oT — > ^ ^ common denommator. 

2j? «a 

14aV— 2a« ^ 8aJ»-^2a;«4-'4a? 
Answ. ^ » , and r—x • 

35. To reduce a Fraction to its lowest terms. 
RtJLB. '< Observe what quantity will divide all the terms both 
of the numerator and denominator tntkcui a remainder; divide 



/ 









+ 8a?*— 34a? 
+ 8a;*— 14a? 

* _20a?+40ii? 
^20a?4-35a? 

* + 6a? 



Ex.4. 
3ar_6) 6a?— 96 (2a?+4«*+8a:+16 
6a?— 12a? 



* +12a?— «8 
+12«^— 24a? 



* +24a?— 96 
+24a? — 48a? 
« + 48a?— 96 
+ 48x— 96 



Ex.5. 

ft:t 
aJ4.a._l)a:6--^+ar^--a?— i(a?— a?+a?— ia?+l— pv^^ 

a?+a?— a? 

""I^?+5— a? 
^a*^ai^^a» ... 

• — «>- 1 ' ^ ^ 

— a? — a?+a? 
g84>a?^l 



{*) When there ia a remaindep^ it must be made the numerator of a Frac- 
tion whose denon^inator is tlfe diviwr; this Fraction must then be placed m 
the {iwtieRt (with its proper 8igii)i the same a« in comnioa Arithmetic. 



-J 



Ex. 6. 



1+«)1 (l-^+as«— a!»+-^ 
. 1+x ^+* 






a? 

Ip ^ lost Example* the division may be contMiued to aoy 
j^qnlie]; of t^rtm at pleaauie, observing only to pt«ce tb^ whole 
divisor under the last remainder. 

Ex.7. Divide a*+4a*ft+6a«6«+4<i6^+^* by a+5. 

Answer, a»+3a**+3aft'+^« 

Ex. 8 a«— 5a*ar+lQaV— X0oV4-5aa?*— a» 

by a'— 3a*a? + Soa?^ — a?\ 

Answ. a* — 2ax+a^* 

Ex. 9. .... 25a;'— «*— 2x«— Sa:" by 5a^—^. 

Awsw. 6^+ 4«»+ ^^+ 2. 
Ex.10 o*+8a'a:+94aV+32a«'+16a?*bya+2a?. 

Answ. a*+ 6a«a;+ 12aa^+ 8ar». 
Ex. 11 a* — ^sc*by a — x. 

Answ, a*+a'a:HraV+<^«'+r*- 
Ex. 12 d^Hd**— 30af by da^—9x. 

6x 
Answ. 2a;*+2a:+5— —j-— - 

Ex* Id. ... . 0a^'l-4tij'+95a^+15Oarby «■— 4ar— 5. 
Answ. 9a?*— 10a*+5a:"-r-3b^. 

Ex. 14, . . • . a* by l-^sc*. 

^ Answ. a*+aV+aV+7 — -§• 



* (2ar+8)x2a?X7 .=28««+42a: 
(3a^— 1)X5 X7 = 106a?— 36 
4arX5 X2x=40a:» 

6x2a;X7 =70a; 



28a!»+42a?+105a>— 86+40a? 



70a: 
_ 68a»4-147a?— 86 
"" 70« 

required. 



kthe sum 



Ex. 4. Add —-, ~, and — r, together. 



984« 

AN8WSS. ' ^- . 

' 693 



Ex. 6. • • • sT-> "k"» *^°^ ^» together. 

«0 O id 



105a«+28rf»+30ft^ 
^^^ 70S6 



„ ^ 2a;+l 4ar+2 ^ a? 

Ex. 6. ... — -— , — — -, and -, together. 

160a?+77 

^'"'^- 105 ' 

„.■ 6o»+ft ^ 4a"+2ft 

Ex.7. . . . ,and — -r — , together. 

37a«+ll6 



Answ. 

r? a 2ar— 5 , x — 1 .^ _ 

EiX. o. ... — - — , and -— — , together. 



Answ. 
Ex. 9. ... *^ , and — -ps, together. 



I5b 
4a;»— 7a?— .3 



6a? 

XT 



2a" 
Answ. 



a:*— 9' 
Ex. 10. . . . -3j» and -^, together. 

AirSW. 3 rs-. 

or — Ir 
37. To subtract Fractional QuasUities. 
Rule. '< Reduce the fractions to a common denominator ; and 
then subtract the numerators from each other, and under the di& 
ference write the common denominator." 



EXAXFLE 1. 

Sx 14a? 

Subtract -r- from -^-^ 

5 15 



3xxl5=45a? 
iixx 5= 

5X15= 



15=45a? ^ 

5=70a: V .•. — =--—=- is the difference requuecu 

i 75 75 3 ^ 

15=75 ) 

Ex.2. 

2ar+l - 5a?+2 

Subtract — 5 — from — — . 

(2a:+l)x7=14a:+7) 15x4-6— 14x— 7 ar— 1 . . ^ 
(5ar+2)x3=15x+ 6 ^ •' ^' =^^ ^ *^ ^«^ 

31X7=21 

lOar— 9 , ^ ^ 3a^— 6 

From — - — subtract — -- — . 
8 7 

(10a^— 9)X 7=70a?— 63 \ 70a^,^3_24ar+40 46a?— 23 . " 
^Jl x— 5)x8=24a:— 40 V'* 56 "" 56 ^ 

" 8 x7=56 1 *^® fraction required. 

Ex.4. 

« tt+^ w .« — ^ 

From 7 subtract = . 

a — a+o 




(a-f 6)(o+6)=a«+2a&+6' 
( ^— 5)(fl— 6)=a'— 2aft+y 



a'4-2aft-|-^'--a'+2flft— y 

-5 — Th is the fraction required. 
a — fr 



4a? « 9a? . a? 

Ex. 6. Subtract — from — Answeh, — . 

« « 5a?+l. 21a?+3 . 127a?+17 

Ex. 6. . . • . . J^ from — r-^— . Answ. 



3a?+l ^ 4a? . 4a;«— 11a?— 5 

Ex. 7. — -r- fron™ -^- Airaw. — - — —= — . 

a?+l 5 5a?+5 

^ ^ 2a?— 3. 4ar+2 . 4aj«+3 

1 1 , 26 



Mi^WtAK nA«f|lNllk 






Airsw* 



llaf+49 



88. 3b muUipljf FraeHondl QuarOifie^. 
RuLB. *< Multiply thw Buooeratoifs together for a new aiiiii^- 
ifttor, and their denomiDators together iqr a new denominator, and 
reduce the resulting fraction to its lowest terms.* 

Example 1. 

Multiply y by — 



—68 \ **• fraction reqmred is -gg. 



2arX4«=8a:* 
7X9 

Ex.2. Multiply i^byy. 



Here 
(4ar+ 1) X 6«=24a*+ 6x 



and 



8X 7 =21 



24a^+ex 



21 



== (dividing Ae nu- 



merator and denominator by 3) 



Sai^+2x . 



is the fraction required; 



Ex.8. Multiply— J- by ^^pj. 
By Ex. 2. Case in. page 21. (a"— ft») x8a>=(o+*) 
(a — W X 3a*; hence the product is ^,\ T ;\^ ^= 

(dividing numerator and denominator by a+b) ^ 

3a»— 3tt»* 



56 



Ex.4. Multiply ?2^ by ^ 



2?=35' 
r 21oa?— 86oa: 



(da;>—52;)X 70=2100^— 35aar 

and 
(2«»— 8a?)X 14=28«»— 42a? 



=:;(dixiding tba 



•• 28a^— 42ar 

numerator and denominator hy 

7ar)-7-3 — 3- is the fraction re* 

quired^ . * ' ' ' 



JLLOEBBAtO FRACttOKS* 






Ex. 5. Multiply ^ by y. Answer, ^^^^. \^ 

* ^ Sx'—x^ 10 . . 3«— 1 "^ 

Ex. 6 — = — lt)y---5 — r-. .Answ. -. 

Ex. T — ^ by — ^— . Answ. — ^ — . 

a — b "^ 8 4 

89. On the Division rf Fractions. 
Rule. ^^Linert the divisor, and proceed as in Multiplication." 

Ex. 1. Divide — jr- by — . 

o 

Invert the divisor and it becomes ^7- : hence -77- X 7r-=T^r- 

2x 9 2a: 18a; 

- -—-.(dividing the numerator and denominator by 6x) is the frac- 
tion required. 

Ex. 2. Divide — = — by ^^ . 
o ■ «o 

14a;— 8 ^ 25 ^ (14a?-^3)x5 _ 70a?— 15 

5 10a;^4 lOo? — 4 " lOo?— 4 * 

Ex. 3. Divide — ^ — ^Y — sr— • 
2a ^ 66 



6a^6» 5(a+6)(a -6) C ... 5(«-f^K^-ft) ^ , 
^-r = jr— ^ 1 2a 4 



^5 ^ -V 2« 4x(a+6) 

/V.t x/ .iT < 306(0— ft) 15a6— 156». .. , 
4a+46 4(0+6) I ^ '= ; isthefrac- 

V. tion required. 

•Ex.' 4. Divide y by -g-. Answer, ~. 

„. ^ 4ar+2. 2a?+l ^ lOo? 

tSX. a* • • • • — 5 — by —z — • Answ. —5-. 

o oa: ^8 

« ^ a*— 9, a?+8 , 4a?— 12 

Ex. 6 — = — by-4— • Answ. — = — . 

4 " o 

, ^ 9a:^— 3ar^ a^ . 9a!^— 8. 

Sx. 7. . . • . •— ;? — by ^. Answ. . 

5 •' 5 X 

D2 



XI. 

iethod qf finding ihe GreaUti Common Meamre of two 
or more Quoalitfex. 

40. One quantity is said to measure another, when it is con- 
tained in timi Qtl^er a certain number of times, without a remidnder. 

41. A quantity is said to be a nutUipk o( another, when it 
contains thqut other quantity a certain number of times> wichont a 
remainder. 

42. A dommon meature of two or more quantities is any quan- 
tity which measures them all ; and (he greatest common neasore 
is the greatest quantity which will so measure them. Thus, 2a 
is a common measure of the quantities 24aC, 16a'ftC| and 12a^f 
and thoir greatest common measure is Aah. 

4S. If one quantity measures another, it will also measure any 
multiple of that quantity. Thus, let h measure a by the units in 
ffi, thdn a^mb ; and let na be a multiple (denoted by the units in 
n) of a, then na=inmb ; consequently h measures lus by the ^uq^ 
in itm. 

44. If one quantity measures two others, it will also measure 
their sum and difference. For let c measure a by the units in 
m, and h by the units in n, then a^=.mc^ and &=7nc; ther^re, 
odb6^'^=iiM?=bnc,=:(»id=n)c ; consequently c measures a+^ (their 
sum) by the units in m+n, and a — h (their difference) by the units 
in m — fi. 

45. The Rule for finding the greatest common measure of two 
numbers may be thus investigated. Let a and h be any two num* 
bets, whereof a is the greater ; and }et the following operation be 
performed upon them : viz. 

^^ Where a divided by h gives the quotient p, and re- 

mainder c ; h divided by c, the quotient q^ and remain- 
qc » dec <l ; c divided by <{, the quotient r, and remainder 
0. Then, since in each case the dividend is equal to 
the divisor multiplied by the quotienl plua the tv- 
maifufer, we have, ^ 



h)a^p 



c 







(*) The qaami^ «db& mbKimapbuoi mimw k 



h=qc+d=:: (since qc=qrd) qrd+d:=s{(jr^l}d 

jp» f , r are wftole^ fittnikr^i d » contained in 5 as many times as 
there are units in qr+lf and in a as many times as there ai^ anits 
ia pqr-^p+r ; consequently the hut ditUor d is a common mea* 
sure of a and i^ ; and this is evidently the case, whatever he the 
length of the operation, provided that it be i^arried on till the 
remainder is nothing. 

This last divisor d is also the greatest common measure of a 
and bn For let or be any common measure of a and 6, such that 
a=iiix, and b^nx^ then 
fc=;ii — fb=zmx — fnx=z(m — pn)x 

42=fr-«^c=nd9— (^m — fqn)x=(n — qm+pqn)z ; .% x measures d 
Hy the units in n — qm-\-pqn, that is every common measure of a 
kind h measures if. Now it has been shown that d is a common 
ftneasure of a and h ; and the greatest measure of e2 is evidently 
Uwelfi consequently d is the greatest common measure of a and 
h. Hence this Rule for finding the greatest common measure of 
tmer numbers: " Divide the greater by the lesser, and the preced- 
ing divisor by the last remainder, till nothing remains ; the last 
divisor is the greatest common measure." 
. To find the greatest common measure of three numbers, a, h 
e\ let <{ be the greatest common measure of a and (, and x the 
greatest common measure of c2 and c ; then x is the greatest com- 
mon measure of a, &, and c. For, let a=md, b=:ndy d=:pxy 
then a=tnpxy and b=npXy therefore a? is a common measure of a 
and b ; and, since it also measures e, it will be a common measure 
of a, by and c. But, as above, every common measure of a and 
b measures d ; therefore every common measure of a, by and r, 
measures d and c ; and consequently the greatest common mea- 
sure of <l and Cy or Xy will also be the greatest common measure 
of a, by and c. 

In general, let there be any set of numbers, a, ft, e, d, e, &c. ; 
and let « be the greatest common measure of a and b; yihe 
greatest common measure of x and c; z the greatest common 
measure oty and d; &c. &c. ; then will jr be the greatest oopi- 



mon measure of a, 5, o ; z the greatest common measure of a, h, 
c, d ; &c. dec. 

" 46. To find the greatest simple common measure o£ Algebraic 
quantities, the Rule is, " to find the greatest common measure of 
their eoefiicients, and then annex to it the letters common to all 
the quantities ;" thus the greatest common measure of 240^6*2^, 
I6bxy^ and Qaxj^^ is 2xy. 

To find the greatest compound common measure of two alge- 
braic quantities, " first divide each of them by their greatest Hmple 
common measure (if they have one) ; arrange th^r terms accord- 
ing to the dimensions of the same letter, and divide either, or both 
of them, by the greatest simple factor which it may cCMXtain ; then 
perform on them the same operation as that for finding the greatest 
common measure of two numhersy observing only, that the re* 
mainders which arise are to be divided by their greatest simple 
Actors, and that the dividends may, if requisite, be multiplied by 
any simple quantity which will make the fiest term of the dividend 
a multiple of the first term of the divisor. Lastly, multiply the 
compound common measure thus obtained by the dmple one 
originally taken out, and the product will be the greatest common 
measure required."^*^ 

Example 1. 

Find the greatest common measure of Qa^+llax+Sa^ and 
6a*+7ax— 3a:». 

These quantities having no simple divisors, we immediately pro- 
ceed as follows : 

6a«+7iM:— 8a»)6o»+ 1100?+ 3a^(l 
6a»+ 7aar— 3aj» 

+ 4aa?+6a!« 



(') The rejection of these simple (actors from the original qaantitles, and 
from the remainders which arise in the process, or the multiplication of the 
dividends pointed out in the Role, wiU not affect the oompoand common .mea- 
sure sought ; which can have no simple factor, because the origmal quanti- 
ties have (by the Rule) their simple fiictora taken out, previously to this part 
of the process. 



Oifidiiig iax+63^ by its greatest simple divisor, 3x, we have 
2a + 3a?)6a«+ 7aar— 8«^8ap-« 
6a*+ttaia; 

— 2iM5— 3a:* 



I^Qoe 2a+ 9x is the greatest common measure. 

Ex.?. 

Find the greatest common measure of 80*6^*— 10a^4-2l^ and 

The greatest simple common measure <£ these quantities is b ; 
^hieh heing taken oyt from both, they become da^b- — lOab^— 26^ 
and 9aV-d8^,''&+3a'^r^3a^; the former of these is divisible by 
2fry and the letter by 3a; which divisions being made, the given 
qiianlatie? are reduced to 4a' — 5a&+^9 and 3a^ — da^b+al^ — ^« 
Multiply ttfls last by 4, to make the operation succeed, and we 
have 

4a«,-^5aft+tf)l2a»— l2a«&+4aM..-4A»(3a 
12a»— 15a«6+3a6» 

3a»6+ a6»— 4j^ 
Dividing the remainder by 5, and multiplying the new dividend 
by a, we hai^e 

aat+aJ— 46»)l2a»A^16aft+ 86^4 
12a»+ Aab—I6b^ 

—19ab + l9¥ 
Lastly, divide the remainder by — 19&, and proceed thus : 
a_6)3a»+aft— 46'(3a+46 
Qa^^^Sab 

4at— 4^ 
4a&— 4ft' 



which gives a — b for the c<mpound common measure ; and thia 
being ihultiplied into the simpU one ft, we have aft— >ft* fox the 
greatest common measure sought. 



(3a?— 1)X6 X7 =106a:— 36 
4arX5 X2g=40a;' 

6x2a:X7 =70a? 



▲LGXBItAiO KKACnonB. 

28aJ*+42af+ia5aN— 86+40j: 



70a; 
__ 68a»-H47a?— 35 

70ar 
required. 



is the sum 



Ex. 4. Add -—, -~, and —, leather. 

. 934a; 

^'"^"^ "693 • 

„^ . 3a« 2a , 36 ^ . 

iix. o. . . . _, ^j and — -, together. 

. 105o«+28a«6+806» 
^''''' "70^6 

jix, o. ... — - — , — - — , and -, together. 

p . 5a'+6 4a«+26 ^ . 

. . . g^ , and — gg — , together. 

37a«4-ll6 



Answ. 
Ex. 8. ... — ^ — , and -- — /together. 



6x 
Ex. 9. . . 



Answ. 
Answ. 



156 • 
4aJ»— 7a._3 



a:«— 9' 
Ex. 10. . . " + ^ --- ^-^ 



. 2a«+26* 

Awsw. — - — --. 
or — hr 

87. To subtract Fractional Quantities. 

Rule. ** Reduce the fractions to a common denominator ; an< 

en subtract the numerators from each other, and under the dif 

rence write the common denominator." 



since 

^ as 
-aili 
^lea* 

tlial 



sd 
fa 
non 
ifly 
and 
of 
ed. 
last 

,* 

the 
oni- 
px; 
jfa 
mre 
and 
id e^ 
oea* 
sore 
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4B nnroLiTttoir* 

xni- 

On ihe Intchaion of Compofmid A^ebraie QfuuiHiies. 
49. The powers of compound algebraic quantities are laised 
by the mere application of the Rule ibr Compound MultipKcaticm 
(Art. 22.) Thus, 

Ex. 1. What is the square of Ex. 2. What is &• cube of 
a+26? rf— *? 

a+2b i^-*<B 

a -f 2ft a*—x 



a^+2ah a*— a*x 



Square=a'+4a6+46' SqUare=e* — 2a^x+a^ 



— a*ar+2flV— g* 
Cube=a«— 3a*ar+ 3aV-^~ 



Ex. 3. What is the 5th power of a+ft 1 

a+h 



«■+ eft 

+ flft-fft* 
a>4.2aft +ft»=Square 

tt + ft 

a^+2a*ft+ aft* 

+ a'ft+ 2flft'+ft ' 
a^+Sa!'b+ Saft* +ft»=:Cube 

a+ ft 

a*+8a»ft+ 8a«ft»+ oft* 

4- <t'ft+ 8a'ft'+ Saft'H-ft* 
a*+4a»ft+ 6flW+ 4aft» -|-ft*i= 4th Power 
a+ ft 

a«+4a*ft+ 6a*ft«+ 4ii«ft»-h aft* 

+ a*ft+ 4a'ft^-f 6a'ft^+4oftHy 
o«+5a*ft+10a»ft*-H0a»ft»+6aft*+ft«=5th Power. 



BINOMIAL THSOBXM. 



4» 



Ex.4. The4thiK>t9erofa+35isaHl3ciPH54a'5'+108a^ 

Ex. 5. The square of Zx!'^2x+5 is 9j:«+12«'+34i^+20x 
+ 25. .... 

Ex. 6. The cube of 3x— 5 is 27a:'— 135aj«+225x— 125. 
Ex. 7. The cube of a:*— 2a?+l is «•— 6«»+16aj*— 20a*+15«' 
— 6a?+l. 

60* In the involution of a binomial quantity of the form a-f 6, 
the several terms in each successive power are found td bear a 
certain relation to each other, and observe a certain law, which 
the following Table is intended to explain. 

TABLE OF THE POWERS OF a 4- 6. 



Powers. 


Mode of 

expressing 

them. 


Powers expanded. 


Square 


(a4-6)« 


a*+2ab + b*. 


Cabe 


(a+6)> 


fl'-t-3a«6 + 3ai» + 6». 


4th Power 


{a+b)* 


a* + 4a'fc + 6a»fc« + 4a6» + 6*. 


5th Power 


(a-^by 


«* + 5a'b + 10a»6» + 10a«6» + Sab* + 6». 


6th Power 


(a + by 


a« + 6fl*6 + I5a*b^ + 20a=«6» + 15a«fc* + 6ab'+b\ 



The successive powers of a — b are precisely the same as those 
of a H- ft, except that the signs of tlie terms will be alternately -f-. 
and — . Thus, the 4th power of a— 6 is o*— 4a^6+6o*^ — iab^ 
4-6* ; and so of the rest. 

■ In reviewing that column of the foregoing Table which contains 
the powers of a+& expanded^ we may observe, 

I. That in each case, the first term is a raised to the given 
power, and the last term is b raised to the sajne power ; thus, in 
the square, the first term is o% and the last l^ ; in the cube, the 
first term is a', and the lati 5* ; and so of the rest. 

II. That, with respect to the intermediate terms, the powers of 
a decrease, and the powers .of b increase, by unity in each sue* 
cessiye term. Thus, in the fifth power, we have 

E 



12 

=~=6=coefl5cient o£ third term. 



In the second term • . a^ ; 

tUrd a»ft*; 

Jburth .... a'ft'; 

Jtfth aft^ 

and so in ^e other powers. 

lU. That in each case^ the coefficient of the second term is the 
same with the index of the given power. Thus, in the square it 
is 2 ; in the cuhe it is 3 ; in the fourth power it is 4 ; and to of 
the rest. 

IV. That if the coeffidettt of a in any term he multiplied hy its 
indeXf and the product divided by the number of terms to thai 
place, the quotient will give the coefficient of the next term* Thus, 

- . ^ _,, coeff. of o in the 2d term X Us index 4x3 

In the fourth power, r -^ , ,, , , =—0^ 

•^ "" number of terms to that place 3 

third term. 

coeff. of g in the 4th term X its index _ ^20 X 8 
^ ' number of terms to that place "~ 4 

BO 
=-j=152=scoefficient ot fifth term. 

We are thus furnished with a general Rule for raising the bino- 
mial a+h to any power, without the process of actual multiplica- 
tion. For instance, let it be required to raise a+b to the eighth 
power ; then, according to the Rule just laid down, 
The^ra^ term is .... a^ 
The second Sa^b. 

The third ^a«^=28a«6«. 

The /o«r<* ?^a'b^z=66a'b'. 

The fifth 5?pa*M=76a*5*. 

and so on. 
And thus we have 
(a+6)8 = o«H-8a^^+28a''6«+56a*6»+70a*J*+56a»6"*+28a?y+ 



In the same manner it will be found, 
Ex. 2. That (a— 6y=:o'— 7a«&4. 21o»ft«— 86a*5*+ SWh^^-^laV 

Ei:.a. That(a?~y)»=sa»— 9«^+3e«y— 84ayH-126«y— 

126aV+ 84aV— 86a!^'+ 9jy— y*- 

Ex. 4, That(»+ay*=«»4-10a»a+45a!"a'+120a;V+210aAi*+ 

262a?*a»+210«*aH 120a:»a'+45afti"+ 10ara«+a»». 

In reviewing these several examples, it may be observed, that, 

when the number of terms in the resulting quantity is even, the 

coefficients of the two nvddle terms are the same; and that in 

all cases the coefRcients increase as far as the middle terms, and 

then decrease precisely in the same manner until we come to the 

last term. By attending to this law of the coefieients^ it will only 

be necessary to calculate them as far as the middle term, and then 

set down the rest in an inverted order. Thus, in Ex. 3. (jt — yf^ 

The first five coefficients are 1, 9, 86, 84, 126. 

The to* five 126, 84, 36, 9, 1. 

51. But we have not yet arrived at the most general form in 
which this Rule may be exhibited. Suppose it was required to 
raise the binomial a+b to any power denoted by the number n. 
Proceeding with n as we have done with the several indices in the 
preceding examples, it appears that 
The first term would be o". 
The second na*~^b. 

The third !fcL)a"-»6«. 

Thefourth fclH^ZfL-V. 

Th^/fth n(«-l)0.-.2)(n-8)^^^, 

2.3>4 
The last .... , . . i". 

Or, (a+ft)-=o- +tur-'b+ *^''~^\ '-*V+ '^*^'^^% »-»V 
By the same process, (a— ft)"=a»— na"-'ft+^^5^^^€i*-«ft»— . 
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y^ J^ ^a"^6*+&c.; the signs of the terms being alter- 

nately + and — . 

' This general and compendious method of raising a binomial 
quantity to any given power, is called, from the name of its cele- 
brated inventor, Sir 1. Newton's " Binomial Theorem." Its use 
will appear from the following Examples. 
Example 1. 
Raise x"' + 3y* to the fifth power. 

In comparing {a^+3j^y with (a+h)% we have, a=4^, ft^Sy*, 
n=:6. 

Substituting these quantities for a, 6, n, in the foregoing general 
formula, it appears, that 

^r-^*"**! ••(«•) i.(x')'....=^. 

Si (na-'i) U 5x (*»)* X V =15s*y'. 

M (^^^^o"^*') . . i» S X |x (*')• X (V)*=90*y. 

4th . . ( °^"~3^^"~^ a>-y)i.5 Xg X |x («^' X (3j^'=370«»y. 

^ n(n-l)0.-2)(n-3) ,^^^^^ X g^ | X | X ^ X (%•)*= W/ 

La»« . . . (6-) is (3y«)'=243y»». 

So that (2r»+3y«)*=x«»+15a:»y« + 90x«y*+270a:*y«+405*y -h243y'». 

In the application of this formula, it may be observed, that the 
number of terms of which jhe binomial consists, is always one 
more than the index of the given power; afler having calculated 
therefore as many terms as there are units in the index of the 
given power, we may immediately proceed to the last term* 

Ex. 2. 
Raise Sx-\-2y to the 6th power. 

^^ Til i ^^ (3* + 2y)»=:729a:« + 2916a*y + 4860jry + 
IZq \ 4320j:*y»+2160ai»y*+576iy»+64/. 

Ex.8. 
Raise x — ^2^ to the 7th power. 
Here ar=a ^ and comparing (x — ^2^)^ with (a — ft)", we have «• 
2ff=zb > — 14a«y«+84ar»y*— 280aj*y«H-560a:»y«— 672aiy« 
n=7 1 +448ay«— 128^** for the quantity required. 



62; By niea]96 of fliis Thecwenii we are enabled to raise a tri" 
mofiio/ or quadrirumial quantity to any power, without the prooess 
of acitual multiplicatioD. Thus, suppose it was required to square 
a^b-^c; inclosing a+& in a parenthesis {a+b\ and consider ing 
it as one quantity, we should have (a+b+cy=r(a+b)+c}f=x 

In ^e same maimer we have, 

Ex. 1. {a+h+e+dy=:(a+b)+{e+d)y^{a+by+2{a+b) 
(c+d) -f {c + d)«=a»+2a6+ft«-f 2ac -f 2ai« + 2bc+2bd+^+ 

2ed'i'd*^a'-\-b^+(^+d^-\-2{ab+ac+ad-\'bc-\'bd+cd). 

Ex.2.(a-h&+c)'=(a+ft)-fcl»=(a4-&)'+3(a+6)V3(a+ftK 
+€?=:^a^+da^b+Sab^+l^+da^c + 6afc+36*c+3ac»+3fcc«4.c» 

Ex.3. (ar+y+3«)«=(ar+y)+3«p==(ar+jf)»-f2(ar+y)x8»+ 
(3ii)«=x««+2«y+/+6a:«+6y«+92;», 

XIV. 

On Me £ooZu<ton o^ Algebrcdc QuarUkies* 

53. ^olt/fion, "or the Rule for extracting the root of any 
tjuantity," is just the reverse of InvoluUofi; and to perform the 
operation, we must inquire what quantity multiplied into itself, till 
the number of factors amount to thia^^umber of units in the index 

' of the given root, will generate the quantity whose root is to be 
extracted. 

54. This Rule, as applied to small numbers and dmple alge- 
braic quantities, may be easily explained by reference to the 
Tables in Art. 47, 48. Thus, 

49=7 X 7 ; .-. the square root of 49, or >/49=7. 

— &*= — bx — bx — b; ••. the cube rooi of — 6*, or V — ^= — ft. 
16fl<_2a ^ ^ 2a ).-. the4«Aor6i-Cl6a* 4 /I6a*_2a 
81b^'^Sb^Sb^M^Sb'lquadrateTooto£lSlb*'^^\/ 8W^W 

32=2 X 2 X 2 X 2 X 2 ; .-. Ihe^i^ root of 32, or ^ 32=2. 
&;c. 6ic, 

55. If the quantity under the radical sign does not admit of 
resoluticm into the number of factors indicated by that sign, or,, in 
other wcMNis, if it be not a complete pawer^ then its exact root 
camut^beextra/ctedi and the quantity itself, with the radical sign 

~ E2 
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annexed, is balled n surd* Thus, >/97, V^9 y/^t v^47,'^»^ 
&c. are surd quantities. The application of the fundamentat 
rules of arithmetic to quantities of this kind will form the subject 
of Chap. VIII. 

56. In the involution of negative quantities, it was observed 
that the even powers were all -f , and the odd powers — ; there 
is consequently no quantity which, multiplied into itself in such 
manner that the number of factors shall be even, can generate a 
negative quantity. Hence quantities of the form V — aV ^ — 10, 

V^— a^ N^ — 5, '^ — a*, dz«. dw;. have no real root, and are there- 
fore called impossible. 

67. In extracting the roots of compound quantities^ we roust 
observe in what manner the terms of the root may be derived 
from those of the power. For instance, (by Art. 60.) the square 
of a+6 is a^+2ah+h\ where the terms are arranged according 
to the powers of a. On comparing a + h with a'-f 2a64-6', we 
observe that the first term of the power (a^ is the square of the 
first term of the root (a). Put a therefore a*+2ab+lXa+b 
for the first term of the root, square it, and a^ 



2ah+¥ 
2ab+^ 



subtract that square from the first term of 2a 4-6li 
the power. Bring down the other two 
terms, 2ab+b\ and double the first term 
of the root ; set down 2a, and having di- 
vided the first term of the remainder (2ab) 
by it, it gives ft, the other term of the root; and since 2a6-f 6*= 
(2a+b)b, if to 2a the term b is added, and this sum multiplied by 
b, the result is 2ab+¥; which being subtracted from the two 
terms brought down, nothing remains. 



a^+2ab+l^+2ac+2bc+c^(a + b+c 



2ab+y 
2db+b^ 



68. Again, the square 
ofa+6+c(Art.62.)is 
a^+2ab + b'+2ac+ 2M^&] 
26c +c*; in this case 
the root may be derived 2a + 2b4-c 

from the power, by con- 
tinuing the process in 
the last Article. Thus, ==» 

having found the two first terms (a+b) of the root as before, we 



2ac-f2&c+e* 
2atr+2bC'\-<^ 
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hrmg down the lemaining three tenns flae+2ie+i^0[ the power> 
and dividing 2ac by 2a, it gives e, the third term of the root. 
Next, let the last term (b) of the preceding divisor be doubled, and 
add c to the divisor thus increased, and it becomes 2a+2h+c; 
multiply this new divisor by e, and it gives 2ae+2bc+t^f which 
being subtracted from the three terms last brought down, leaves 
no remainder. Hence the following Rule to extract the 9q[uare 
root cfa compound quantity • 

Arrange the terms according to the powers of some letter, be- 
ginning with the highest, and set the square root of the first term 
in the quotient. 

Subtract the square of the root thus found from the first termy 
and bring down the two next terms for a dividend. 

Divide the dividend by double the root already found, and set 
the result both in the root and divisor. 

Multiply the divisor thus completed by the term of the root last 
found, and subtract the product from the dividend, and so on. 

In this manner the following Examples are solved. 

Ex. 1. 4«*+6aj»+^a:«+15ar+26(2a;«+?aj+6 

4x* 

4x'+ 3a:+5)"20?+ 16j;+ 25 
20ar»-hl5ar+26 



Ex.2. a:»+4a:*+2«*+9jr'-4ar+4(«»+2x«-ar+2 

£ 

2«»+2««)4aj*+2aJ* 

4ir*+4aJ* 



2«*+4«'— <r)— 2«*+ ftp' — 4a? 
->2a?*— 4a^+ g* 
2a^+4a?— 2ar+2) +4a»+8a«— 4a?+4 
+4«'+8a»— 4a:+4 






. Ex. 3. Find t}ie square root of a^+42^+10a^+^04^+25a:'4- 
24ir+16. AUBW. ar»+8a"+3a;+4. 

Ex. 4. Find the square root of 4a:*— 4a:*+12aj»+a:*— 6ar — 9. 

Awsw. 23^ — x+3. 

69. The process for extracting the Cube Root of a compound 
quantity may be explained in ^e following manner. By Art 50, 
the cube of a+h is a' 

4-3a*6+3a6*+6», the o'+3a«6+3a6'+ft'(a+ J 

terms being arranged ^a 

according to the pow- ^^+Zah^b'\. 

ers of a. The first 

term of the root is a, 

which being cubed, and "^ 

this cube subtracted 

from the first term in the power (a'), bring down the remaining 

three terms 3a*6+3aft'+R Next square the first term (a) (rf 

the root, and having multiplied it by 3, place 3a' in the divisor, 

divide 3a'& by 3a', and it gives h the second term of the root; to 

3a' add 5a6-|-ft',.and it forms the divisor 3a'+3«5-4-V, which 

being multiplied by h gives 3a'&+3<^^+^9 subtract, and nothing 

remains. 

60. The cube root of a compound quantity, if that root consists 
of three terms, is found by continuing the process in a simitar 
manner. 

(a+6)' + 3(a-fft)'c+3(a+6)c»+c»(a+J+c 

{a+hf 

l8(a+6)'c+3(a+6)c'+c» 
3(a+6)'c+3(o+6)c'+c» 



3(a+&)'+3(a+6)c+? 



Thus (by Art. 52) the cube of a+6+c is 
(a+6)*+8(a+&)'c+3(a+&)c*+c*; supposing the first two terms, 
of the root to have been found as in the preceding article, cube 
a+h and subtract {a+hf firom the first term of the power ; and 
then bring down the next three terms 8(a+ft)'c+3(a+ft)c'+c'. 



BVOLvnoifi' W 

Square the two terms already foond ; which square heing multi* 
plied by 3, gives 8(a+6)S- divide 2{a+bye by 3(a+ft)S and we 
have c, the third term of the root. To 8(0+ &)* add 8 (a+*) 
c+(^, and it forms the divisor 3(a+6)»-f8(a +&)<?+€*, which 
being multiplied by c, gives 8(a+6)*c+3(a+^>5'+«*; subtract, 
and nothing remains. 

The following is a rule to find any root of a compound quantity. 

Rule. Arrange the terms as before : take the root of the first 
term and place it in the quotient : subtract its corresponding power 
from the first term, and bring down the second term for a dividend. 

Divide this term, by twice the root already found for the square 
root; three times the square of it for the cube root; four times 
the cube of it for the fourth root, &c. ; and the quotient will be 
the next term of the root. 

Involve the whole of the root thus found to the given power, 
and subtract it from the given quantity ; divide the first term oi 
the remainder by the same divisor as before ; and proceed m this 
manner, till the whole is finished. 

Ex. 1. What is the cube root of a^+6aA-40a:»+96a:+64T 
sifi+ 6x»— 40ar»+ 96ar+ 64(a:'+2ar — 4. 

. / *" 
3a?*) 6? 



3a?«) —12a:* 

jP«4.6aJi_40a?'+96j:+64 

• Ex. 2. Required the cube root of «•— 60^^+ 15«*— 20a:*+ 15ar« 
.— 6ar+l. jd 

Ex. 3. Required the fifth root of 32a?»— 80i*+80a^^-■I0aJ«+ 
10Jr— 1. 

Ex, 4. Required the fourth root of 16a*— 96a*a?+216aV— 
216aa:*+el«*. 

If the quantity whose root is required be not an exact power, 
the operadon will not terminate, as in the above instances ; but it 
may be continued to any number of terms at pleasure. 
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Ex. Find the sqiMtie root of a'^4-^* 









af arv ar 



ar* «• «« 

In these cases, however, the root is in general much more easily 
found by help of the Binomial Theorem, as will be explained 
hereafter. 

XV. 

On the Investigation of the Rules for the Extraction of the 
Square and Cube Roots of Numbers* 

Before we proceed to the investigation of these Rules, it will 
be necessary to ekplain the nature of the common arithmetical 
notation.' 

61. It is very well known that the value of the figures in the 
common arithmetical scale increases in a tenfold proportion from 
the right to the lefl ; a number, therefore, may be expressed by 
the addition of the tmittf, tens^ hundreds^ dsc of which it eonsists* 
Thij^^e number 4371 may be expressed in the following man- 
ner,^ 4000+300+70+1, or by 4X1000+8X100+7X10 
+ 1 ; hence, if the digits^'^ of a number be represented by a, 6, c, 
dy e, &c« beginning from the lefl hand, then, 

(*) By the digvU of a number are meant the figures which compose it^ 
conddered independently of the value whiph they possess in the arithmetical 
scale. Thus the digits of the number 537 are simply the numbers 5, 3, and 
7 ; whereas the 5, considered with respect to its place in the numeration 
scale, means 500, and the 3 meaas 30. 
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A noMber 0^2 Agates may be expressed by lOa+b. 

3 figures ^ by lOOa-^-lOb+e. 

....... AUffjuea by lOOOa+lOOfrf 10e+.A 

62. Let a number of diree figures (viz. 100a+10(-f c) be 
squared, and its root extracted according to the Rule in Art 58.| 
and the operation will stand thus : 

I. lCKK)Oa'+2000a&+10a5'+200a«+20fti;+c^lOOa+10fr+tf 
lOOOOg' 

200a+ 106)2000a5+ lOOM 
2000a&4-100y 

200a+206+c)200iuj+20Jc+c« 
200ac+206c+c» 



L o I ^°^ ^^ operation is transformed into the follow^ 
^--iS ingone; 

40000 + 12000 + 900 + 400 + 60 + 1(200 +30+1 
40000 



400 + 80) 12000 + 900 + 400 
12000+900 

400+60+1)400+60+1 
400+60+1 



III. But it is evident that this operation Would not be afiected 

by collecting the several numbers which 

stand in the same line into one sum, and 

... 

leaving out the ciphers which are to be 53361 ( 231 

tuhtraded in the several parts of the 4 

operation. Let this be done; and let 431133 

two figures be brought down at a time, |l29 

after the square of the first figure in the 461 461 

root has been subtracted ; then the ope- 461 

ration maybe exhibited in th6 manner * 

annexed ; from which it appears that the ==^ 
square root of 53361 is 231. 
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68. To explain the division of the ghren number into periods 
consisting of two figures each, by placing a dot over every second 
figure beginning with the units (as exhibited in the forgoing ope- 
ration), it must be . observed, that, since the square root of 100 is 
10 ; of 10000 is 100 ; of 1000000 is 1000 ; &c. &c« it follows, 
that the square root of a number less than 100 must consist of one 
figure ; of a number between 100 and 10000, of two figures ; of 
a number between 10000 and 1000000, of three figures ; fee 6ui. 
and consequently the number of these dots will show the number 
of figures contained in the square root of the given number. From 
hence it also follows, that the Jirst figure of the root will be the 
square root of the greatest square number contained in the first 
of those periods, reckoning from the left. Thus; in the case of 
5dd6i (whose square root is a number consisting of three 
figures) ; since the square of the figure standing in the hundred*8 
place cannot be found either in the last period (61), or in the last 
btU one (33), it must be found in the Jirst period (5); consequent- 
ly the first figure of the root will be the square root of the great' 
est square number contained in 5 ; and as this number is 4, the 
first figure of the root will be 2. The remainder of the operation 
will be readily understood by comparing the steps of it with 
the several steps of the process for finding the square root of 
(a+b+cf in Art. 58 ; for having subtracted 4 for the first period 
(5), there remains 1 ; bring down the next two figures (33), and the 
dividend is 133 ; double the first figure of the root (2), and place 
the result 4 in the divisor; 4 is contained in 13 three times, 3 is 
therefore the second figure of the root ; place this both in the 
divisor and quotient, and the former is 43 ; multiply by 3, and 
subtract 129, the remainder is 4 ,* to which bring down the next 
two figures (61) which gives 461 for the next dividend. Lastly, 
double the last figure of the former divisor, and it becomes 46 ; 
place this in the next divisor, and since 4 is contained in 4 07ice, 
1 is the third figure of the root ; place 1 therefore both in the 
divisor and quotient ; multiply and subtract as before, and nothing 
remains. 

64. The rule for extracting the cube root of numbers may be 
understood by comparing the process for extracting the cube root 
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of (0^+h+ey in Arf. 59 and 60, with the Mowing operations, 
in which is deduced the cube root of the number 18907&21. 

1899T52i(200+40+l 
a»=(200)"=8000000 

da'= 120000) 1st Remainder 6997521 

8a«6=3x (300)'X 40:=:4800000 

8afr^=:3x200x(40)^ss 960000 

y=:40 X 40 X 40= 64000 



5824000 



d(ii+(}'=172800) 2d Remainder 173521 

8(a+fty4?=8(200+40yx 1=3 172800 

d(a + 6^=3(200+40) X 1= 720 

c»= 1x1x1= 1 

173521 



3d Remainder 000000 

Omitting the superfluous ciphers, and bringing down three 
figures at a time, the operation would stand thus : 

1399752i(241 
2'= 8 

3X2'= 12)5997 

800X2«X 4=4800 

30X2X4'= 960 

4»= 64 

5824 



3X24'= 1728) 173521 

300X (24)'X 1= 172800 

30X24X1*= 720 

1'= 1 



178521 




These operations may be explained in the following man&er* ^ 

I. Since the cube root of 1000 is 10, of 1000000 is 100, &c.» 
it follows, that the cube root of a number less than 1000 will ccm- 
sist of one figure ; of a number between 1000 and 1000000, of 
two figures, &c. &c. ; if, therefore, the given number be divided 
into periods, each consisting of three figures, by placing a dot 
over every third figure, beginning with the units, the number of 
those dots will show the number of figures of which the cube root 
consists; and, for the reason assigned in the preceding article, 
(respecting the first figure of the square root,) the Jirst figure of 
the root will be the cube root of the greatest cube number con- 
tained in the first period. 

II. Having pointed the number, we find that its cube root con- 
sists of three figures. The first figure is the cube root of the 
greatest cube number contained in 13 ; this being 2, the value of 
this figure is 200, or a==200 ; consequently a'= 8000000 ; sub- 
tinict this number from 13997521, and the remainder is 5997521. 
Find the value of 3a', and divide this latter number by it, and it 
gives 40 for the value of b, the second member of the root ; put 
this in the quotient, and then calculate the value of Sa^b+3al^+IP 
and subtract it, and there remains 173521. Find now the value 
of 3(a+6)*, and divide 173521 by it, and it gives 1 for the value 
of c, the third member of the root ; put this in the quotient, and 
then calculate the amount of 3(a+6)'c+3(a+ft)c*+c', whicli 
subtract, and nothing remains. 

III. In reviewing the first of these two operations, it is evident 
that six ciphers might have been rejected in the value of a\ and 
three in the value of Sa^h+Sal^+l^y without affecting the sub- 
stance of the operation ; having, therefore, simplified the process 
as in the second operation, we are furnished with the following 
Rule for extracting the cube root of numbers. 

IV. " Point off every third figure, banning with the units ; 
find the greatest cube number contained in the first period, and 
place the cube root of it in the quotient ; cube it and subtract it 
from the first period, and then bring down the next three figures ; 
divide the number thus brought down by 800 times the square of 
the first figure of the root, and it will give the second figure ; then 



ealculsdie the vaJue of dOOx square of first figure X second figure 
+ 30 X first figure X square d* second + cube of second, subtract 
ity and then bni^ down the next period, and so proceed till all the 
I'Criods are brought down." The Rules for extracting the higher 
powers of numbers and of compound algebraic quantities are very 
tedious, and df no great practical utility. 

XVI. 

On the General Mode of expressing the Powers and Roots of 
QuanHties by Means of Indices. 

65. The management oCsurd quantities, and the method of ex- 
tracting the roots of compound algebraic quantities by means of 
the Binomial Theorem, will be treated of hereafter ; but before we 
conclude this chapter, it may be proper to make a few observa- 
tions on the method of expressing the powers and roots of quanti- 
ties by means oC indices* 

I. Since aX a^=a^=:a^** ; a^Xa^=a^=ia^*^ ; or, in general, 
a"" X a**=:a*"^^ it follows, that the different powers of any quantity 
are muUiplied together by adding the indices. 

II. Again, — =a=a"-* ; -3=sa'=a*-*; or, in general, —= a"*-"; 

from which it appears, that one power of a is divided by another* 
by subtracting the index of the divisor from that of the dividend.. 
IIL The Square of a=:ax a=a*''*=a* ; 

Cube of a«=a«X a«X a^^a^^'^^^a'^ ; 
or, in general, »ith power of a"=a'*X o"x a" to m factorssa*"" ; 
from this it foUows, that the powers of a are raised to other powers 
by nmlHplying the index of the original power by that of the power 
to which it is to bfe raised. 

rV. Square root of a*=rii'=:a*; 

Square root of a*==a^=a^ ; 

Cube root of a^=a^=a^^ Ace. &c., i. e. the roots of 
powers of a are found by dividing the index of the power by the 
number expressing the degree of the root to be takefl. 

66. From this method of constdering the formation of the powers 
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ftnd roots of quantities, a new species of algebraic notation arises, 
of which the following are examples. 

L The roots of quantities may be expressed hyfraeiiondl in* 
dices. Thus, 

The Square root of a =o*"**=sa* ; 

Cube root of a =zay^=ai ; 
I 
or, in general, iiith root of n rsa^'^^sso^ 

Again, Cube root of o'=o*+'=ai ; 

Square root of a*=ro""**s=:ai; 

5th root of a*=a***=of ; 

n 

or, in genera], mth root of o"=a''+*=o«. 

n. The signification of the negaHve indices arising from Rule 
4 of Division (Art. 23) will easily appear by an example. By 

that Rule, -j = a^^^a"^. But -^ = -j ; consequently, a"* and 

1 / 1 \ '^ 

-J I and, in general, ar^ and -^1 are equivalent expressions* 

Hence it follows that a" will always represent unity, whatever be 

the value of a; for, by the Rule, ~=c5"'-«, or l=o^ 

A comparison of the following series, in the first of which every 
succeeding term is the quotient of the preceding divided by a, and, 
in the second, the index of a is continually diminished by 1, will 
show that the above conclusions naturally follow from the notation 
adopted in Art. 7. 

aaa aa a 1 - — — 
a aa aaa 

a* a" a' a^ a"* a"" a"* 

III. From this it follows, that any factor may be irennoved from 

the numerator of a fraction into the denondnatory or fiK>m the 

denominator into the numerator y by changing the sign of its index. 

1 a' 

Ex. 1. Thus (since p= 5^) «• may be expressed by a*4"* 5 and 

(smce a*=^), we have ^ = jp X jj^:= jziy. 



? 
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Ex.2. Thequan%-— ^^y^^^^p^^^^y^iy^l^^^^ 
1 



or by 



ar^h-^eid'ei 



CHAPTER IV. 

ON SIMPLE EQUATIONS. 



When two algebraic quantities are connected together by the 
sign of equality, the whole expression thus formed is called (Art. 
11.) an Equation. Equations, as applied to the solution of ques- 
"tions or problems, consist of quantities, some of which are knovm, 
and others unknown ; and by the solution of an equation is meant, 
the operation by which the vajues of the unknown quantities are 
feund in terms of the known ones. If an equation contains no 
power of the unknown quantities, but those quantities merely in 
their simplest form, it is called a Simple Equation ; if it contains 
the square of the unknown quantity, it is called a (Quadratic 
EquatHm; if the cube of the unknown quantity, a Cubic Equa- 
tion, &C. &c. The present chapter will be occupied entirely with 
the sphition of Simple Equations, and questions depending upon 
themf 

XVIL 

On the Solution of Simpfis liquations^ containing only one 
unknoton quantity. 

67. The Rulea absolutely necessary for tlie solution c^* simple 
ffquatioQS' containing only one unknown quantity may be reduced 
to four, and may be arranged in the following order. 

Rule I. 

The first Rule is, that *^ any. quantity may be tnHisf0ri:^ fjrom 
one side of the equation to the other, by changing its sign ;*^ and 

F2 



it is fouodedupon the axiom,** if equals be oiieil to or suUraeied 
from equals, the sums or remainders will be equal." 

Ex. 1. Let a;+8=15 ; subtract 8 from each side of the equa 
tion, and it becomes ar+8— 8=16— 8; but 8—8=0; .-. a?=s 
15—8=7. 

Ex. 2. Let a;— 7=20 ; add 7 to each side of the equation, then 
«— 7+7=20+7; but— 7+7=0; .-. a:=20+7=27. 

Ex. 3. Let 3a>— 5=2a;+9 ; add 5 to each side of the equation, 
and it becomes 3j;— 5+5=2a?+9+5, or 3ar=2ar+9+5. Sub^ 
tract 2x from each side of this latter equation, then 8* — 2x=s 
2*— 2a:+9+5; but 2jr— 2a?=0; .-. 3a:— 2ar=9+5. Now 
3x — 2x=Xy and 9+5=14; hence a?=14. 

On reviewing the steps of these examples, it appears 

L That ar+8=15 is equivalent to ar=16— 8. 

•. II. . . . a?— 7=20 to ar=20+7. 

^IIL ^ . 3ar — 5=2a;+9 to . . . 3a:— 2a:= 9+5. 

Or, that ** the equality of the quantities on each side of the equa- 
tion is not afiected by removing a quantity from one side of the 
equation to the other and changing its sign. 

From this Rule also it appears, that if the same quantity, with 
the same sign, be found on both sides of an equation, it may be 
left out of the equation; thus, if x+a^c+a^ then a;=c+a— a; 
but a — a=0 ; .*. a:=c. 

It further appears, that the signs o£aJl the terms of an equatioo 
may be changed from + to — , or from — to +, without altering 
the value of the unknown quantity. For let a? — 6=c— a, then, 
by the Rule, x=c — a+(; change the signs ofdU the terms, then 
h^-^szza — c, in which case h^^-a-^-e^x^ or x=e — a+ft, as before. 

RuLB n. 

*' If the unknown quantity has a coefficient, then its value may 
be found by dividing each side of the equation by that coefficient ;^ 
and the foundation of the Rule is, that ** if equals be divided by the 
same, the quotients arising will be equal." 

Ex. 1. Let 2a;=14 ; then, dimding both sides of the eqi»tion 
. „ , 2x 14 , 2ar , 14 ^ 

by 2, we have ■o'^-o" » ^* T^*' '2 * '*' * 



Ex* 2. Let Sx+l0=z3x+22i then, by Ruls I, to--8a» 

ax 12 
22 — 10, or 3x=:12 ; divide each side by 3, then -^=-0-9 or xa4« 

«, - • at b-^-e ux h-^e 

Ex. Z.Leiax=zh+c; then — ^— 1— • but— =:x; ••. «= 

a a a a 

Rule IIL zL'^ 

** An equation may be cleared of fractions, by multiplying each 
side of the equation by the denominators of the fractions, in suc- 
cession, or by their product." Thb Rule goes upon the principle, 
that "if equals be multiplied by the same, the products arising will 
be equal." 

X 

Ex. 1. Let -=6; muZlipJsr each side ofthe equation by 3, then 
(since, from what has been already shown, the multiplication of 

X 

the fraction - by 3, just takes away its denominator, and gives x) 
we have a?=6 x 3=18. 

X X 

Ex. 2. Let s+ .==7 ; multiply each side of the equation by 2, 
« o 

2x 
and we have a? +---=14; now multiply each side by 5, and it be- 

70 
comes 6jr+2a?=70; hence, by Rulb II, a?s=:-=-=10. 

Ex.3. I^|+|=13-|. 

Multiplyeachsideof theequationby2,'thena;+-^= 26— --• 

....,.„...:= ,4 

. by 4, . . 12ar+8a5=312— 6a?. 

By Rule I, 12ar+8x+6ar=312 
or26x=812 

.•.byRulen,x=^==12. 

This Example might have been solved more simply, by mul- 
tiplS^/^&ch ^e of the equation by the product of the numbers 
2, 8, 4,' which is 24^ 



Thus, 1+1=13-* 

Multiply each side by 24, then -Tr--|- ---=312 — , 

« 3 4 

or ]2x+8x=312-*6x» as before. 

<< If the equation coDlains the square root of the i;(nkiiown 
q^uantity, or the square root of the uuknowa quantity combined 
wkh some known quantity ; then, let this surd quantity be brought 
by itself to. one side of the equation, and let both side^ of tba 
equation be squared ; the value of the unknown quantity maj 
then be found by the preceding Rules." This Rule goes upon 
the supposition, that «< if the square root of a quantity be equal to 
any given quantity, then the quantity itself will be equals to the 
square of that given quantity.'* 

Ex. 1. Let >/a>— 5=3; then by Rulb I, >/x=5+8=&r 
square both sides of the equation, then a;=8x 8=64. 

Ex. 2. Let \/2a?+l + 2=5; then, by Rule I, V2ar+1=6— 

!}=z:3; square hoX\i sides of the equation, and we have 2a»+l=9y 

g 
.-. 2x=9— 1 = 8, and a?=-=4. 

, , 68. The following Examples will serve to exercise the learner 
in these several Rules. 

In RuLB I. 
Ex. 1. 2a:+3 = a: 4- 17 .... Answek, ar=14. 

Ex. 2. 6a?--4 =4a:+25 . , ar=29. 

Ex. 3. Tar— 9 =6a? — 3 af= 6. 

Ex. 4. 4a;+2a=da;+9( ...».•.••• x=9fr— 1^^ 

In Rules I,,. n. 

Ex. 1. 10a;s;rl50 . • . AzfSWBB, a;=15. 

Ex. 2. 16ar+4=34 «= 2. 

Ex. 8. 8^+7=6a?+27 ar=10. 

Ex. 4. 9»— 3=4a?+22 ar= 5. 

Ex. 5. 17aJh-4a:+9=3ar+39 ......»= 3. 

&4-3^ 
Ex.6. ax*^t=h-^2c .•••.. a?=— ^- — . 

• • 41 

^ 



In RuLBs I, n, m. 

Ex. 1. -^+ 7=22 ..... Answas «s=:24. 

Ex.2. -j.-~=_.... *=10. 

Ex.8. i+|=31-| »=80. 

2d? d? aP 

Ex. 4. ^— g4.-=44 «s=60. 

In Rule IV. 

Ex. 1. ^/x — 1=4 AirswBB, x=25. 

Ex. 2. V3x+1+5=10 x=zS. 

Ex. 8. 15+ Vlr+T=19 «=9. 

60. In the application of these Rules to the solution of simple 
equations in general containing only one unknown quantity, it will 
be proper to observe the following method. 

I. To dear the equation of fractions by Rvle III. 

n. To collect the imibiotofi quantities on one side of the equa* 
tion, and the known oa the other, by Rulb I. 

III. To find the value of the unknown quantity by dividing etch 
side of the equation by its coefficient, as in Rule II. 

IV. If the equation contains a surd quantity, then Rule IV 
must be immediately applied. 

EXAKPLB 1. 

Find the value of x in the equation -=-+ 1=- + -=-. 

7 5 O 

7x 91 
Multiply by 7, then 8a:+ '^^-r+'Tf 

.... by 5,. . 15x+85=:7a;+91. 

Collect the unknown quantities \ - .^ „ gi g- 

on one side, and the known > ^ Q«""«fl * 

. - \ or 8;r=5o. 

on the omer; } 

Divide by the coefficient of a?, a;=:-^=:7. 
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Ex. 3. 

Find the value of « in the equation —^—-«*- l:s2 — --• 
^6 7 

6x 

Multiply by 6, then x+B — 5=10 — — j 

.... by 7, . . 7a:+21 — 35=70 — 5a:. 

Collect the tin&noton quantities ) •» • g ^^0 ^21 ^SS 

on one side, and the known > ,« "^o- * 

ontheotAer; ; 

84 ^ 

Ex. 3. 

^ 1 2x ^3 

Find the value of « m the equation 4x — =ar+ — ^ — ^24. 

By transposition, 40x — 5x — 10a;^-4a;=240 — 4 — 5, 

or 40a:— 19ar=231, 

231 ^ 
i. e. 21a;=231 ; .-. «=— r-=ll. 
«1 

Ex. 4. 

X 

Find the value of ar in the equation 2a? — 5 + 1 =5a^— 2» 

Multiply by 2, then 4ap— ar+2= lOo? — U 

By transposition, 4+2=10a:— 4a:+ap, 

or 6= 7a?: .•.a?=-. 

7 

Ex.5. 
What is the value of x in the equation 3aa;+2&a;=3c+a? 

Here 8aa;+2fer=:(3a+2&)Xa;; 
Divide each side of the equation by 3a 4-2^, which is the 

coefficient of op ; then a?= /oi * 

(') As this step involves the case ** where the ngn. — standb bsfere a Frac- 
tion,** when the nninerator of that fraction is brought down into the 1 
line, with 40jp, the signs of botii its terms must be changed^ for the i 
assigned in Ex. 3, page 32; and we therefi)re make it— 5x4.5, and not 



Ex.6. 

Find the value of « in the equation ^x+a=:2ax+4€. Bring 
the unknown quantities to one side of the equation, and the known 
to the otJier ; then, 

Shx — 2a2=4c — a 
but 36a:— .2cMr=(3&— 2a) Xx; 
••• (3 J — 2a)x=4tC—<i. 

A^ ft 

Hifide by 8ft — 2a. and a?=:n^ — ^. 
•^ 36 — 2a 

Ex. 7. 

Find the value of x in the equation hx+x=2x+da. 

Transpose 2ar, then hx+x — 2x^ 3a, 

or 6a: — ^a?=3a; 

but bx — x=:(b — l)ar; 

da 
.;. (6 — l)ar=3a, or a?=r — -. 

Ex.8. 

Find the value of a? in the equation c+x=4j:+-t-« 

a o a 

Multxpljby abd^ then 36^a; — ahcd+adx=Adbdx+2adx. 

By transposition, Sbdx+adx—^abdx — 2abx=^abcd^ 

er (^bd-\'ad — 4a6rf— 2a6)a:=a6cdf. 

abed 

''' *""36(l+a<i— 4a6d[^2a6* 

Ex.9. 

, 2a 

Let \/a:+ v a+a:=-7===, to find the value of or* 
va+a; 

Multiply by v^a+i, then \/xx>/o+i+fl+ar=2tt. 

By transposition, y/psX >/a-h«=r2a— a — ^ar= 

Square both sides, arX (a4-a:)=a' — ^2aa:+a*, 

or aa:4-af*=a*— 2aaf+a' J 

.•. tkLX=a* 



and a:=---=-. 
3a 3 



Ex.10, 



Let a+x^ >/tt*+«5/V+?, to find the value of or. 
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Square both aides, and we have tt'+2Aa:+a^=a*+af^/A'+a», 

or 2ax+aF:=iX'/¥^fs?. 
Divide by a?, 2a+ar=r ^5*+?. 
Square again, 4a*+4aa:+a*=i*+a»; 

or 4(M?=y— 4aV 

Hence. «= — ^ — =■ a 
4a 4a 

Ex, 11. a:+|+|=:ll .... AmwsR, sse. 

Ex. 12. 1+1+1=1+17 «=60. 

Ex.l«. 4ar— 20=y+H2 ...... «==io. 

Ex. 14. ?+?-f =i «-?. 

2^8 4 2 *""7 

Ex. 15. 8a?+-==— -— ....... x=~. 

Ex. 16. -;^— 6=29— 2a:. . . . ... a?=14. 

Ex. 17. ex — -— 9=6ar ....... a:=36. — 

Ex.l9.^^+g=20-~:r a,==:18. 

Ex.20. 5a?-^^+l=3a?+^+7 . . «=8. 
Ex. 21. 2aa;+6=Si»r+4a ar= 



Ex. 22. 5ax— 2&+4&a;=2a;+56 .... «= 



2a— 8c 
5c+2& 



4a+4&— 2 



Ex. 23. Jar+2af— a=8ar+2c *=^r^* 

Ex.24. 8*-^+.*=,f+f-*^. ... x=.^'-^* 



8a+8ai>— 8 



foma awtJonmi, 



xvm. 



\ 
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On the SolvHcn cf Simple PquaHons eontaining two or more 
unknown Quantities. 

Fa he solution of equations containing two or more unknown 
quanlitiefly as many independent equations are required as there 
are unknown quantities. The two equations necessary for the 
solution of the case when two unknown quantities are concerned, 
may be expressed in the following manner :. 
ax-\-hy z=e 
a'x+b'y=c' 
where a, ft, e, a\ b\ c' represent known quantities, and Xy y the 
unknown quantities, whose values are to be found in terms of these 
known quantities. 

70. There are three different Rules by which the value of one 
of these unknown quantities may be determined. 

Rule I. 

Let ax+hy^e(A)}. . ^ *. * u , j 

and a!x+b'y=e\B)S^ ^^^ *^^ equations to be solved. 

Multiply equation (A) by a\ then aa'x+a'byrs:a*c(C) 
• (B) by a, • • . aa'x-\-ab'y=^ac'{D) 

Subtract equation (Z>) from (C), then {a'b — ab')y=a'c—ai/ 

From which we deduce the following Rule. '* Multiply the first 
equation by the coefficient of x in the second equation, and the 
second equation by the coefficient of x in the first equation ; sub« 
tmct the last of these resulting equations from the firsts and there 
will arise an equation which contains only y and known quantities, 
fitxn which the value of jf is determined." 

Rule II. 
From equation (J.), axsse^-hy^ ••. a?= . 



(B), a'x^o'—b'y, .-. x^—^. 
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Putting these two values of x equal to ^c' — h'y_^ e — by ^ 
each other, we have S ^* a ' 

and .•. ac' — ab'y=za'c — a'by ; 
By transposition, (a'b—ab')y=a'c — ac' ; 

a'c — ac' 

From which it appears, that " if the value of a: in the first equa- 
tion be put equal to its value in the second, there will arise a new 
equation involving only y, from which the same value of y is found 
as before." 

Rule III. 

From equation (4J, ar= ^; substitute this value of a? m 

a 

equation (5), then a'X— ^ — --{-b'y=zc'\ 
a 

or a'c — aby-\-ab'yz=ac' ; 

.% a'c — ac'=.{a'b — a6')y, 

a'c — ac' 

From which we infer, that " if the value of ar, found from the 
Jlrst equation, be substituted for it in the second^ there will arise 
an equation which gives the same value of y as in the two former 
instances." 

71. Having determined the value of y, the value of x may be 

found in each case, by substituting this value for y either in the 

first or second equation. The value of x in the first equation is 

c — by , a'c — ac' c bia'c — ac'\ „ , . 

; but y=-7T jT, ••• x= ;-— --(= (by reducmg 

a a b — ab a a(ab — ab ) ^ 

Ifc' b'c 

these fractions to a common denominator) -77 r, • The value 

, . ^ ^ . . c'—b'y c' b\a'c—ac') ,^ 

of X m the second equation is r^=-, h—n tk= (hv 

^ a a a(ab — ab) ^ •' 

, . u ^ . :. . ^ be'— b'c 

reducing these fractions to a common denominator) -77 r, j as 

° . a o — ao 

before. 

72. Hence it appears, that in finding thQ value of.y, either of 
the three Rules may be applied ; and that in finding the value of 



or, the value o£ y^ so found, may be substituted either in the fir^ 

or second equation. In the choice of the Rule which may be most 

adapted to practical application, experience only can be our guide. 

It may further be observed, that there are cases in which Rule I 

may be somewhat varied ; for instance, if the given equations be 

ax-^by =c{A) 

a'x-^b'y^c'ls) 

Multiply equation (A) by b\ then ab'x+bb'y=zb'c(C) 

{B)hyb,. . . a'bx--bb'y=bc' (D) 

Add equation (Z>) to (C), then {ab'+a'b)x=:b'c + bc ; 

b'c+bc' 

and x= -rr: — tt- 
ab +a b 

Having the value of a:, the value t)f y may bf found by one of the 

preceding methods. 

73. The following examples are intended to illustrate each Rule 

separately. 

Example 1. 

Let5a?+4y=65(A)) . , . . . ,• 
A . rt o, /»( Mo find the values of a? and y. 
3ar+2y==31(5)^ ^ 

By Rule I, 

Multiply (A) by 3, then 15x+12y=165 

, . . . (5) by 5,. . . 16a?+10y=155 

10 
.-. by subtraction, we have 2y=10, or y=---=5 

55 d.tf 
Now from equation (A) we have a?= — e— ^= (since y=6, and 

. «.vv 65—20 35 ^ 
.,4y=20)-3-=-=7. 

Ex. 2. 
Letar+4y=16(A)) 
Ax+ y=34(5)S 
From equation (A) we have ar=16— 4y ; 

• ••••••• (jB) • • • • a?= — - — • 

Hence, by Rule II, — I^=16^-4y, 
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or, 84— sr=64--16jf; 

.-. I5|f=30, or y=--=32. 

It haa already been shown that jr=:16— 4jf= (since 2f=2» ada 
.*. 4y=8) 16—^=8. 

Ex. 3. 



Let^+ 8y=31 (A) 
^"^- + 10ar=192(J5) 



I 



4 
Clear eq". (A) of fractions, x+ 2 +24y= 03,orx+24^= W(C) 

(^) y+6+40ar=768,ory+40a?=7e3(Z>) 

From equation (C)f arr=:01 — ^24y; by Rulb III, substitute this 
value of X in equation (Z>) ; then we have 
y4. 40(91— 24y)= 763 
ory+3640— 960y= 763 

... 959y= 3640—763=2877 

A 2877 - 

and t/= =8« 

^ 959 

By referring to equation (C), we have ar=:9I — 24jf= (since 

y=3, and .-. 24y=72) 91—72=19. 

Ex.4. 

Let3x+4y=29(A)> 

17a:_3y=36(J5)i 

In this example, the Rule mentioned in Art. 72 may be applied* 

Multiply equation (A) by 3, then 9a;+12y= 87(C) 

(5) by 4, . . 68ar— 12y=144(l>) 

Add equation (Z>) to (C), then 77ar =231, 

231 ^ 
or «=—-—= 8. 

77 

From equation (A) we have 4y=29— ^8a?= (since ar=8, and 

20 
... 3x=9) 29—9=20; hence y=— =5. 

Ex. 5. 4a?+3y=31^ 5af=4 

3x+2y=22S ARSWBK, j^^^ 

Ex. 6. 3a?+2y=40) Ixts^IO 

2a?+3y=35i * . . • . ^y,-.^ 
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Ex.7. 5a:— 4^=19) Ca:=7 

4a:+2y=36$ A'"^"' ^^^4 

Ex.8. 3af+7y=79>^ 71^^^>'"^^' U=10 

9. -4^+l=6i / 



Ex 

a:— y 



Ex. 10. *+y 
2ar- 



Ex. 11. _^_+y= 



^+8=43 ^»=* 

T^^-¥|. ^^=^ 

= ^j 5-B 



5a?— 13y 

Ex.12. ?f=!?=?f±y±_i' ^ ,, 

3 -5 / Ca?=18 



■} • ^:=i 



8-^=6 t ^y=8 

74. When three unknown quantities are concerned, the most 
general form under which simple equations can be expressed, is 

ax -^-hy '\- c% =(2 (£) 

dx + Vy + c'% —d! \f) 

a"x-\-b"y-\-c"z=:d" (G) 
and the mode of solution may be conducted in the following manner. 

I. Multiply eq". (E) by a', then aa'x+a'by+a'cz=za'd (H) 
{F)hyay . . aa'x+ab'y-\-ac'%=ad' (K) 

Subtr. (K) from (H) then (a'b—ab')y-^(a'c—ac')z=a'd'-<idXL) 
By multiplying (P) by a", and (6r) by a', and subtracting the 
latter result from the former, we obtain in the same manner 
(a"b'-^'b")y+{a"c'—a'c")z=a"d'-^'d"{M) 

II. Next, let the coefficients of y and «, and the other known 
quantities in equation (L) be represented by o^ jS, y respectively ; 
and those in equation {M) by »', i3',y', respectively; then those 
equations may be reduced to the following form ; viz. 

G2 



ay + 02r=Tr. 

From whichy by making the proper substitutions in Rulb I, And 
in Art. 71, we have 

o'y — ay' 

^""a'lJ-^'* 

III. From equation (jE), we have *== -^ ; in whidiy 

substituting the values of y and % just now found, we obtain «=» 

a a(a'^ — 0^') 

This mode of operation might be easily extended to equatkov 
containing any number of unknown quantities. 

Example 1. 

Let 2a?+ 3y+ 42=29 (-E)^ 

3^+2yH-5«=32(P) > to find the values of 0?, y, «. 
4a?+3y+2z=25(6?)) 

I. Multiply (E) by 3, then 6x+9y+l2zr=87(H) 
• . . . (F)by2,. . .6a?+4y+10«=64(JSr) 

Subtract (K) from {H\ 5y+ 22=23 (£) 

Multiply (F) by 4, then 12a:+8y+20«=128 
.... ((?) by 3, . . . 12x+9y-\- 6*= 75 

Subtract (G) from (F), — y+14«= 63 (JIf ) 

n. Hence the given equations ar^ reduced to< . , . "^ iJo , ,/. 

^ —2f;+- 142=63 (ilf;) 

Again, 6y+ 22= 23 
Multiply (M) by 6, then — 6y+702=265 

By addition, 722=288, or %=:-—=4:. 

From equation (Jf ), 3^=142—63=66—53=3. 

TTT T. . ,«v 29— 3t|[— 42 29—26 ^ 
in. From equation (fJ), ar= ' ■ " = — g — =». 



Ex.2. x+f^+x=i90 ^ rx=d5 

2« + 40 =8^+20 V AirawsRy )ys=80 

2a? + 40=:4«+10) ^«=25 

Ex. 8. 07+ jf + «= 53^ rjrs:24 

« + 2y+82=105> )y=: 6 

a? + 3y+4«=184) f»=28 



XIX. 

The Solution of Questiong producing Simple Equationt^ 

In the reduction and management of equations, we have pro- 
ceeded by fixed and stated rules ; but in the solution of ^uesHom 
we have no such rules to guide us. Every particular question 
requires a distinct process of reasoning, to bring it into an alge- 
bndc form ; and nothing but practice and experience can produce 
experthess and facility in conducting this process. All that can 
be done for the learner in this case, is, to explain the manner in 
which the principles of this science may be made to bear upon 
questions in general ; for as soon as they can be brought into the 
shape of eqtuUioMy we have only to apply the foregoing Rules for 
finding the value of the unknown quantity or quantities. Before 
we proceed, therefore, to any actual examples, it may be proper 
to show the relation which arithmetical and algebraic operations 
stand in to each other. 

75. Suppose the following arithmetical question was proposed 
for solution ; viz. " To divide the number «35 into two such parts, 
that one part may exceed the other part by 9." A person unac- 
quainted with algebra might with no great difficulty solve this 
question in the following manner. 

I. It appears, in the first place, that there must be a greater and 
^iesser part. 

n. The greater part must exceed the lesser by 9. 

in. But it is evident that the greater and lesser parts, added 
together, must be equal to the whole number, 35. 

IV. If then we substitute for the greater part its equivalent^ 
viz. " the lesser part increased by 9," it follows, that the lesser 
part increased by 9, with the oddiHan of the said lesser part) is 
equal to 35. 
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Y. Or, in other words, that twice the lesser part, with the addi 
tion of 9, is equal to 35. 

VI. Therefore, twice the lesser part must he equal to 35, with 
9 subtracted from it. 

VII. JJence, twice the lesser part is equal to 26. 

VIII. From which we conclude, that the lesser part is equal to 
26 divided by 2; i. e. to 13. 

IX. And consequently, as the greater part exceeds the lesser 
by 9, it must be equal to 22. 

But by adopting the method of algebraic notation, the different 
steps of this solution may be much more briefly expressed as 
follows : 

I. Let the lesser part =a;. 

II. Then the ^ca^er part . . . . . =ar+9. 

III. But the greater part + lesser part . =35. 

IV. .•. ar+O+a? =35. 

V. or2a:+9 =35. 

VI. .-. 2x =35-^9. 

Vn. or 2ar =26. 

26 
VIII. .% X (lesser p&Ti) =—.=13. 

IX. and a? + 9 (greater part) . . . . = 1 3 + 9= 22. 

76. Having thus explained the manner in which the several 

steps in the solution of an arithmetical question may be expressed 

in the language of algebra, we now proceed to its exemplification. 

Question 1. 
There are two numbers whose diff*erence is 15, and their sam 
59. What are the numbers 7 

As their difference is 15, it is evident that the greater number 
must exceed the lesser by 15. 

Let, therefore, a?=the lesser number ; 
then will 0?+ 15= the greater. 
But their sum=59 
.•. a;+ar+15=59 
or2a:+15=.59 

and 2a:= 59— 15=44. 
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44 
••• x=s—=:j2^ the lesser number, 

and a?+ 15=22+ 16=37, the greater. 
Question 2. 
What two numben are those whose difference is 9, and if three 
times the greater be added to five times the lesser, the sum shall 
be 351 

Let a?=the lesser number ; 
then 07+0= greater number. 
And 3 times the gTeater=3x (x+9)=:2x+27. 
5 times the lesser =5x« 
But by the question, 3 times the greater + 5 times the les8er=35» 
Hence, (3ar+ 27) + (5a:)= 36. 
.*. 8a:+27=35, 

or 8ar=36— 27=8; 
••, a;=l, the lesser number, 
and X + 0= 1 + 9= 10, the greater number. 

Question 3. 
What number is that, to which 10 being added, fths of the sum 
shall be 66? 

Let a;=the number required ; 
then «+10=the number with 10 added to it. 

Now fths of (.+ 10)=|(.+ 10)=?i^=?f+l^ 

But, by the question, |ths or(a;+10)=66 ; 

3a; +30 
Hence, — ^ — =66. 
o 

Multiply by 5, then 8a?+30=330; 

.-. 3ar= 330—30= 300 ; 

300 ,^^ 
ora?=-^-=100* 

Question 4. 
What number is that which, being multiplied by 6, the product 
increased by 18, and that sum divided by 9, the quotient shall 
be20t 

Let d;=the number required ; 
then 6«=the number multiplied by 6 ; 
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6ar+18=the product increased by 18, 

and — ~ — =that sum divided by 0. 
- ■ y 

Hence, by the question, — - — =20. 

Multiply by 9, then 6a:+ 18=180, 

or 6a:=180— 18=162; 
162 «^ 

Question 5. 

A post is }th in the earth, ^ths in. the water, and 13 feet out of 
the water. What is the length of the post? 
Let a;=the length of the post; 

X 

then -= the part of it in the earth; . 

d 

-~=the part of it in tne water ; 

13= the part of it out of the water. 
But part in earth + part in water + part out of water= whole post. 

Multiply by 6, then x-\ — - — |-65=6ar. 

. . . by 7, . .7a:+16a:+455=35ar, 

or 455=35a? — 7x — 15ar=13ar. 

Hence «=— — =35=length of the post. 

Question 6. 
After paying away Jth and }th of my money, I had 86J. left 
in my purse. What money had I at first? 

Let «= money in my purge at first ; 

then 2+== money paid away?^ 

But money at first — money paid away = money remaining. 

Hence «— (7+^=85, 
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X X 

i. e. X — - — ^i=85. 
4 7 



4x 
Multiply by 4, then 4x— x — =-=340. 



by7,..28x— 7a:— 4a:=2880, . 

2380 
.-. 17x=2380; or «=-—-= 140/. 
17 

Question 7. 

Of a battalion of soldiers, (the officers being included,) ftha are 

on duty, ^th are sick, |ths of the remainder are absent, and there 

are 48 officers. What is the number of persons in the battalion ? 

Let a;=the number of persons in the battalion ; 

Then iths of a:, or ~=men on duty ; 

X 

iV of ar, or --=the sick ; 

. - 3a; , a; 34a? 17a: , ^ ... 

And -r+r;r, or -77r=-?;7r=«^en on duty and sick» 
4 10 40 20 

Hence x — —-=—= remainder, 
«0 «0 

Sx Qx 
And |ths of --, or T7w;=|ths of remainder = the absent. 

^U lUU 

But. the men on duty, the sick, the absent, and the officers, 
together make up the whole battalion ; 
. l^a: . 9a: . ,„ 

^•^•Yo-+io6+''=^' 

9a: 
or 17a:+-- + 960=20a:; 
5 

.% 85a:+9a:-f 4800=100a:. 

Hence lOOar — 86a:— 9a:= 4800, 

or6a:=4800; or a:=-— -=800. 
o 

Question 8. 
There are two numbers, such, that 3 times the'greater added to 
id the lesser is equal to 36 ; and if twice the greater be subtracted 
from 6 times the lesser, and the remainder divided by 8, tlie cao» 
tient will be 4. What are the numbers ? 
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Let jr=:the greater number; 
y=:the lesser number. 

Then 80:+?=-... C9x+ y^lOS 
^' ^6y— 2a?= 32; 



in 8a:+|=36'^ 



ory+9ar=108(A) . 

6y— 2ar= 32 (^) 
Multiply equation (A) by 6, then 6y4-54a?=648 
Subtract equation (J5), 6y— 2ar= 32 

then 66a;=616 

616 
...,=— =11. 

From equation (A), y=:10a—9a?= 108—99=6. 

QussTiox 9. 

There is a certain fraction, such, that if I add 3 to the nume- 
rator, its value will be i ; and if I subtract 1 from the deQOmmator» 
its value will be }. What is the fraction? 

Let a?= its numerator) . .% i. ^ . * 
, . ^ >then the fraction is -. 
y= denommator^ y 

Add 3 to the numerator, then =«") *» « , « 

Subtract 1 from the denominator, and -=- 1 ^ ^ 

y — 1 by 

By transposition, y — 3ar=9 (A) 

y— 5j:=l (Jg) 

Subtract equation (jB) from (A), then 2a;=8 ; 

8 
.•• jr=>=4, the numerator. 

From equation (A) 3f=£9+8a;=9+12=21,thedenominator* 
Hence the fraction required is -^^ 

Question 10. 

A and B have certain sums of money ; says A to B, give Ukb 
15L of your money, and I shall have 5 times as much as you w3l 
have lefl ; says B to A, give me SL of your money, and I shall 
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have exactly as much as you will have left What sum of money 
had each? 

Let ar=:A's money, 
j^=B's • • • • 
Then x+15=what A would have afler leceiving 15/. from B. 

y — 15= what B would have left. 
Again, 3f+5=:what B would have after receiving 5/. from A. 
X — 5= what A would have left. 
Hence, hy the question, a?4-15=5x(y — 15)=5y — 15,\ 
and y+5=x — 5. 
By transposition, 5y — x= 90 (A)> 
and y— «=— 10(B) ^ 

Suhti^ct (B) from (A), 4y = 100 ; 

.-. y=25, B's money. 
From equation (B), ar=y+10=25+10=85, A's money. 

QuESTioir 11'. 

A person hought a certain numher of sheep for ^4/. ; having 

lost 7 of them, he sold ith of the remainder of them, at prime cost, 

for 20/. How many sheep had he at first? 

Let a;= number of sheep he had at first ;^ 

,-^ 94 whole sum i . i i 

Then — = r ^r-r — =what each sheep cost. 

X number of sheep 

Now X — ^7=number remaining when 7 were lost ; 

X 7 

.% — -— =the number sold for 20/. 
4 

But the number sold X price of eachrs whole price of sheep sold. 

/p 7 94 

Hence, by substitution, — j— ^ — =20, 

or (ar— 7) X 94= 80ar, 

i. e. 94a; — 668=80ar, 

or 94x— 80x=658, 

■■ M ^m^ ^58 ,_-, 

.•. 14a?=658: or a?=---r= 47. 

Question 12. 

A and B have the same income ; A is extravagant, and con- 
tracts 9n annual debt amounting to jth of it ; B lives upon ^ths 

H 
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of it; at the end of 10 years, B lends A money enough to pay 
off his debts, and has then 160Z. to spare. What is their income? 
Let x= their income ; 

X 

Then |th of a;, or ==A's annual debt, 

X \0x 
and 10 X X, or -— -=A's debt contracted in 10 years. 

As B lives upon |ths of his income, he saves annually ^th of it ; 

X 

hence, 7=^B's annual saving, 

and 10 X ~, or -^, or 2a:=B's savings in 10 years. 

But, by the question, B's savings=A's debt+ 160; 

lOar 
.-. by substitution, 2a:=-~ — 1-160, 

orl4a:=al0a:+1120, 

and 4ar=1120 ; or ar=ii??=28« 
4 

Question 13. 

A person was desirous of relieving a certain number of beggars 

by giving them 28. 6d. each, but found that he had not money 

ehough in his pocket by 3«. ; he then gave them 2s. each, and 

had 4<. to spare. What money had he in his pocket, and how 

many beggars did he relieve ? 

Let a:= money in his pocket, in shillings ; 

y= number of beggars. 

6t/ 
Then 2jx y, or ~= number of shillings which would have been 

[given, at 2«. 6<2. each, 

and 2XyyOT 2y= at 2«. each* 

;tion,^4=a:+3(A) 

find 2y=ar— 4 (B) 

Subtract (B) from (A), then -= 7, or y=14, the faumber of 

[beggars. 
From equation (j9),«=2y+4=:28+4=32 shillings in his pocket* 



Hence, by the question, -^t=ix+S{A) 



QUBSTXON 14. 

, A person passed |th of his age in childhood, ^th in youth, |th 
-f 5 years in matrimony ; be had then a son whom he survived 4 
years, and who reached only i the age of his fkther. At what 
age did this person die ? 

Let ar=age of the person at the time of his death. 

Then -=time spent in childhood ; 

^= in youth ; 

-4-5=: • • • • • m matrimony; 

XXX 

.•.-+— +- + 5=age of the person when the son was bom, 
O i« T 

XXX 

and X — ^-"Trt — = — 5=interval between the birth of the son 

[and the old man's death ; 

••. X — - — -5 — = — 5— 4=age of the son when he died. 
But, by the question, the son died at half the age of the father. 

X X X ^ X 

X 9=- . 

6 12 7 2 

120? 
Multiply by 12, then 12a?— 2*— ar ^ 108=6a:. 

\2x 
or 3ar =-=108, 

7 

and 21x— 12a:=756 ; 

756 
.-. 9a;=756; ora:=— -=84. 

Question 15. 
To find a number, such, that whether it is divided into two or 
three equal parts, the continued product of the parts shall be equal 
f o the same quantity. 

Let a;= the number required. 

XX 

Then - X -=continued product, when the number is divided into 

[two parts, 

and^X^iC-= into thre^ partsi 

000 
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Hence, by the question, -X 5j=3X 5 X g, or -==g;^ , 

... 27a»=4a:». 

Divide by a^, then 27=4a?, 

27 
and x=:-2-=6}, the number required. 

QVBSTION 16. 

There is a certain number, consisting of two digits. The sum 
of those digits is 5 ; and if 9 be added to the number itself, the 
digits will be inverted. What is the number? 
Let x=lefl hand digit ; 
y= right hand digit. 
Then, by Art. 61. 10a?+y±=the number itself, 

and 10y+x=the number with its digits inverted. 
Ifence, by the question, a?+3f= 6 {A) 
aildio«+jf+9=:10y4x,or9ar— 9y= — 9,orar— y= — \{B) 

Subtract (B) from (A), then 2^= 6,andy=8, 
; x=5-^=5— 3=2; 
.•. the number=10x+y=23. 

Add 9 to this number, and it becomes 32, which is the number 
with the digits inverted. 

Qu. 17. What two numbers are those whose di^rence is 10, 
and if 15 be added to their sum the whole will be 43 ? 

Answer, 9 and 19. 

Qv. 18. There are two numbers whose di&renoe is 14, and 
if 9 times the lesser be subtracted from 6 times the greater, the 
remainder will be 33. What are the numbers ? Answ. 17 and 31 • 

Qu. 19. What number is that, to which if J add 20, and from 
}ds of this sum I subtract 12, the remainder shall be 10 ? Answ. 13. 

Qu. 20. What number is that, of which if I add id, ith, and 
f ths tc^ther, the sum shall be 73 ? Aksw. 64* 

Qu. 21. Two persons, A and B, lay out equal sums of money 
in trade ; A gains 120/. and B loses 80Z. ; and now A's mone^. is 
treble of B's. What sum had each at first? Answ. l^j. 

Qu. 22. What number is that whose fd part ^xqeeds itt ith 
by 72? ^ksimiJS0». 
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Qtr. 23. There are two numbers wbose sum la 87 ; and if 3 
times the lesser be subtracted from 4 times the greater, and this 
difference divided by 6, the quotient will be 6. What are the 

numbers 1 Answ. 21 and 16. 

• 

Qir. 24. There are two numbers whose sum is 49 ; and if |th 
of the lesser be subtracted from }th of the greater, the remainder 
will be 5. What are the numbers ? Answ. 35 and 14. 

Qu. 25. What two numbers are those, to id of the sum of 
which if 1 add 13, the result shall be 17 ; and if from i their dif- 
imoce I subtract 1, the remainder shall be 2 1 Answ. 9 and 3. 

Qu. 26. There is a certain fraction, such, that if I add 1 to its 
numerator, it becomes i ; if 3 be added to the denominator, it be- 
comes i. What is the fraction ? Answ. f^. 

Qu. 27. A person has two horses, and a saddle worth lOZ. ; 

if the saddle be put on the first horse, his value becomes double 

that of the second ; but if the saddle be put on the second horse, 

his value will not amount to that of the first horse by 13Z. What 

is the value of each horse? Answ. 56Z. and 33Z. 

Qu. 28. To divide the number 72 mto three parts, so that i the 

first part shall be equal to the second, and |ths of the second part 

equal to the third. Answ. 40, 20, and 12. 

Qu. 29. A person after spending Jth of his income plva lOL 

had^en remaining J q£ it plus S5L Required his income. 

7^ Z,. "T-^i^ ^ Answ. 150/. 

jdk»30. A. gamester at one sitting lost ^th of his money, and 

then3(von 10 shillings ; at a second he lost ^d of the remainder, 

and then won 3 shillings ; after which he had 3 guineas left. What 

money had he at first? Answ. 5/. 

Qu.-31. There are two numbers, such, that i the greater added 

to id the lesser is 13 ; and if i the lesser be taken from id the 

.the greater, the remainder is nothing. What are the numbers ? 

' Answ. 18 and 12. 

Qu. .32. ^there is a certain number, to the sum of whose digits 

if you add 7, the result will be 3 times the left hand digit ; and if ^ 

from the! number itself you subtract 18, the digits will be inverted. 

What' » the number? /^ y ^ -^ , . . , ^ ^Answ. 53. 

:t: ^ ,..;..,/. .H2 ; ,, ;. ... 
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Qir. 33. Divide the number 90 into four such parts, that the / 
first increased by 2, the second diminished by 2, the third multi- 
plied by 2, and the fourth divided by 2, may all be equal to the 
same quantitv.^ ^^^ " /^ ^ . , Answ. 18, 22, 10, 40. 

V V c^^* ^^' -^ merchant has two kinds of tea, one worth 0«. 6<2. 

^^ .jper pound, the other 13^. 6d. How many pounds of each must 

he take to form a chest of 104 pounds, which shall be worth 56Z. 1 

// > f* i/C' 7 %/^' 4 - X r/i ^ ^ ^ Answ. 33 at 13«. 6d. and 71 at 9«. 6d. 

//^ K Q^^ ^^^ ^ vessS containing 120 gallons is filled in 10 minutes 

by two spouts running successively ; the one runs 14 gallons in a 

minute, the other 9 gallons in a minute. For what time has each 

spout run ? Answ. 14-gallon spout ran 6 minutes ; 

O-gallon spout ran 4 minutes. 

Qt7. 36. In the composition of a certain number of pounds of 
gunpowder, fds the whole +10 was nitre; Jth the whole — 4^ 
was sulphur ; and the charcoal was |th of the nitre ^ — 2. How 
many pounds of gunpowder were there? Answ. 69 pounds. 

Qu. 37. To find three numbers, such, that the first with i the 
sum of the second and third shall be 120 ; the second with ^th 
the difference of the third and first shall be 70 ; and i the sum of 
the three numbers shall be 95. . Answ. 50, 65, and 75. 



CHAPTER y. 
ON QUADRATIC EQUATIONS. 



QtTADRATic Equations are divided into pure and adfectedm 
Pure quadratic equations are those which contcun only the square 
of the unknown quantity; such as x'=:36; a:*+6=54; aa^ — h 
=c; &;c. Adfected quadratic equations are those which involve 
both the square and nmple power of the unknown quantity, such 
as«»+4a:=45; 2si^—2x=:2l; as?+2bx=C'{-d; &c. &c 
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On the Solution of Pure Quadratic Equations* 
77. The Rule for the solution of pure quadratic equations is 
this : '< Transpose the terms of the equation in such a manner, 
that those which contain 2" may he on one side of the equation, 
and the known quantities on the other ; divide (if necessary) by 
the coefficient of a^ ; then extract the square root of each side of 
the equatioQ, and it will give the value of a:." 

EXAMFI.S 1. 

Leta:«+6=54- 

By transposition, a*=54 — 5=49. 

Extract thiB square root of both sides of the equation, then 

Ex. 2. Let 3a!«— 4=71. 

By transposition, 3a*=71 -f 4=75. 

75 
Divide by 3, a:'=— =25. 
o 

Extract the square root, «= >^25=5. 

Ex. 3. Let 5«*— 27=3a*+215. 

By transposition, 5a:*— 3a:»=215+27, or 2«»=242 ; 

242 
.•.a:«=-^=121,anda;=ll. 

Ex. 4* Let aa:"— ft=c. 
Then aa^=zc+ 6, and a:*=^i- , or «= 4 /^^. 

Ex. 5. Let aa:*— 6c=fta:"— 3c+rf. 
Then (m?— &«*=5c— 3c+d, or (a— 6)a:"=2c+<f ,* 

fix. 6. 6a:*— 1=244 Awsweh, :t=i7. 

Ex. 7. 9a:«+9=3a:«+63 x=3- 

Ex.8. ^^t^=45. *=iO. 



^ 
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Ex. 9. fta!«+c+ 3=26a»+l . • . . Answbii, ar= ^/^it?. 

Ex. 10. 2aa^+b—A^ca^—&+d^^a? . . . «=. /^=^. 

XXI. 

On the Solution of Adfected QModrcUic Equatuma* 

78. The most general form under which an adfected quadratio 
equation can be exhibited is aQ^-\-bx^=zc; where a, 6, c iqay be 
any quantities whatever, positive or negative^ inte^cd or frac- 

b c 

tional* Divide each side of this equation by a, then aj'H — «=-. 

b c 
Ijet -=p, -=5' ; then this equation is reduced to the form a^+px 

=^, where jp and q may be any quantities whatever, positive or 
negative, integral or fractional. ' 

79. From the twofold form under which adfected quadratic equa- 
tions may be expressed, there arise two Rules for their soluticm. 

Rule I. 

Let a^+px^q. 

Add J- to each side of the equation, then 

Extract the square root of each side of the equation, then 

*+2 2 ' "^'^ ^~ 2 

Hence it appears, that " if to each side of the equation there be 
added the square of half the coefficient of the second term^ there 
will arise, on the left-hand side of the equation, a quantity which 

P 

is the square of x+^ ; and bjr extracting the square root of each 

(■) Since the square of +a is 4-a*, and of — a is also +a\ the square 
*o<rf of H-a* may be either +a or — « ; hence the square root of |>* + iq may 
be expressed by zt.y/j^+M* 
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' side of the resultiog equation, we obtain a rimpU equation, from 
which the value of x may be determined." 

RiTLB n. 

Letaa:"+te=c. 

Multiply each side of the equation by 4a, then 4aV+4abx:=Aae. 

Add ¥ to each side, and we have 4aV+4a^x+6^=4ac+6^. 

Extract the square root, as before, 2aar+6=dbx/4ac+^; 

.-. 2oa:=d=y4ac+P — 6, and ar= . 

From which we infer, that " if each side of the equation be multi* 
plied hy four times the coefficient <f a^^ and to each side there be 
added the square of the coefficient of x^ the quantity on the lefl- 
hand side of the equation will be the square of 2ax+b. Extract 
the square root of each side of the equation, and there arises a 
simple equation, from which the value of a? may be determined." ^ 
If a=l, the equation is reduced to the form a^+px=q ; in this 
case, therefore, the Rule may be applied, by '* muitipl3ring each 
side of the equation by 4, and adding the square of the eod£cient 
of ar." 

80. Either of these Rules may of course be applied to the solu- 
tion of adfected quadratic equations ; but it may be proper to ob- 
serve, that in equations of the form aa^+bx=:c where a is a small 
number, and in those of the form a^-\'px=q where p is an odd 
number. Rule II. will be found by far the most convenient. 

81. From the form in which the value of a: is exhibited in each 
of these Rules, it is evident that it will have two values ; one cor- 
responding to the sign + , and the other to the sign — , of the 
radical quantity. In the following examples, the positive values 
only of x are inserted at the end of the solution. 



(«) The principle of this Rule will be found in the Bija Ganita^ a Hifutee 
Treatise on the Elements of Algebra. See Ma. CouwiooKC*a Tranalatioa 
of this very carious work. 
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EXAXFLE h 

Leta«+8a?=65. 

By Rule I, add the square of 4, (u e. j\ to each side of the equa« 

tion, then a:'+8ar+ 16=65+16=81. 

Extract the square root of each side of the equation, then (^+q» ^V 

ar+4= v'81=9, and x=5. 

Ex, 2. Let «*— 4ar=45. 

By Rule I, add the square of 2, i. e. 4, then 

a^ — 4x4-4=464-4=49. 

Extract the square root, and (a?— ^> or) * — 2 = >^ 49= 7, and ar= 9. 

Ex. 3. Let 3a^4-5aT=42. 

By Rule II, multiply each side of the equation by (4a), 12 ; then 

36x*4-60aj=504. 

Add (6*), 25 to each side of the equation, and we have 

36a:«4- 60x4- 25=5044-25=529. 

Extract the square root of each .side of the equation, which givet) 

{2ax+b, or) 6x4-5= -/ 529=23 ; 

.•. 6ar=l8, and x=3. 

Ex. 4. Let 7x«— 20x=32. 

« 20x 32 

... X*- — =-=v-* 
Z 7 

Complete the square by Rujub I, then 

20x 100 32 100_224 100_824 

7 ■*" 49 "" 7 "^ 49 ~ 49 ■*"l9""""49"' 

„ 10 /324 18 , 28 ^ 

Hence, x — ;^=4^ — =y, and x=-;^=4. 

Ex. 6. Let «*— 15x=— 64. 

By Rule II, multiply by 4, then 4x"— 60a?= — ^216. 

Add (6^), 226 to each side, and 4x'^60x4-225=226— 216=9. 

Extract the square root, 2x — 1 5 = d= >^ 9= d=8 ; 

.•. 2x=15d=3=18 or 12, and a:=9 or 6. 



Ex. 6. Let 4a:"— 3ar=85. 

By Rule II, multiply by 16 and add the square of 3 to each side 

of the equation, 64a;"— 48x+ 9= 1360+0=:: 1360. 

40 
Extract the square root, 8a? — 3= >^ 1360= 87, or a:=— -=5. 

o 

Ex.7. Let i^— 11=5. 

Multiply by 3, then 4«" — 33=ar. 

By transposition, 4a:" — a?=33. 

Multiply by 16, and add 1 to each side of the equation (Ritlb II.) 

64a:"— 16a:+ 1=528 + 1=529. 

24 
Extract the square root, 8a: — 1= >^ 529=23, or x — ^-=3* 

8 

Ex.8. Let5aJ'+4«=273; 

Au T> T ^. **j * 273, 4 1369 
and by Rule I, a:"+-^+_=_+^=-^; 

2 /1369 37 

.-. a:+-=i 



■IV' 



25 



37 2 35 ^ 

and X—— — -=—-=7. 

O O D 

7 2 
Ex. 9. Let-— -+-=6. 

X+1 X 

2a:+2 
Multiply by x+1, then 7H -^=5a:+5. 

Multiply by a:,' then 7x+2a:+2=6a:"+5a: 

By transposition, 5ar"— 4ar=2. 

By Rule II, 100a:"— 80x+ 16=40+ 16=56. 

• Extract the square root, 10a:— 4= V66, 

and 10a:= -/ 56 + 4=7.48 + 4=11.48 ; 

...x= --=1.148. 

Ex. 10. Let 13a:"+2a:=60. 

, 2a: 60* 
Divide by 13, a:"+—=Yg. 
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By Rule I, add the square of r^ , 

'^13"*"l69""l3'*"l69""l69"*"l69 169' 
Extract the square root, x + -5= - — 



, x=i- 



18 13 
27.94—1 26.94 



W 



13 



13 



.=2.07. 



Ex. 11. Let 2ha^—cx^d. 
By RuLElI,multiplyby 86andadd c«, 16ft'a!«— 86car+c«=8W+c*. 

Extract the square root, 4hx — c= y/^bd^^ or «= -^T • 



Ex. 12. a*+12a:=l08 
Ex. li3. V— 14a:=51 . 
Ex. 14. a:*+6ftar=:<j» . 
Ex. 15. 3a:*+2a:=161 . 
Ex.16. 2a:*— 5a:=117. 
Ex. 17. 3««— 2ar=280 . 
Ex. 18. 5«»+4x=273. 
Ex. 19. 4««— 7x=492 . 

a* 
Ex.20, s— l=a?+ll. 
o 

Ex.21. ---+-=- . . 
3x3 

^ X 

Ex. 22. -—-=9 . . 

o « 

6 2 
Ex.23. -—-+-=3 . 
x+1 X 

Ex. 24. x*— 34=iaf . 

Ex. 25. ^+-==54 . . 
ox 



Ex. 26. 



Ex.27. 



x+l 
Sx 



.,vg-H^13 



x 
x—1 



x+2 6 



6 
=aN— 9 



AirswEB, x=36. 
. x=17. 



ar= >/?+W— 35. 

x==7. 

x=9. 

ar=10. 

X=:7. 

x=12. 
x=12. 

x=3 or i. 

a?=6. 

07=2. 

a?=6. • 
a;=25 or 1. 

a?=2. 

a?=10. 



;\ 



Ex. 28. »»—6x+ 19=13. . . Answer, a?=:4.782 or 1.268 
Ex. 29. 5a:*+4»=25 . a?=1.871^ 

Ex. 30. 4aa^—bx—c a?= ' ^^ . 

Ex. 81. -+-=- a?=ld=>/T=?r 

a X a 

XXII. 

On the Solution of Questions producing Quadratic Equations^ 

In the solution of questions which involve quadratic equations, 
sometimes both and sometimes only one of the values of the un- 
known quantity will answer the conditions required. This is a 
circumstance which may always be very readily determined by 
the nature of the question itself. 

Question 1. 

To divide the number 50 into two such parts, that their product 
shall be 640. 

Let a?=one part, 
then 66 — a:=the other part, 
and x{56 — x)= product of the two parts. 
Hence, by the question, x{56 — ^ar)=r640, or 56a: — ^a!*=640. 
By transposition, aj* — 56a:= — 640. 
By completing the square (Rule I.) a:«-66ar +784=784-640 ==144 : 
.-. ar— 28==hl2, and ar=40 or 16. 
In this case it appears that the two values of the unknown ouan- 
tity are the two parts into which the given number was reouired 
to be divided. 

Question 2. 
There are two numbers whose difference is 7, and half their 
product plus 30 is equal to the square of the lesser number. \Vhat 
are the numbers ? 

Let a;=the lesser number, 
then or -f 7= the greater number, 

and i^ll|i2i+30=half their product pZw 30. 

I 
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Hence, by the question, 2 +^^=^ (square of lesser,) 

Multiply by 2, a:«+7x+60=2a:». 

By transposition, a:* — 7a?=60. 

Mult, by 4 and add 49 (Rulb II.) 4a:«— 28a? + 49=240 + 49=289, 

.-. 2a: — ^7=17 ; 2a:=24, or a?=12=lesser number; 

hence ar4-7=19=greater number. 

Question 3. 

To divide the number 30 into two such parts, that their product 
may be equal to eight times their difference. 

* Let a;=the lesser part, 

then 30 — ^a:=the greater part, 
and 30 — x — x^ or 30 — 2ar= their difference. 
Hence, by the question, x(30— a:)=8(30— 2a:), 
or 30x— a:*=240— 16a:. 
By transposition, 0^ — 46a:= — 240. 
Complete the square, (Rule I.) a:* — 46x+529=529— 240=289; 
.•. a:— 23=d=17, and a:=23=hl7=40 or 6=lesser part; 
30— a:=30— 6=24=greater part. 
In this case the solution of the equation gives 40 and 6 for the 
lesser part. Now as 40 cannot possibly be a part of 30, we take 
6 for the lesser part, which gives 24 for the greater part ; and the 
two numbers, 24 and 6, answer the conditions required. 

Question 4. 

A person bought cloth for 33Z. 15<. which he sold again at 2Z. 
89. per piece, and gained by the bargain as much as one piece 
cost him. Required the number of pieces. 
Let a:=the number of pieces. 

Then = number of shillings each piece cost, 

and 48a;= number of shillings he sold the whole for ; 
••. 48a: — 675= what he gained by the bargain. 

Hence, by the question, 48a: — 675= — ; 
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225 225 

By transposition and division, or — Ta^^^~Ta ' 



50625 _ 65025 
1024"l024 * 



Complete the square, } , 225 50625 _225 

(Rule I.) y 16 ^"^ 1024 "Te^ 

225 255 ^ 480 ,^ 

•••^-32-=^'"°^^=l2-='^- 

Question 5. 

A and B set off at the same time to a place at the distance of 
150 miles. A travels 3 miles an hour faster than B, and arxuM 
at his journey's end 8 hours and 20 minutes before him. At ^^m 
rate did each person travel per hour 1 

Let ar=rate per hour at which B travels. 
Thena:+3= A . . . . 

150 

And = number of hours for which B travels. 

X 

160 _ 

^H^^ ^ 

But A is 8 hours 20 minutes (8 J hours) sooner at his journey's 

end than B ; 

150 ^, 150 150 . 25 150 

x-\-o X x-\-6 6 X 

By reduction, a:*+3a:=54. 

9 9 225 

Complete the square, a:*+3a:+-=54+-=-j-; (Rule I.) 

3 15 . 15—3 ^ ., ^ ^ „ 

.'. a: +-=--- ; and x= — — - =6 miles an hour for B ; 

a:+3=r9 for A. 

Question 6. 

Some bees had alighted upon a tree ; at one flight the square 
root of half of them went away ; at another, |ths of them ; 2 bees 
then remained. How many then alighted on the tree?^'^ 
Let 2a:"=the number of bees ; 

then a:+-^ +2=2«2, or 9a:+16a:'+18=18a:2; 
(*) This question, and the mode of solution, are taken fivm the Bija Qanita. ' 



^.jy'J^ - /it 



y 
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^ • 



t 



', . ; /• 18/— TQi^-i-9ar=lS, o» 2«»— 9«=18, 
' ^ y •*- ^ ^(feLE^I^ Multipl)r by 8, 16a:«— 72a:=144 



=144. 
Add 81, then 16a:»— 72a:+81=225, or 4a:— 9=^15 ; 
.-. 4a:=154-9=24, and ar=6; 
.•. 2a:*= 72= number of bees. 

Qu. 7. To dividg the number 33 into two such parts, that their 
product shall be 162. Answer, 27 and 6* 

Qu. 8. What two numbers are those whose sum is 29, and 
tt^tjUQl 100 ? Answ. 25 and 4. 

^Ru. 9. The difference of two numbers is 5, and ilh part of 
^th^ir* product is 26. What are the numbers ? Answ. 13 and 8. 

Qu. 10. The difference of two numbers is 6 ; and if 47 be 
adde,4.. tO?^ Iwice the square of the lesser, it will be equal to the 
square of the greater. What are the numbers 1 

c^ ^\y ^ i*y Answ. 17 and 11, or 7 and 1. 

Qu. fl. There are two numbers wMose sum -is 30; -and id of 
their product pZws 18 is equal to the square of the lesser number* 
What are the numbers ? ^^ _ - ^ - 5^ ^ Answ. 21 and 9* ' 

Qu. 12. There are two numbers whose product is 120. If 2 
be added to the lesser, and 3 subtracted from the greater, the pro- 
duct of the sum and remainder will also be 120. What are the 
numbers ? Answ. 15 and 8. 

Qu. 13. A and B distribute 1200Z. each among a certain num- 
ber of persons. A relieves 40 persons more than B, and B ^ves 
6Z. a-piece more to each person than A. How many persons were 
relieved by A and B respectively ? Answ. 120 by A, 80 by B. 

Qu. 14. A person bought a certain number of sheep for 120Z. 
If there had been 8 more, each sheep would, have cost him 10«. 
less. How many sheep were there 1 Answ. 40. 

Qu. 15. A person bought a certain number of sheep for 572« 
Having lost 8 of them and sold the remainder at 8«. a-head profit^ 
he is no loser by the bargain. How many sheep did he buy ? 

* Answ. 38. 

Qu. 16. A and B set off at the same time to a place at the dis- 
tance of 800 miles* A travels at the rate of 1 mile an hour faster 
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-..-/ j • 

tfean B, aod arrives at his journey's end 10 hours before him. At 
what rate did each person travel per hour? ', ^ ; = / / ^ i , 

Answ. a travelled 6 miles per hour. 
B. 5 

XXIII. 

On QuadrcUic Equations having Impossible Roots. 
83. In the solution of the adfected quadratic equation aj'+pa; 
=qy (Art. 79.) the two values of x were shown to be equal to 

^—^ — - — -• If ^ be a negative quantity, and j^ less than 4qy 

then the quantity p' — ^q is negative, and consequently the quan- 
tity rfcVp^— 4^ comes under the description of the radical quan- 
tities mentioned in Art. 56. In this case, the two roots, or values 
of a;, are said to be impossible. 

EXAHPLB 1. 

Let ar'+Sx+aizrrO, or a^+8j?=— 81. 

Complete the square, (Rule I.) then a;*+8ar+16=» — 31 +16= — 15, 

and a:+4=itv^ — 15, or ar= — 4d=>/— 15^ 

Ex. 2. Let a:'— 12a:+50=0, or a:*— 12a;=— 60. 

Complete the square, (Rule I.) a:^— 12ar+36=— 50+36=— 14, 

andar — 6=±/ — 14; .-. a:=:6it>/ — 14. 

Ex. 3. To divide the number 16 into two such parts, that their 
product shall be equal to 70. 

Let a:=one part, 
" then 16 — ar=the other part. 

Hence a:(16— a:) or 16ar— a:»=70. 

Transpose, and a^ — 16a:= — ^70. 

Complete the square, a:*— 16ar+64=— 70+64=— 6 ; 

... x—S=±y/^, or a:=8d=y^.« 

(■) It is very well known that the greatest prodiict«which can arise firom 
the multiplication of the two parts into which any given number may be 
divided, is when these parts are equal : the greatest product, therefore, which 
could arise from the division of the number 16 into two parts, is when each 
of them is 8; hence, in requiring" "to divide the number 16 into two such 
parts that their product shall be 70," the solution of the question i^ imposaible^ 

12 
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Ex.4. 2«'+16=3a: .... ANswBB,a;= ^ — . 

4 

Ex. 5. 3ar— ia^=:10 ar=6zb>/I^. 

Ex. 6. To divide the nuipber 20 into two such parts, that their 

product shall be 105 ........ x=10±^/^. 

XXIV. 

On the Solution of Quadratic Equations of the Form a^+p3^=zq» 

84. Let y=a:% then (by Case III. Art. 65.) f=:a^; and sub- 
fitituting these values for a^ and af* in the equation a^+pa^=:qf 
it is transformed into y*+py=g'j where the value of y may be 
determined by the foregoing Rules. Having the value of y, the 
value of X may be found ; for a:"=y, -•• x= y y. We are thus 
enabled to solve equations in which the unknown quantity is found 
only in two terms, and where the index of the highest power is 
double the index of the lowest, like common quadratics. 

Example 1. 
Let X*—6a^=27. 

,Ztz'f.\ •••»■-»»="• 

By Rule T, y«— 6^+9=27 + 9=36, 

and y — 3=6, or y=9. 

But since ar*=y, x=\/y; .-. ar=>/9=3. 

Ex. 2. Let a:®— 2ar»=48. 
These equations are oflen solved by the common Rules, without 
the formality of substitution ; thus. 

Complete the square, (Rule L) a:*— 2a^;M=48+l=49. 
Extract the root, ar*— -1=7 ; .•. a?*=8, and «= V8=2. 



Ex. 3. Let 2ar— 7^/ar=99. 
Put f^=x 
then y= 

By Rule II, 16y«— 56y+49=792+49=841, 

and 4y— 7=29, 

or 4y=d6, and y=9 ; ••. a:=y'=81. 



IJ^.\ '" V-7y=«»- 
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Ex. 4. To resolve the number a into two such faolors, that the 
turn of their nth powers shall be equal to h. 
Let d;=one factor, 

then -=the other factor. 

X 

Hence «"H — -==5, or a*'+a"=6«*; ••• a^ — 6«"=x: — a\ 

XT 

By Rule II, 43**— 4fta:"+5'=5'— 4a", 

aod 2ar"— ft==fcV6«— 4a", or 2«"=6±x/6»— 4a", 

, _. 6d=>/fc*— 4o" , /ftdbyF=5a" 

and :r*=r ; ,•. a?=4, / « 

2 ' V 2 

The two values of a: are the two factors required. 

Ex. 5. ar*+4«»=12 Answeb, x^^S. 

Ex. 6. a^^Sa^=5U • x=S. 

Ex. 7. 23^-^=496 a:=4. 

Ex. 8. To resolve the number 18 into two such factors, tha 
the sum of their cubes shall be 243. (See Ex. 4.) Answ. 6 and 3, 

XXV. 

On the Solution of Quadratie Equations containing two unknown 
Quantities. 

The solution of equations with two unknown quantities, in which 
one or both these quantities are found in a quadratic form, can 
only in particular cases^'^ be effected by means of the preceding 
Rules. Of these cases the two following are very well known. 

Case I. 

85. " When one of the equations by which the values of the 
unknown quantities are to be determine, is a simple equation ;'' 
in which case the Rule is, " to find a value of one of the unknown 

(") The most complete &rm under which quadratic equations containmg 
two unknown quantities could be expressed, is this, 

ax* + fty* + cxy 4- dap + «y =m 
a'x^+l/i/^ + e'xy+d'x+e'y^m' 
but the general solution of these equations can onlj be effected by means of 
equations of higher dimensions than quadratics. 
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quantities from that simple equation, and then suhstitate ibr it the 
value so found, in the otlier equation. The resulting equation will 
be a quadratic^ which may be solved by the ordinary Rules." 
Thus, 

Let aa:+6y=c ^ be the two equations, in which the values 
a V + b'xy + c'y* = d^ o£x and y are to be determined. 

From the first equation, xz=^ ^ . 

Substitute this for x in the ) , /c — 5y v * 



:°^l°'(^'+''(^=^+«v=* 



second equation, 

o'c* — 2a'hcy-\-a'¥if h'cy — hh''i^ , 
or -, +— +cy=.d, 

which reduced is 

a common quadratic equation, from which the value of y may be 
found. 

Example 1. 

Let«+2y=7 ) ^ , , , 
anda:»+3^y-y«=23r^^^^^^^^^"^'^^^^°^2r. 

From the first equation, x=l — 2y ; .«. a:*=49-^28y+4y'. 

Substitute these values for x and a^ in the second equation, thet 

49— 28y+4y*+21y— 6y2— y«=23, or 3y«+73^=:49— 23=26. 

By Rule II, 36y-+84y+ 49=312 -[-49=361 ; 

.-. 6y+7=19, or 6y=12, and y=2,- 

.-. x=7— 2y=7— 4=3. 



Ex.2. 



Let^y=9 



3 '~ Mo find the values of a? and y. 
and 3ary=210 ) 

From the first equation, 2a;-f y=27 ; 

.•. 2ar=27 — y, and ar= — II?. 

Hence, acy=3x ~-II?x3f=210, 

or3X(27— y)Xy=420, 
81y— 3^=420, 



27y-^=140, 

or y«— 27y=— 140. 

By Rule II, 4y«—108y+729=729— 560=169; 

... 23f— 27=zhl3, or y=l^^l^=20 or 7, 

27— 20 or 7 7 or 20 _. _^ 

and ar= = — 5 — =8i or 10. 

2 « 

Ex, 3. 
There is a certain number consisting of twa digits. The left- 
hand digit is equal to 3 times the right-hand digit; and if 12 be 
subtracted from the number itself, the remainder will be equal to 
the square of the left-hand digit. What is the number ? 

Let or be the left-hand diffit ) , ,. a_^ o,x,/> . . ^1 v 

d th th • (then (by Art 61) lOar+y IS the number. 

Hence, ar=3w), ,, 

.'.by substitution, 30^+^—12=9^*, (forl0ar=30yand«'=93»), 
Oy"— 31y=— 12 ; 
. 31 12 

• „ ,, 31 .961 961 12 961—432 529 
By RuiJ. I, »•--,+— =3^j-^=-355—=32j. 

„ 31 23 54 , 

Hence y-jg=jg, or y=j^=8, 

a*=3y=0 ; and consequently the number is 93. 

Ex.4. Let2ar— 8y=:l ?. ^ , ,, , ^ , 
« fl . m A «A >to find the values of a? and «. 

2a^+xf^ — 63r=205 

AivswER, ar=5, y=3. 

Ex. 5. There are two numbers, such, that if the lesser be taken 
from 3 times the greater, the remainder will be 35 ; and if 4 times 
the greater be divided by 3 times the lesser plus 1, the quotient 
will be equal to the lesser number. What are the numbers ? 

Airsw. 13 and 4. 

Ex. 6. What number is that, the sum of whose digits is 16, 
and if 31 be added to their product, the digits will be iuverted? 

Answ. 78. 
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Case II. 

86. WhOTi a", y", or a:y, is found in every term of the tiW) equa- 
tions, they assume the form of 

and their sohition may be efl^ted in the following planner : 

Assume x=vyy then a^=zv^f^ ; substitute these values for 9^ and 
X in both equations, then we have 

„ d _ d' , 

. ^ ai^-^-bv+c'^a'v'+b'v+c" 
or {a'd'--ad'y-\-{b'd-'bd')v=cd'—c'd ; 
which is a quadratic equation, from which the value of v may be 
determined. Having the value of o, the value of 5^ may be found 
fr^ either of the equations (A) or (B) ; and then the value of Xj 
from the equation x=:vy. % 



1 



Example 1. 



Let 2a:«+3ary +3^=20) 



20 
Assume a?=i>y, then 2cy + 3©j/«+y«=20, or f=z——— , 

41 
and 6o*y"+4y"=41, or y*=5irri* 

H^°^ 2i,«+3r+l==6?+4' 

which reduced is, 60* — 41©= — 13 ; 

, 41o 13 

•••^— 6-=-6- . 

D i> T ^ 41© , 1681 1369 
ByRrLBl,^-_+_=^; 

41 ±37 41±37 13 1 

•••^i2=-12-' ^''=n[2~=2-"'3- 



Let ©=5, theny'= 
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. *1 


41 


860 


=9, 


or 


y= 


=3, 




'* 5c'+4" 


i+4 


41 




1 


X3=l. 















Ex. 2. 

What two numbers are those, whose i$ura multiplied by the 

greater is 77, and whose difierence multiplied by the lesser is equal 

to X21 

Let a:=the greater number, 

y=the lesser. 

Then (a:+y)x x=:a:'+ary=77, ^^^^ 

and (a:— y)Xy=:a:y— 3^=12. ^^ 

77 
Assume a?=©y, then i>y +«y'=77, or ^"=-3— ; 

and tn^ — J^=^1"^y or y*= r^. 

12 77 
Hence, —-.=—-—., 
« — 1 ir+v 

9 orl2c«+12c=77i?— 77; 

which gives '^—^^——^ » 

^ , 65 4225 629 

and c — ^ — vA = : 

12^576 676' 

65zb23 88 or 42 11 7 

^•••=-^^ = -24- =¥^'4- 

Either valued will answer the conditions of the question* 

7 

but take i>=7; then 
4 

^_ 12 _ 12 ^ 48 ^48_ 

^""ir— l""j— 1""7— 4" 3 "" ' 

7 
and jr=4; .•. ar=:«y=-x 4=7. 

Hence the numbers are 4 and 7. 

Ex. 3. Find two numbers, such, that the square of the greater 
ndnu8 the square of the lesser may be 66, and the square of the 
lesser ^lu9 id their product may be 40. Anbweb, 9 and 5* 
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Ex. 4. There are two numbers, such, that 3 times the square 
of the greater plus twice the square of the lesser Is 110, and half 
their product plus the square of the lesser is 4. What are the 
numbers] Answ. 6 and 1.^ 

XXVI. 

On the Solution of certain Equations^ in which the two unknown 

Quantities {x and y) are similarly involved. 

87. Let X and y be any two numbers, of which x is the greater 

and y the lesser; let x+y=2s, x — y=2«; then, by Art. 28, 

«=«-f », and y=s — z. Now let a^+^^za^ «'+y*=&, ap*+y*=c, 

aiM2,j«^+^=c{ ; then the values of a; and y may be found in terms 

of the known quantities «, a, &, <?, dy in the following manner : 

I. a;«=(«+«)»=«»+2*«+2», 

y"=(«— /)«=«»— 2w+z« ; 

.•.by ado oj.oj At «— 2' /a^2jF 

dition, 5^4y(a)=2^+2.«,and««— ^or«=^-^. 

Hence x—S'\-l/^^ 
II. «*=(«+»)»=«»+ 3A + 3*2*+ «*, 

.-. ^W W =2«»+6«a;« ; and «'=^^^, or «=4/- 

Hence x=s+^t^, and y^s^^t^. 

m. a?*=(«+»)*=»*+4«»«+6«*»*+4«»»+«*, * 

••• »*+y* (r)=2«*+12«*2'-f 2«*, is a quadratic equation from 
which the value of x may be found. 

IV. a:5=:(«+«y=j»+5^« + 10a»««+10«»a;»+5w*+«», 

.% «*+ y* (rf) =2«*+ 20«'a*+ 10«»* is a quadratic equation from 
which the value of % may be found. ^> 

(*) For a great variety of qaestions relating if) quadratic equations whicli, 
contain two unknown quantities, see Blano*s Algebraical PrMetM^ 1812. 
(^) In reviewing these operations, it may be obserred, that those terms 
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88. Let x+yz=:2s, and x — y^2%y as before, and let — h -=a'; 

y * 

- +?^=:6' ; - +^=c' 5 and -+?*=d' ; then, by means of the 
y X y X y X * ^ ' 

equations in the preceding Article (87), the values of x and y may 

be found in terras of the known quantitities, «, a', b\ c', d'. 

I. -+?=a'; .-. a:«+y«=a'ary=a'(«+«)(«— «)=a'(«'— 2*)- 

But, by Case I. (87.) a:«+y«==2^+22«,- 
Hence aV— aV=2«*+22S 

^ /(a'—2y _ /{a—2y 

y X 

By Case XL (87.) «»+y»=2a»+6«»«; 

... 6'(j^_»2)=2/+6wS 

, , (6'— 25)s« /(b'—2sy . 

Hence x=.+^(^^, and y^^^^^Il^ . 

III. -+^=c'; .-. a;*+y*=c'ary=c'(«»— ««). 

By Case III. (87.) ;r*+y*=2^+12^«'+2»S- 
Hence c\^ — 2*)=2«*+12«'2**f-2z*, is a quadratic equation, 
by which the value of « may be fpund. 



whejte the index- of z is an odd number destroy each other in the successive 
series; hence, if the operations had been continued tox^-^-i^ ancf x^+y',the 
resulting equations would have been equations of nx dimensions in a cuinc 
form ; if they had been carried on to j:* + y* and x* + y\ the resulting equa- 
tions would have been equations of eight dimensions in a hiquadratic form. 
Hence the Problem of** Given the sum of two numbers, and the sum of their 
nth powers, to find the numbers themselves," may be solved as far as the 9th 
power, by means either o£ quadratic, eubie^ or biguadratic equations. 

K 
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By Case IV. (87.) ar^+y'=2«5+205'«'+10«»*; 
and by equating these two values of «*+ y** there arises a quad- 
ratb equation by which the value of » may be determined* 

89. Let ar+y=«, and xy=p; then the sums of the several 
powers of ar and y may be found in terms of the known quantities 
p and 8y m the following manner. 

I. a^+2xy+f=s'; 

... a^+y'=z^—2xy=:g^~2p. 

II. (a:«+3^)(ar+y)=(5^— 2p>, 
or a^+t/^+xy(x-^y)^tl^—2ps, 
i. e. a^4-3^-f-p«=^ — 2ps; 
••• «'+3^=«' — Sps. 

III. {^+f){x+y)={g'—2p8)8, 

or x*'+y^+xy{x'+f)z=z8*—Sp8', 
^ i. e. x*+y*+p{^—2p)=8*—Sp^ ; 

IV- (^*+y')(ar+y)=(«*— 4p«»+2p«>, 

or.a:*+y*-f-ary(a:»+y")=««— 4p«»+2p«*, 
i. e. ar'+3^+p(5*— 3jp«)=««— 4j?«9+2/«; 

Or, in general, a:"+y*=«" — wpa^-'+n '"'7" y g'^^- &c. 

Example 1. 

The sum of two numbers is 6, and the sum of their fifth powers 
is 1056. What are the numbers 1 
This Example belongs to Case IV. Art. 87, where »=:3, and 

The equation to find the value of « is 

2si'+20s'z^+l0sz*=zdy 

or 486 +5402H30z*= 1056. 

Divide by 6, then 81 +90»»+5«*=176 ; 
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2?:ia 



By RuiE I, »*+18»«+81=100, 
or««+9=10; .% 2*=l,and«=l, I 

Hencea?=5+«=3+l=4, L . . .. 
and y=# — ^=8 — 1=2. - 

Ex.. 2. There are two numbers whose sum is 18, and the square 
of the greater divided by the lesser plus the square of the lesser 
divided by the greater is 27. What are the numbers? 
In Case II. (88.) «=9, and 6'=27 ; 



V9=3; 



81 
.•. a;==»+2=9-J-3=12, and y=s — 2=9 — 3=6 ; 

and the two numbers are 12 and 6. 

Ex. 3. The sum of two numbers is 5 (5), and their product 
6 (p) ; what is the sum of their fourth powers? 
By Case III. (Art. 89.) 
ar*+y*=«*—4^+2p»=625— 600+72=25+72=97. 



\ 



*f 



CHAPTER VI. ' "^7 ^ 

OK RATIOS, PROPORTION, AND VARIATION. 
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' / Definitions* 

90. By ISafio is meant the relation which one quantity bears to 
another, with respect to magnitude. It is evident that this relation 
can exist only between quantities of a similar kind ; thus, a num- 
her must be compared with a number, a line with a line, ^. &c., 
and it would be absurd to compare a certain number of feet with 
a certain number of pounds, &c. &c. 

91. There are two ways in which the magnitude of quantities 
may be compared. In the first place, they may be compared with 
regard to their difference ; and then the question asked is, " How 
much one quantity is greater or lesa than another." The relation 
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^hich quantities bear to each otter in this respect, is called their 
arithmetical ratio. The other way in which they may be com- 
pared, is, by inquiring, '-< How often one quantity is contained in 
the other." This relation between quantities is called their geo- 
metrical ratio. The term rafio, when simply applied, is generally 
understood in the latter sense, and it is in this sense that the word 
will be made use of in the present chapter. 

92. In considering how often one quantity is contained in 
another, the natural process is to divide the one by the other. 
Thus, in comparing the number 12 with the numbers 4 and 3, 
we know that 4 is contained in 12 three times, and that 3 is con- 
tained in the same number four times ; from which we infer that 
the ratio of 12 : 3**^ is greater than the ratio of 12 : 4, the magni- 
tude of a ratio being measured by the number of times one quan- 
tity is contained in another. For the same reason, the ratio of 
11 : 7 is said to be less than the ratio of 1 1 : 5. When the ratio 
is thus expressed, the first term of it is called the antecedent^ the 
last term the consequent^ of that ratio. 

93. From this mode of estimating the magnitude of a ratio, it 
appears that when the consequent of a ratio is not an aliquot part 
of the antecedent, the value of the ratio must be expressed by a 
fraction whose numerator is the antecedent, and denominator the 
consequent, of that ratio. Thus, the magnitude of the ratio of 

15 

15 : 7 is expjfessed by the fraction — , and of the ratio 4 : 13, by 

4 

the fraction -— • When the antecedent of a ratio is greater than 
lo 

the consequent, it is called^ ratio of greater inequality; when 

the antecedent is less tl^n the consequent, a ratio of lesser ine^ 

quality ; and if the two' terms of a ratio be the same, then it is 

said to be a ratio of equality. 

94. The foregoing definitions evidently apply only to those 
instances, in which the consequent of a ratio is contained a certain 
number of times in the antecedent, or to those in which the mag. 
nltude of the ratio may be expressed by some definite fraction. Ii 

(■) In expressing the ratio of two qaantitiefi, the word to is geneiuUy sup. 
plied by two dots ; thus» the ratio of a to 6 is expressed by « : &. 
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does not, therefore, comprehend such ratios asv^2:5; -^3:4^7; 
A: i/2, &c., where the values of the quantities v'2, v'3, ^7y 
^3, &c., can only be expressed in decimal fractions which do not 
terminate. The ratio which exists between quantities of this latter 
kind, when the radical quantity is expressed by a decimal fraction, 
is called their approximate ratio. 

95. Proportion consists in the equality of ratios ; thus, since 4 is 
contained in 12 the same number of times that 6 is in 18, the ratio 
of 12 : 4 is said to be equal to the ratio of 18 : 6, or, in other 
words, that 12 : 4 : : 18 : 6. <■> Of the four terms of which every 
proportion consists, the first and last terms are called the extremes^ 
and the second and third the means, of that proportion. 

06. If there be a set of quantities related together in the follow- 
ing manner, viz. a : b :: b : c :: c : d :: d : e^ &c*, where the 
consequent of every preceding ratio is the antecedent of the follow- 
ing one, then the quantities a, &, c, d, e, &c., are said to be in 
continued proportion ; and if only three quantities be concerned, 
as in the proportion a :b ::b : c, then b is said to be a mean pro* 
parHonal between the two extremes a and c. 

97. Since the proportion a:b :: c id expresses the equality 
of the ratios a : b and c : c2, and since the magnitude of the ratio 

azbis measured by the fraction ^ , and that of the ratio e :dhy 

the fraction ^, it follows that t=^, or that "when four quanti- 
ties are proportional, the quotient of the first divided by the second 
is equal to the quotient of the third divided by the fourth ;" and 

a c 
vice versA, " if there be four quantities, a, ft, c, d, such, that t= j> 

o a 

then those four quantities are proportional, or a : b :: c : d" 



(*) In stating^ a proportion, the wordp U to and to are generally supplied hf 
two dots, and the word as by four dots ; thus, the proportion aisto&asctod, 
ii expressed hja:h;:eid, 

K2 
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XXTIIL 

On the Comparison and Composition of Ratios* 

98. On the comparison of ratios* 

c 

I. Since the ratio of a : & may be expressed by the fraction t » 

let the numerator and denominator of this fraction be muhiplied 
by any quantity m, (m being either integral or fractional,) dien 

— r=T I and therefore the ratio of ma : m5 is the same with the 
mo o 

ratio of a : & ; from which we infer, that " if the terms of a ratio 

be multiplied or divided by the same quantity, it does not alter the 

value of the ratio." Hence also it appears, that a ratio is reduced 

to its lowest terms by dividing its antecedent and consequent by 

their greatest common measure. 

II. " Ratios are compared together by reducing the fractions by 

wUbh their values are respectively represented, to a common 

denominator." Thus, the ratio ofS : 5 is represented by the frac- 

8 9 

tion - , and the ratio of 9 : 6, by the fraction - ; reduce these frao- 

O l) 

tions to others of the same value, having a common denominator, 
and they become ^ and ~ respectively ; and since ~ is greater 

45 

than ^ , the ration 8 : 5 is greater than the ratio of 9 : 6. 

III. " A ratio of greater inequality is diminished, and a ratio 
of lesser inequality is increased, by adding the same quantity to 
both its terms." Let a'\-h i a represent a ratio of greater ine- 
quality, and let x be added to each of its terms, and it becomes 

the ratio of o+5-f a? : a'\-x. Now the ratio of a+6 : a=— 31, 

a 

and that of a-f 5+a: : o+ir=: -i- ; let these fractions be rcJ* 

a-\-x 

duced to others of the same value, having a common denominator, 

, . , a^-\-ah-\'ax-\-hx . a'+aft-f-aar . , 

and they become ; — ■— r and — ; — ; — r— , respectively; 

•^ a{a-\-x) a(o+a*) t™ ^ » 

and since a^-{-ah+ax-\-hx is evidently greater than a*+«ft+aar. 



the ratio of a+b : a is greater than the ratio of a+b+x : a+x; 
i. e. the ratio of a+b : a has been diminished by adding x to 
each of its terms. Next, let a — b : a represent a ratio of lesser 

ff_ ft gjj^^jf I ng 

inequality ; then, proceeding with the fractions and -^ 

a a+x 

as in the former instance, the resulting fractions are ; r > 

a{a+x) 

J a — ao+ax 
and — ; — ; — r— ; and since a' — ab+ax — bx is less than a' — ab 

a{a+x) ^ 

+ oar, the ratio of a — b : a is less than the ratio of a — b + a? : a + ar, 
and consequently the ratio of a — b : a has been increased by add- 
ing X to each of its terms. In the same manner it might be shown 
that " a ratio of greater inequality is increased, and a ratio of 
lesser inequality is diminished, by subtracting the same quantity 
from each of its terms." 

99. On the composition of ratios. 

I. Ratios are compounded together by multiplying their ante* 
cedents together for a new antecedent, and their consequents toge- 
ther for a new consequent. Thus, if the ratio of a : ft be com- 
ixmnded with the ratio of c : (?, the resulting ratio is that of acibd; 
or if the ratios 4:3, 6:2, and 7 : 1, be compounded tether, 
there results the ratio of 4x 5x 7 : 3x 2x 1, or of 140 : 6, or 
(dividing each term by 2) of 70 : 3. 

II. If the same ratio be compounded with itself once, twice, 
thrice, &c., the resulting ratios are those of a* : 6", a' : ft*, a* : b\ 
&c &c. The ratio of a' : (^ is called the duplicate rdtio ofcfib; 
a' : ft*, the triplicate ; a* : ft*, the quadruplicate^ &c. &c. ; and 
aslhese ratios receive their denominations from the indices of the 
se^ral powers of a and ft, the ratio of Va : Vft is called the sub- 
duplicate ratio of a : ft ; the ratio of -y a : ^ft, the subtriplicate^ 
&c. &c. 

III. " If a set of ratios, whereof the consequent of the preceding 
ratio is the same with the antecedent of the succeeding one, be 
compounded together, the resulting ratio is that of the first ante* 
cedent to the last consequent." Thus, when the ratios of a : ft, 
h : Cy c I d, d : e^ are compounded together, the resulting ratio is 
that of abed : bcde, or (dividing by bed) that of a : e, or of the 
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Jirst antecedent : the last consequent; and the same will he the 
case whatever be the number of ratios. 

IV. " A ratio of greater inequality compounded with another 
ratio, increases it ; and a ratio of lesser inequality compounded 
with another ratio, diminishes it.** Thus, let l+n : 1 represent 
a ratio of greater inequality, and let it be compounded with the 
ratio a : &, the resulting ratio is that of a+na : b, which is evi- 
dently greater than the ratio of a : 6. On the other hand, let 
1 — fi : 1 represent a ratio of lesser inequality, and let it be com- 
pounded with the ratio of a : &, then the resulting ratio is that of 
a — na : b, which is evidently less than the ratio ofaib. 

Examples. 
Ex* 1. Reduce the ratio of 360 : 315, and 7595 : 667, to their 
lowest terms. 4 • / "^ - •' • »' ^ ' " ^ 

Ex. 2. Reduce the ratio a^+2a^x : a* to its lowest terms. ^ -t ;. 
. Ex. 8. Which is the greater, the ratio of 16 : 15, or that of 
17:14? ^^ c>. ^^ - Y,.;; ''r '/^ • '« Z^:/^-^ ^^r.^^. 
Ex. 4. Which is tlie least of the three ratios, 20 : 17, 22 : 18, 
or 25 : 23 ? and which is the greatest of the three ratios, 8 : 7^ 
6 : 5, and 10 : 9? 

Ex. 5.. Which is the greater, the ratio of a+2 : ia+4, or that 

of tt+4 : ia+5? Answbr, The ratio of a+4 : ^a-f 5. 

Ex. 6. Compound together the ratios of 11 :^, 7 : 2, and 5:9. 

Airsw. 385 : 54. 
Ex. 7. Compound together the ratios of 15 : 12, 6 : 7, and 
9:4; and then reduce the resulting ratio to its lowest terms. 

Answ. 185 :^6« 

Ex. 8. Express in the simplest terms the ratio compounded of 

a' — 3^ : a', a+x : ft, and b : a — x, Airew. (a+xy : aK 

gA «a 

Ex. 9. If the ratios of x+y : a, x-r-y : ft, and ft : • , be 

a 

compounded together, show that the resulting ratio is a ratio of 
equality. 

Ex. 10. If the ratios of 3a+2 : 6a+l, and of 2a+3 : a+2 
be compounded together, is the resulting ratio a ratio of greater 
or lesser inequality ? Answ. A ratio of greater inequality 
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Ex. 11. What are the least numbers in the ratio compounded 
of the three following ratios, viz. the ratio of 7 : 5, the duplicate 
ratio of 4 : 9, and the triplicate ratio of 8 : 2 ? Answ. 14 and 15. 

Ex. 12. Compound the subduplicate ratio of 2^ : ^ with the 
quadruplicate ratio of -x/a: : y/y. Answ. «* : y* 



XXIX. 

On Proportion. 

100. The most useful Theorems relating to proportional quan« 
titles are the following. 

Tn. 1. ''If four quantities be proportional, the product of the 
extremes will be equal to the product of the means ;" for let 

Q, C 

a : h :; c : dj then, by Art. 97, v=^9 •*• ad^hc. Hence also it 

tbllows, '' that if any three terms of a proportion be known, the 

fourth may be found;" for, from the equation ad=bcy we have 

he ^ ad ad :, , be 
a=— : 0= — ; c=-T-; andtf=— . 
d e a 

Th. 2. The converse of the foregoing Theorem is also true ; 

viz. " If the product of any two quantities be equal to the product 

of two others, those four quantities will. constitute a proportion, 

provided that the* terms of one product be made the means, and 

the terms of the other product be made the extremes, of such pro* 

portion." Thus, if the four quantities a, b, e, d, be such that 

a c 
ad=bc, then (dividing by bft) ^=^ ; .•• by Art. 97,a:b i:c id. 

Th. 3. *« If three quantities be proportional, the product of the 
two extremes is equal to the square of the mean ;'* for, if 
aib : :.A : c, then, by Th. 1, ac=l^. Hence also it follows, that 
** a meflrij^prdjportional between any two quantities is equal to the 
square root 5f their product ;" for let ar be a mean proportional 
between a and c, then a i x :: x:c; .•. a^^ac, and x=: ^ac. 

Th. 4. " If four quantities be proportional, they will also be pvo* 
portional when taken inversely or alternately ,-" thus, if a : 6 : ; c : ({, 
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a c . , 1 . ^ h d 

then T=i ; invert the fractions, then -==- : ••. oiaixdxCm 
ha a c 

Again, since ad=hc, then (dividing by cd) we have ■-3=-^» or 

« ^ I. ^ 

-==-; .-.a : c :: 6 : a. 

c d 

Th. 5. " If there be six proportional quantities, and the first be 
to the second as the third to the fourth; and the third to the fourth 
ais the fifth to the sixth ; then will the first be to the second as the 
fifth to the sixth." For \eia :b ::c :dy and c :d ::e :f; then 

j=- ; and -=2.; .•. ^=2., or, by Art. 97, a ibiieif. 

Th. 6. " If four quantities be proportional, then the sum or 
difterence of the first and second will be to the second as the sum 
Of difterence of the third and fourth is to the fourth." For let 

CL C 

a I b II c : d, then t= 1 ; add 1 to, or subtract it from, each side 
a 

of the equation, then jdzl =;T=tl ; ••. ~r~=-^— > consequently^ 

by Art. 97, adzh :b :: c-±id : d. 

Th. 7. " If four quantities be proportional, the first is to the 
sum or difference of the first and second as the third to the sum 
or difference of the third and fourth." For by Th. 6, a±b. : ft : : 
c±d : d^ and alternately a±h : cdbcZ i:b :d; but by Th. 4, 
h id iia : c; hence, by Th. 6, a±h : c±d 11 a i c^ and alter- 
nately a±b : a : : c±d : c, .-. inversely a : adbft : : c : c±d. 

Th. 8. " If four quantities be proportional, then the sum of^e' 
first and second is to their difterence as the sum of the third Wd 

fourth is to their difference*" For by Th. 6, ^4—=^-^ » an^ 

fl — b c — d ^ , . * b d 

-=—-=—; mvert the last two fractions, then 



^ ^ , ^.«.v ««, x«. .^^ ««^„.,„o, „.«« ^_^ ^_^, 

a+ft, b c-\-d^ d a+b c-i-d , . 

hence — rr- X -=— —-x -.. or 7= — 5; ^•. by Art. 

o a — b d c — d a — b c — d ^ 

07, a+ftsa — b\\c-\-d\c — d. 

V. Th. 9. " If four quantities be proportional, and any equimoU 
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tiples or equal parts whatever be taken of the first and second, 
and also of the third and fourth, then will the resulting quantities, 
taken.in the san^e order, be still proportional." For leia:b::c:di 
then, by Case I, Art. 98, the ratio of ma : m& is the same with 
the ratio of a : & ; and for the same reason, the ratio of nc : fi<2 is 
the same with the ratio o£c:d; hence (Art. 95.) maimbiincind^ 
where m ^d n may be any quantities whatever, either integral or 
fractional. 

Th. 10. The same theorem is true, " if any equimultiples or 
equal parts whatever be taken of the first and third, and also of 

CL C 

the second and fourth ;" for since r=^ , multiply each side of the 

equation by — , then --t=--} > •*• mainb nmc ind^ where m 

and n may be any quantities whatever, either integral or fractional. 

Th. 11. '<If four quantities be proportional, any powers or 
roots of those quantities will also be proportional." For since 

T=^ , we have t;;=;^ > •*• a* : ^ : : c* : cf*, where n may be any 

number, either integral or fractional. 

Th. 12. " If the corresponding terms of two sets of propor- 
tionals be multiplied together, or divided by each other, the result* 
ing quantities, taken in order, will still be proportional." Thus, let 

a:ft::c:rf^thenJ=^'J ^ 

and V Vhence 7>=^ yOToeibfiicgidh. 



e '^:: g: h\ and ^= 



Again, by Th. 1, ad=hcy and eh=fg; .•. -t=j- 5 hence, by 

Th. 2, -:-?::- : ■=-• The same will evidently be true of any 

^ f g ^ 
number of proportions. 

Th. 13. "If there be two rows of proportional quantities, 
wherein the second and fourth terms of the first row are the same 
with the first and third terms of the second row, then will the 
yemaicing quantities, taken in order, be proportional." Thus, 
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let a I b r. c : d^ 

and bieiidif; then, by Th. 12, ab : he i: cd i df^ 
or (reducing each ratio to its lowest terms) a : e :: c i f. 

Th. 14. " If there be a set of proportional quantities, a :b :: 
c :d :: e :f:: g :h &c., then will the first be to the second as 
the sum of all the antecedents to the sum of all the consequents.'* 
For, since abz=ha, and (by TV. 1 and 6) ad=hc^ af=ibe^ ah=hg^ 
&c., we have a6+i«i+af-{-aA+&c.=6a+ftc+fte+ft^+&c., 
or a{b+d+f+h+&cc.)=b(a+c-{'e+g+6zc.) ••. (by Th. 2.) 
a :b :: a+c+c+^+&c. : b+d+f-\-k + 6cc, 

Th. 15. *^K a :b lib : c :; c id:: J:6&c., as in Art. 96, 
then a : <r : : a' : 6', or in the dufdicate ratio of a : i^ ; 
a : d i: a^ : V^^ or in the triplicate ratio ofa :b; 
a : c : : a* : 6*, or in the quadruplicate ratio of a : 6 ;'* 
&c. &;c. &c. 
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101. The following examples are intended to illustrate ^B use 
of the foregoing Theorems. 

Example 1. 
To divide the number 60 into two such parts, that their product 
shall be to the sum of their squares : : 2 : 5. 

Let x=one part ; 
then 60 — a;=:the other part, 
(80 — x) X a?=60a:— «*=the product, 
and «'+(60— a:)«=2a^+3600— 120x=sum of the squares. 
Hence, by the question, OOa?--*' : 2a:»+3600— 120ar :: 2 : 5 ; 
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.-. by Th. 1, (60a?— a:«)x6=(2a!«+860<t-ia0ar)x2, 

or 300a?— 5ar'=4a:'+ 7200— 240x. 

By transposition and division, «* — 60x=r — 800 ; 

... a?«—60a?+ 900= 900— 800=100, 

andar — 80= ±10; 

or a?=30dbl0=40 or 20, the parts required. 

Ex.2. 
The number 20 is divided into two parts, which are to each 
other in the duplicate ratio of 3 : 1. Rnd a mean proportional 
between those parts. 

Let ar= greater part, 
then 20 — ^ar= lesser part ; 
*•. by the question, x : 20 — x : : 8* : 1' : : 9 : 1. 
Hence, by Th. 1, ar=180 — Oar, 
orl0x=180; 
.*. a?=18=greater part, 
and 20— :r=:20— 18=2=lesser part. 
By Th. 3, a mean proportional between 18 and 2 is equal to 

v^l8x 2=^/36=6, the number required. 
* Ex.3. 



V{a+xy I (a — xy : : x-\-y : x — 3f,;show that aixn y/2a — y : i/y. 

By expansion^ o'+2ax+a:* : a' — ^2ax+a:* :: x+y : x — y. 

By Th. 8, 2a«+2a!« : 4tax :: 2a? : 2y. 

Divide by 2, then a^'\'X^ : 2aa? : : x ly; 

.% by Th. 1, (a'+a?')x y=2aa?X a?=2ax a:". 

Hence, by Th. 2, a'+a;* : a?":: 2a :y. 

M| ByTH. 6, a«:a?^:: 2a— y :y; 

^ and by Th. 11, (n being i)a:x :: >/2a — y : y/y. 

Ex.4. 
If a? t y in the triplicate ratio of a : 6, and a:b:: ^c+x : ^d-{^ 
show that dx=ey* 

Since a?: y :: a* : 5*, 
and by Th. 11, a» : ft» ::e+x:d+y; 
.-. by Th. 5, a? : y : : c+a? : rf+y, 
orc+»:d+jf:: » :y, 
L 



12f^ PSoroxTioir. 

and by Th. 4, c+x :x :: d+y : |> ; 
.•. byTn. 6, c : a: :: d :y; 
and by Th. 1, dxtr^cy. 

Ex.5. 
There are two numbers whose product is 24, and the difference 
of their cubes : cube of their difierence :: 19 : 1. What are the 
numbers ? 

Let 0;= greater number, 
and 2^=lesser number. 
Then, by the question, xy=^%\^ 
and aj*--y* : {x — yf : : 19 : 1. 
By expansion, :^ — y* : a? — 3a:V+3xi^— y' or {x — yY :: 19 : 1* 
By Th. 6, Za^y—^xj^ : (ar— yf :: 18 : 1, 
or ^xyX {x — y) : (x^-^f. : : 18 : 1. 
Divide by x — y, then 3ary : (x — yf : : 18 : 1 ; 
but ary=24 ; .% 72 : (x-^^y : : 18 : 1. 
Hence, by Th. 1, 18 X (or-— y)«=72, 
or (»--^)«=4; 
... X — ^y=2. . . 

Again, a:* — 2xy+3^= 4, 
and 4ary = 96. 

' .•• «'-*-2a:y+y*=100, 

a:=i?=6 
or a:+y=10, V ^ 2 "^ ' 



^=10, f 



butap— «== 2;) 8 ; 

Ex. 6. To divide the number 24 into two such parts, that tbj^ 
product shall be to the sum of their squares : : 3 : 10. ^p 

Answer, 18 and 6. 

Ex. 7.* There are two numbers which are to each other as 3 : 2. 
If 6 be added to the greater, and subtracted from the lesser, the 
sum will be to the remainder as 3 : 1. What are the numbers? 

Answ. 24 and 16. 

Ex. 8. There are. two numbers which are to each other in the 
duplicate ratio of 4 ; 3, and 24 is a mean proportional Jbetwe^i 
them. What are the qun^rs ? Answ. 32 and 18. 
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a« a» \ 

Ex 9l If -—t — =4a ; show that a+x :2a::2hi q, — x, 
'{~x^ (r -y X » 7 >'i (T : r . v -^ v : \' H •• V. "^ .; : 

X Ex. 10. If a* : jr J : 36 : 26, and 2x+y : ar+2 in a ratio com- 

^^; ^pijilinded of the ratios of 17 : 2 and 2 : 7, what are the values 

of X aad y \ Answ. «= 12, and y = 10. 

Ex. 11. There are two numbers whose jproduct is 135, and the 

4i6ference of their squares is to the square of their diflference as 

4 : 1. What are .the pumbers ? Answ. 15 and 9. 

On Variation. 

102. If the quantities under consideration be of a variable 
nature, then their relation to each other may be expressed in the 
following manner. 

I. Let A and B be two variable quantities so related to each 
other, that whilst the value of A is changed to a, the value of J? is 
changed to b ; then, if these two quantities A and B always bear 
the same ratio to each other, i. e. if A : £ : : a : 6 (or, by Th. 4 
of Proportion, A : a :: B : b) throughout the whole period of their 
irariation, they are said to vary directly as each other. 

ExAKPLE. Suppose a body to move uniformly along, at the 
rate of 3 feet in one second of time ; then in the first second it 
would describe 8 feet, in two seconds 6 feet, in three seconds 9 
feet, dsc. &c. ; hence, whilst the time varies through 1, 2, 3, 4, 
&C. seconds, the space varies through 3, 6, 9, 12, &c. feet; but 
the numbers 3, 6, 9, &c. are respectively in the same ratio with 
Ijm numbers 1, 2, 3, &c. When a body moves uniformly, there- 
TOe, " the space varies directly as the time." 

H. If the relation between A and B be such, that whilst A by 
iacreasing is changed to a, and B by decreasuig is changed to 6, 

in such manner that Ji : a : : •= : r (or) i:b: B^ throughout the 

whole period of their variation, then A is said to vary inversely 
as B, 

Ex. The area of a triangle is equal to half the rectangle con*' 
tained by its base and perpendicular altitude; if, therefoie, the 



12# VAHlATIOiri 

fyirm of the triangle be changed whilst its area remains the same, 
it is evident that as its altitude increases its base must decrease* 
Let A and B represent its altitude and base at any one period of 
its variation, and a and b its altitude and base at any other period, 

then — Q— =-o"~» ^' AxB=aXb; .-. (by Th. 2 of Propor- 
tion) A : a : : 6 : J? : : -g : ^ , i. e. << the altitude of a triangle whose 
area is given \wne9 inversely as its base, and vice versA" 

III. If there be three variable quantities -4, 5, C, whose pela- 
tion to each other is such, that whilst B is changed to by and C 
to c, ^ is changed in the compound ratio of the change of B and 
C; i. e. if A : a in the ratio compounded of the ratios o£ B :b 
and C : c, or, (Art. 99, I.) A: a :: BC : bc^ then A is said to 
vary as B and C conjointly • 

Ex. Let A represent the area, B the base, and C the perpen- 
dicular altitude of a triangle ,* and when these are changed, let a 
represent the area, b the base, and c the altitude at any period of 

their variation ; then -A=-^ and a=-^ ; .*. -A : a :: -5- ^ -5- :: 

BC ibc\ or " the area of a triangle varies as its base and perpen- 
dicular altitude conjointly.'*^ 

IV. If the relation between the three quantities A, B^ C be 
such, that when A is changed to a, J3 to &, and CXocyB ibm 

the ratio compounded of the ratios of A : a and y^ : - , or (Art* 

c 

99. I.) B \b i:-~x- y then B is said to vary directly as A, aB 

inversely as C. 
Ex. Let Ay By C, a, 5, c represent the same quantities as in 

the last example, then since Jl= -jt- , 5= -^ ; and since a=— 

b= — . Hence B ib ii-pr : — : : -7; : - , i. e. "the base will 
c C c C c 

vary as the area dlirecfZy, and as the perpendicular altitude tn- 
versely.** 
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108. These several idations of variable quantities are often 
I briefly expressed, by placing the mark oc between them ; thus, 
Aio,:iB;bfOrA varies as £, is expressed by ^ a JB. 

A : a :: •= : 7, or A varies inversely as 5, by -^cx-=. 

Alb:: BC : 6c, or A varies as J5 and C conjointly, by A a BC. 

A a A 

B :'6 : : p : -3 or E varies directly as A and inversely as C, by JBoc-^. 

This notation is made use of in the following Theorems. 

Theorem 1. "If one quantity varies as another, it will also 
vary as any multiple or part of the other, and any power or root 
of the former will vary as the same power or root of the latter." 
Thus let A ex. By then Aia:: B :h\ multiply the terms of the 
latter ratio by m, then (Art. 98, 1.) A : a : : mB :mb\ .*. (Art. 
102, L) AccmBy where m may be any number, either integral or 
fractional. Again, since Aia:: B :hy (by Th. 11 of Propor- 
tion) A" : a" : : B" : 6" ; .•. A'^ocB^, where n may be any number 
whatever, integral or fractional. 

Th. 2. " If one quantity varies as another, and each of them 
be multiplied or divided by any quantity, variable or invariable, 
then will the products or quotients thus arising, vary as each 
other." Thus, let AocBj then A : a :: B :b; le^ m be an inva- 
riable quantity, and multiply all the terms of the proportion by it, 
then mA :ma :: mB :tnb; .*. mAocmB, Let C be a variable 
quantity, then we have 

_ ,^ CACiaciiBCibcyOrACozBC; 

^••^=;,^'-^^-.byTH.12V and 
II '''''^^ I ofProportion,) A^a ^B ^b 'A B 

CosoLLABT 1. Hence it follows, that " if one quantity varies 
as two others jointly, then either of those quantities varies as 
the first directly and the other inversely." Thus, let AocBC, 

A 

then, dividing each by C, Boc^;, or as A directly and C in- 

Ji 

versely ; divide by B, then Coz-^^ or as A directly and B ia- 

vcrsely. 

L2 
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Cox. 2. <<If the product of two quantities be invariable, &en 

those quantities vary inversely as each other." For let Ax Bsnm^ 

m 1 HI 1 

then -4.= = which varies as =, and J5=-j which varies as -7, m 
Jo JS A. A. 

being a constant quantity. 

Th. 3. " If one quantity varies as a second, and the second as 
a third, then will the first quantity vary as the third." For let 
AccB^ then A :a :: B :b; and let BozC^ then B :b :i Cic; 
.'. by Th. 6 of Proportion, A: a:: C :c. Hence AccC. 

Th. 4. *' If any two quantities vary as a third, then will their 
sum or difference or the square root of their product vary as the 
third." Thus, let A ex C and 5 a C, then, by Th. 3, Aa:B; 
.; A:a :: B ib^or A: B ::a : b; and, by Th. 6 of Proportion, 
AdoB I B i: azizb : by or AzhB : adzb ::B:b; hut since JBa C, 
Bibr.Cic. Hence AdtB : azth :: C : c, or AdiBocC. 
^gain, since 

il:a::C:c^then, byTn. 12ofProp"., iLB: ab ::C":<^, 
andBibiiC: c5and,by Th. 11 of Prop"., y/AB : y/ab :iC: c. 

Hence y/ABccC. 

Th. 5. << If the square of the sum of two quantities varies as 
the square of their difiereuce, then the sum of their squares varies 
as their product." For let (A + Bf a {A—B)\ then 

{A^B^i (a + by ::(A—By:(a—b)\ 
. or {A-{'By : (A—Bf :: (a+6)« : (c— &)*. 
Byexpansion, and by >^^^ ^^ . ^^^ ^^ ^ ^ 

Th. 8 of Proportion,) . ' 

orA«+5*:2A5:: a«+6« :2c*; * 
.-. A^+B' : a«+6» ; : 2AB :2ab;:AB: ab. 
Hence A^+B'ocAB. 

Th. 6. '< If there be two sets of quantities, Ay By C, Z>, &c« 
and P, Q, R, S, &c. which vary as each other respectively, viar- 
AocPy BozQy &c., then will the products of those quantities vary 
as each other." For, let a, by c, &c., p, 9, r, &c. be correspond- 
ing values of 4, B, C, &c., P, Q, J?, &c., then 
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Bmo6AccPyAia:iP:p 
« • • BocQjBibiiQ: q 
• f • CocRf C I c II R I r . 

&c. &c« 

••. By Th; 12 of Prop\, ABC&lc.: ahc &;c. : : PQR &c. : pgr &c 
I Hence ABC &c. a PQR &c 

Th. 7. " If any quantity A depends upon a set of quantities 
P, Q, U, S, in such a manner, that if Q, 12, fif are constant, 
AozP; if P,lJ,5f are constant, A oc Q, &c.&c.; then, if they 
all vary, -4. will vary as their product." 
For let A be changed 

to Xj by the variation of P to p, the rest being constant, 

from xtoy « Q to 9, • • • 

from jf to K jR to r, 

from 2 to a S to s^ • • • 

then, when all vary, we have A:x ;: P ipy. Hence, by composi- 

X :y :: Q:q f tion of ratios, A : a 

yixizRir C:: PQRS'.pqrs, or 

x: ai: S : s) A o: PQRS ; and 

the Theorem would evidently be true, whatever be the number 

of quantities P, Q, E, Sy &c. 

Th. 8. " If one quantity varies as another, it is equal to that 
quantity multiplied into some constant quantity; and the value 
of this constant quantity will be known, if the actual relation be- 
tween the two variable quantities at some given period of their 
increase or decrease be known." For let AocB^ then A : a :: 
B : by or A : B :: a : h, i. e. the ratio of ^ : 5 is always the 
some through the whole period of their variation ; let this ratio be 

Ji 
that of m : 1, then A: B iimilj and A=imBy or fn=r-g. If, 

IS 

therefore, the corresponding values of A and B at any period of 
their variation be known, the value of m will be known. 

Ex. The space described by a body descending perpendicularly, 
near the surface of the earth, varies as the square of the time ; let 
the space=/S, the corresponding time= T, then, by this Theorem, 
S^mT^; now it is known by experiment, that a body falls 
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through a space of alwut 16 fbet in the first fiecond of its fall ; 
hence, when S=tie, r==l ; .». i»=rl6, and the general relaticoi 
between the space and time of a body thus falling is jS=16T'n 

Cor. Since ^=:m, it follows '^that if one quantity varies a? 
x> 

another, the fraction arising from the division of one quantity by 

the otheri IS a constaift quantity." 



CHAPTER VII. 

ON ARITHMETICAL AND GEOMETRICAL PROGRESSION. 



XXXI. 

Deflnitkms. 

104. If a series of quantities increase or decrease by the con- 
lifiual addition or subtraction of the same quantity, then those 
quantities are said to be in arithmeticcil progressian^ Thus, the 
numbers 1, 2, 3, 4, 5, 6, &c. (which increase by the addUion of 1 
to each successive term,) and the numbers 21, 19, 17, 15, 13, 11, 
&c. (which decrease by the subtraction of 2 from each successive 
term,) are in arithmetical progression. 

105. In general, if a represents the first term of any arithmetical 
progression, and b the common diSerence, then ftiay the series 
itself be expressed by a, a+&, a 4-26, a+Sb, a +46, &c, wfaicli 
will evidently be an increasing or a decreasing one, according as 
b is positive or negative. In the foregoing series, the coefficient 
of b in the second term is 1 ; in the third term, 2 ; in the fourth, 
3, &;c. ; i. e. the coefficient of b in any term is always less by 
unity than the number which denotes the place of that term in the 
series. Hence, if the number of terms in the series be denoted by 
«, the nth or last term in the progression will be a+(ft — 1)&. 

106. If a series of quantities increase or decrease by continual 
multiplication or division by the same Quantity, then those quaii- 
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t^idB aie said to be in geameincdl pn^restion. Thus, the duiii- 
bers 1, 2, 4, 8, 16, &c. which increase by continual multipli- 

cation by 2,) and the numbers I9 q9 ^9 ^» ^»^ (which decrease 

by continual division by 3, or multiplication by -,) are in geo- 
metrical progression. ' 

107. In general, if a represents the first term of such a series 
and r the common multiple or ratio, then may the series itself be 
represented by a, ar^ at^y at^y ar*, die, which will evidently be 
an increasing or a decreasing series, according as r is a whole 
number or a proper fraction. In the foregoing series, the index 
of r in any term is less by unity than the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the series be denoted by n, the last term will be (u^^^. 



XXXII. 

On Arithmetical Progression. 

106. Let ^ be the sum of the series a, a+fr, a+2fr, 'a+3i, 
&c., then 

'•1 +[a+^ +[«+2ft] &c...4-[«-i-(»-5)ft]+[«+(ii— 1)J]=5 

!b+(»-l)J]+[«+(ii--a)m-[«+(*i^)6]&c...+[a+6] +W ==S 

where the lower series is the same as the upper one, except that 
the order of the terms is inverted. 

Add the two series together, and we have 
«,+(»-l)6]+[2c+(»i— l)*]+[2a+(ii— l)&]+&c.to n terms=25, 
or [fkL+{n--l)h]n=i2S ; 

... 5=[2a+(n— 1)6]5.« 

(•) Since the ram of any two ternw=[a+a+(«— l)6]=ram of the first 
and last terms, and since £^=[2a + (« — 1)6] ^ , it appears that the smn of the 



I is equal to the ram of the first and last terms, (or of any two terms 
equally distant ihan the first and b»t,) multiplied into half the aumber 0^ 
terms. 
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109. From the equation [2a+(nr^l)b]n:=:28, it appee^« that 
4f any three of the four quantities a, by n, S «re.giv«a,ihe'fQilrt)i 
may be found. For we have 

I. By Art 108, fif=[2a+(rt— 1)6]^. 

n. By actual multiplication, 2an+bn^ — bn=2Sy 
or 2an=2fif— &n'+ fo» ; 



, a=- 



2» 



HI. Again, M — hn=i2S — 2any 

or (n"— 11)6=25— 2an ; 

- 2S—2an 
... 6= — , 



rv. To find it, we have, by transposition, ^'+2ai>*-iais:2iSf, 

OTM+{2a—b)n=z28, 
2 . 2a— 6 2S 

Solve this quadratic equation, and it gives the value of n. 

EXAHPLE 1. 

Find the sum of the series 1, 3, 5, 7, 9, 11, ^ec, continued to 
120 terms. 
Here a=l, ft=2, n=:120. 

5==[2a+(«^l)ft]|. 

120 
.-. [2X 1+(120— l)2]-_=(2+119X 2)60=.240X60=:14400. 

Ex. 2., 
Find the sum of the series 15, 11, 7, 3, —1, —6, &c. to 20 
terms. 
Hesre a=15, 5= — 4, n=20, 

«=l2a+(ii-i)5]|, 

20 
.-. [2 X 15 + (20—1) X —4] ^=(30-19 X 4)10=r(80-76)10 

=—46X10=— 460. 
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Ex. d« 

Find the sum of 150 terms of the series ^^^ » » 1» o' of ^> o» ^^ 

o o o o o 

Here a==, 6=5, fi=150, 
^ «=[2a+(»-l)6]|. 

Ex.4. 
The sum of an arithmetical series is 1240, the common dif- 
ference — 4f and the number of terms 20. What is the first term 1 
Here fif=1240, 5=— 4, n=20. 

2S—M+bn 



a=- 



2n 



2480+1600—80 4000 ,^^ 

••• 40 =-4r=^^^- 

Hence the series is 100, 96, 92, 88, &c. 

Ex.5. 

The sum of an arithmetic series is 1455, the first term 5, and 

the number of terms 30. What is the common difference? 

Here if=1455, a=5, n=30. 

- 2S—2an 
ft= — I . 

rr — n 

^ 2910— 800 _2610_ 
•'• 900—80 "" 870 ~ * 
Hence the series is ^8, 11, 14} &c« ^ 

Ex. * 
The sum of an arithmetic!' series is 567, the first term 7, and 
the common difference 2. What is the numbenof terms? 
Here iS=567, a=7, 6s=2.- 

, 2a— h 2S 

.-. n'+6ii=567, 

and ««+6«+9=:567+9=676, 

and ft+ 3=24 orn=r21. 
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Ex. T. 

How much ground does a person pass over in gathering 200 
stones pladed in a straight h'ne, at intervals of 2 feet from each 
other; supposing that he brings each stone singly to a basket 
standing at the distance of 20 yards from the first stoney and that 
Be starts from the spot where the basket stonds? 

It is eviAent that the space passed ovw by this person will be 
twice the sum of an arithmetic series whojiji first term is 20 yards, 
(i. e. 60 feet,) common difierence 2 feet, and number of terms 200. 

Here a=60, 6=2, n=200. 

S=[2a+(ii— !)&]?• 

••. (120+898)100=518X100=61800 feet. 
Hence the distance required= 108600 feet=19 miles, 4 fur- 
longs, 6.40 feet. 

: ' Ex. 8. 

A traveller bound to a place at the distance of 198 miles, goes 
80 miles the first day, 28 the second, 26 the third, and so on. In 
how many days will he arrive at his journey's end ? 

Here are given a=30, h= — 2, iSf=198, to find the number 
of terms. 

ii»_j _ — xn=-r-- 

o 

■ ... ««— 81»=— ^^^=:— 198, 

^ -31 13bK "31dbl3 

Hence n— --==fc Jpfed V^-^ — =22 or 9. 

To enj^ain the appwent dlflitultjlbrising frotti the two positive 
values or II, whiqi^ give us two ^ifi^i^t periods of the traveller's 
arrival at his journey's end, we must observe, that if the proposed 
series, 80, 28, 26, &c be carried to 22 terms, the 16th term will 
be nothing, and the remaining 6 terms will be negative; by which 
is indicated the rest of the traveller on the 16th day, and his return 
tn the opposite direction during the 6 days following; and this 
will bring him again, at the end of the 22d day, to the same point 
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at which he was at the end of the 9th, viz. 198 miles from the 
place whence he set out. 

Ex. 9. 

There are a certain niHnher of quantities in arithmetical pro* 
gression, whose corftnon difference is 2, and whose sum is equal 
to B times their ntimber ; moreover, if 13 be added to the second 
term, and this sum BS divided by the number of terms, the quo- 
tient win be equftl to the first term. What are the numbers? 

Let the first term=:a;>then the second term will be ar+ 2, 
and the number of terms=^3and the last term, x+(y — 1)2. 

In the expression [2a+(n — l)&3o, substitute x for a, 2 for h 

and y for n, and it becomes [2x+(y — 1)2]?, (=«y+y*— y,) 

2 

for the sum of the series. 

By the question, asy+t^ — y=8y, or y=9— a?, 

af-f'2 + 13 

and =ar. 

y 

Hence, — =ar, or ar — 8x= — 15 ; - 

9 — X 

... a^—8a:-h 16=16—15=1, 

and X — 4=dzl ; .% x—6 or 8, 

y=9— -ar=4 or 6. 

From which it appears that there are two sets of numbers which 

will answer the conditions require^; viz. 5, 7-, 9, 11, or 3, 5, 7, 

9,11,13. ^ 

Ex. 10. Find the sum of 25 t^s of the series 2, 5, 8, 11, 14, &c. 
^ * Answbr, 950. 

/^ Ex. 11. Find the sum of 36 terms of the se|gp 40,^38, 36, 34, <Scc9 

» Answ. 180. 

Ex. 12. Find the sum of 32 terms of the series 1, 1^, 2, 2^, 3, &c. 

Aifsw. 280. 

Ex. 13. The sum of an arithmetic series is 950, the common 
di&rence 3, and the number of terms 25. What is the first term ? 

Answ. 2. 
M 
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^ Ex« 14. The amn o£ an arithmetic series is 165, the first term 
3, and the number of terms 10. What is the oomm<»i dififereocel 

Answ. 3. 

Ex. 15. The sum of an arithmetic series is 440, the first term 
3, and the common difference 2. What is the number of terms ? 

, Aksw. 20. 

Ex. 16. The sum of an arithmetic seriet is 54, thQ first ten« 
14, and the common difi^rence — 2« What is the number of 
terms ? Aifsw. 0, or 6 

Ex. 17. A person bought 47 sheep, and gave 1 shilling fi>r the 

first sheep, 3 for the second, 5 for the third, and so on. What 

^ im all the sheep cost him ? Answ. IIOZ. 9«. 

Ex. 18. A person began the year by giving away a farthing 
the first day, a halfpenny the second, three farthings the thirds 
and so on. What money had he disposed of in charity at the end 
of the year ? Answ. 69Z. 1 1*. 6 Jd, 

Ex. 19. A travels uniformly at the rate of 6 miles an hour, 
and sets off upon his journey 3 hours and 20 minutes before B ; 
B follows him at the rate of 5 miles the first hour, 6 the second, 
7 the third, and so on. In how many hours will B overtake A? 

Answ. In 8 hours. 

Ex. 20. There are a certain number of quantities in arith- 
metical progression, whose first term is 2, and whose sum is equal 
to 8 times their number : if 7 be added to the third term, and that 
sum be divided by the number of terms, the quotient will be equal 
to the common difference. What axe the numbers? 

•* Answ. 2, 5, 8, 11, 14. 

XXXIII. 

On Geometrical Progression. 
110. Let £f be the sum of the series a, ar^ ca^^ ar^y &c., (Art. 
107,) then 

a+ar+ai^+ar^+^i^. . . .cir^"+ar*-* =iS. 
Multiply the equation by r, and it becomes 

ar+ar*+ar*+&c. • . . ar*-«+ar^>+af"=rfir. 
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Subtract the upper eqilation from the lower, and we have 
ar^ — a=rS — Sy or (r — l)S=ar^ — a ; 

and therefore S=?^. 

If r is a proper fraction, then r and its powers are less than I. 

For the convenience of calculation, therefore, it is better in this 

case to transform the equation into S=-- , by multiplying 



the numerator and denominator of the fraction =- by — 1. 

r — 1 "^ 

111. If Z be the last term of a series of this kind, then Z=ar^'* 

,-, rl=af^; hence S^( T")" T* From this equation, 

therefore, if any three of the four quantities 5, o, r, Z, be given, 

the fourth may be found. For S= -; a^rlr^r — 1)5, 

r== - — - , and l= r^ ^ .Z^ . The value of n cannot be found 
»— i r 

from the equation 8^ except by means of logarithms, as 

- will be shown in a future chapter. 

Example 1. 

Fin^ the sum of the series 1} 3» 9, 27, &c. to 12 terms. 

Here a=l, r=3, n=12. 
^ ar^-u lx3«-l 81»-1 531441-1 531440 v>tt».^on 
^=T:Zr=-3=r"=-2- = — 2 =-2- "^^720. 

Ex.2. 

2 4 8 
Find the sum often terms of the series l + o+s+5^+^' 

2 
Here c=l, r=- , n=10. 

o 






'-^' ^'-<^>=[.-^> 



2 3—2 

* 3 
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^"""^W ""3*0-59049' 
/2v'° 1024 _ 58025 

•' As/"" 59049'"69049* 
3 X58025 _ 174075 
^"^ ^-"69049 "59049- 

Ex. 3. Find the sum ori> 2, 4, 8, 16, ^. to 14 terms. 

Answeb, 16383. 

Ex. 4. Fiad the sum of 1, s? h> H? » ^'^ ^ ® terms. 

8280 
^^^' 2187* 



XXXIV. 

On f A€ Method of finding any number of Arithmetic or Geometric 
Means between two Numbers. 

112. I^et 7 be the last term of an arithmetic series, whose first 
term is a, common difference &, and number of terms n ; then 

Zs=a+(n — 1)^ ; ••• (» — l)b=l — a, or &= -. Now the nurn- 

her of intermediate terms between the first and the last is n — 2 ; 

let n — ^2=«t, then n — l=»i+l. Hence 6= -, which mves 

w+l 

the following Rule for finding any number of arithmetic means 
between two numbers. *« Divide the difference of the two num- 
bers by the given number of m^ans increased b]r unity, and the 
quotient will be the common difierence." Having the common 
difierence, the means themselves will be known. 

113. Let I be the last term of a geometric series, then l=:ar^^*p 
and r»^'=-. ; .-. r^ss-^/- . The number of intermediate terms, 

- as before, is »— 2 ; let n — ^2=flt, then n — Isssw+l, and r=T*/ - , 
'I V « 

^wtifeh gives the following Rule for finding any number of geo- 

' metric means between two numbers, viz. '' Divide one number by 
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the other, ind take that root of the quotient which is denoted by 
fii+l } the result will be the common ratio." Having the com- 
mon ratio, the means are found by common multiplication. 

Example 1. 
Find six arithmetic means between 1 and 43. 
Here /=43, a=l, m=Q. 

Z_a 43—1 42 ^ 

^s= r = -r r-=-^ = 0. 

ffl+1 6-fl 7 

By adding this common difference continually to the lesser 
number, 1, we have 7, 13, 19, 25, 31, 37, for the six means 
required. 

Ex.2. 
Find three geometric means between 2 and 32. 
Here a=:2, Z= 32, «i= 3. 

and the means required are 4, 8, 16. 

Ex.3. 

1 A 

Find two geometric means between — and 2. 

«*7 

lA 
Here a=s;=> ^=2, «i=2. 

m+i/^ « /Z 27 . /27 3 
••. the two means are - and - . 

U o 

Ex. 4. Find seven arithmetic means between 3 and 59. 

Answer, 10, 17, 24, 31, 38, 45, 52. 
Ex. 5. Find eight arithmetic means between 4 and 67. 
. Ex. 6. Find nine arithmetic means between 9 and 109. « 
Ex. 7. Find two geometric means between 4 and 256. 

Answ. 16 and 64. 

Ex 8, Find three geometric means between - and 9. 



Aksw. -, 1, 3. 
o 



M2 
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114. Let a, a+fr, a+2&, be three quantities in arithmetie ^t6* 
gression, then the sum of the first and last=:2a+2&=2(a4'^)f 
••. a +6= half the sum of the first and last : hence *' an arithmetic 
mean between any two quantities is found by taking half their 
sum." Again, let a, ar^ ar^^ be any three quantities in geometric 
progression, then the product of the first and last=:aV=the 
square of the mean term, from which it appears that " a geometric 
mean between any two quantities is found by taking the square 
root of their product." ^ Hence also it appears, that an arithmetic 
mean between any two numbers is greater than a geometric mean ; 
for let the two numbers be a+o; and a — x^ then the arithmetic 
mean is a and the geometric is \/a* — a:*, which is evidently less 
than a. 



XXXV. 

On the Solution (f Equations relating to Nutrthers in Arithmetie 
and Geometric Progression. 

115. As the several terms of any arithmetic or geometric series 
may be expressed by means of two unknown quantities, it is not 
difficult to find the value of quantities of this kind, which shall 
bear sifch inelations to each other as may be determined by two 
equations ; of which the following are examples. 

Example 1. 
Find four numbers in arithmetic progression, such, that their 
sura shall be 56, and the sum of their squares 864. 

Let ar=the second of these four numbers, 
and y=their common difference. 
Then the four numbers may be represented by x — y, XfX+py 
x+2y. 

(*) It may be proper here to observe, that quantities which are in gfeometiic 
progression are also in continued proportion ; for a : ar :: ar :ar^ :: ar^ i or* iz 
&c The differences of quantities in geometric progression are also in ocm- 
tinned proportion ; for the snocessiTe differences of the terms of the series 
a, ar, «r*, ar^y ar*, &c are ar—a, ar* — ar, at^-^ar*, &c. or ar'-a^ (ar—a)r^ 
(ar— tf)?^, Slc. which is a geometric series whose first term is ar^-^^ ana 
common ratio r. 
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Hence, by the question, (ir— y)+«-K«-hy)-K^+2y)=4x+2sf=56, 
and («— y)»+«'+(ar+y)»+(a?+2y)«r=4a*+4afy+fly'=864- 
From first equation, 2d;+jf=28. 
Square this equation, then 40:^+40:^+ jf*=784(-A) 
but 4a»+4xy+6y"=864(B) 
Subtract (A) from (-B), and we have 5^*= 80, 
or ^=16, and y=4 ; 
28— y 24 ,„ 

Hence 8, 12, 16, 20 are the four numbers required. 

Ex.2. 

The sum of three numbers in arithmetic prc^ression is 9, and 
the sum of their cubes is 153» What are the numbers 1 
Let X — ffj ar, ar+y, be the numbers. 
Then (ar— y)+ar+(a?+y)=3a:=9, 
and (a?— y)^+a*+(a?+y)»=3a:»+6xy"=153. 

9 
From first equation, a:=-=3 ; 
o 

•. by substitution, in second equation, 81 + 183^=153, 
or 18y*=153— 81=72; 

72 

.-. y»=— =4, and y=2. 

Hence the numbers are 1, 3, 5. 

Ex. 3. 

Find three numbers in geometric progression, such, that theil 
sum shall be equal to 7, and the sum of their squares to 21« 
Let X, y, »y be the numbers. 
Then, by the question, a?+y+«=7, first equation, ) 
and a!'+|^4-«'=21, second equation.^ 
By Note (') Art. llA^xiyiiyiz; .•. f^=x». 
From first equation, ar+2=7 — y. 
Square this equation, and a:'+2ar«+«*=40 — 14:y+y"(ii) 
but 2JW = 2y*(jB) 

Subtract (B) from (A), then «»+««= 49— 14y—3^. 
But, from second equation, ar'+»*=21 — y*. 
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Hence 49— 143f--y»=:21—y», 
or 49— 14y=21 ; 
••• 14^=49—21 ==28. ; 

Again, since x+z=7 — ^y=7 — 2=5, 
we have a:'+2««+»'=25 5 

but 4^« =16, (for a?«=^) 
.*. by subtraction, a^ — ^2a:«+«*=26— 16=9,. 
and X — «=3. 

Hence, a?+»=6).-. 2ar=8, or x=4, 
a? — z=:Z^ 2«=2, or«=l, 
and tho three numbers are 1, 2, 4. 

Ex. 4. 

The sum of four numbers in geometric progres^on is 30, and 

4 
the last term divided by the sum of the mean terms is -• What 

3 

are the numbers ? « 

Let x= first term, )then the numbers themselves will be 

y=the common ratio ; ^ ar, xy^ a?y", ajy*. 

Hence, by the question, x+xy+Xi^+xf=:80^ first equation, ] 



ition,^ 
and : — ■«=-, second eauation. i 



I ^;j^:p^=-, second equation. 



on 

Prom first equation, xx(l -ly +^+y*=30, or ar=, -_- (A) 

Prom second equation, — ?LJL_.=: (^f JL..=:Z(B) 
^ 'a!yX(l+y) 3'" 1+y 3^^ 

By reduction of equation (B), 3y"=4+4y, or y' — 5^=-; 

. 4 , 4 4 . 4 16 

•••^-3y+9=3+9=-9^' 

A 2 4 6 ^ 

andy— -=-; ory=-=2. 

Hence, from equation (A\ ar=; — - — - — -= — =2, 
^ "" ^' 14-2+4+8 16 

The four numbers are, therefore, 2, 4, 8, 16. 
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Ex.5. 

There are three numbers in geometric progression, whose pro- 
duct is 64, and sum of their cubes 584. What are the numbers! 

Let the numbers be ar, xy^ xt^. 
Then, by the question, xXxyX ary", or ay=64, first equation,^ 
and «• 4- a:*3^+ 3^^= 584, second equation. J 

From first equation, fr^'-jt > ^^'^d ^=— j- • 

By substitution, in second equation, a:*+64+— g— =684. 

Hence, «•+ 64a:»-f 4096=584ar», 

or «•— 520a:'=: — 4096. 

Solve this equation by the Rule in Art. 84, and a;"=8 ; or a:=2. 

^^ ^ 64 64 ^ 

Now y»==-5=— =8 ; .-. y=2. 

And the three numbers are 2, 4, 8. 

Ex. 6. The sum of three numbers in arithmetic progression is 
15, and the sum of the squares of the two extremes is 58. What 
are the numbers? Answeb, 8, 5, 7. 

Ex. 7. There are four numbers in arithmetic progression : the 
sum of the two ei^tremes is 8, and the product of the means is 15. 
What are the numbers? Answ. 1, 3, 5, 7. 

Ex. 8. There are four numbers in arithmetic progression : the 
sum of the squares of the two means is 2, and the sum of the 
squares of the two extremes is 18. What are the numbers ? 

Answ. — 3, — 1, 1, 3. 

Ex. 0. There are three numbers in geometric progression, 
whose sum is 21, and sum of their squares 189. What are the 
numbers? Answ. 8, 6, 1!^. 

Ex. 10. There are three numbers in geometric progression: 
the sum of the first and last is 52, and the square of the mean is 
100. What are. the numbers? Answ. 2, 10, 50. 
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Ex. 11. There are three numbers in geometric progression, 
whoas sum is 81, and the sum of the first and last is 26. What 
are the numbers ? Airaw. 1,5, 35.« 

XXXVI. 

Oft the SumiHuaion rf an Infinite Series qf Fractime in Geo- 
metric Progresdony and on the Method of finding the Vakie 
of Circidating Decinuth, 
116. The general expression for the sum of a geometric series 

whose common ratio (r) is a fraction, is (Art. 110) fii=-- . 

Suppose now n to increase indefinitely, then r" (r being a proper 
fraction) will decrease indefinitely;^^ therefore ar" will decrease 
indefinitely with respect to a, or a will be the limit of OT-<ir*, and 

the limit of , or S; and consequently will ex- 

l^r 1— r 



press the value of the series when the number of its terms is sup- 
posed to be indefinitely increased, or, as it is commonly called, 
the sum of the aeries ad infinitum. 

Example 1. 
Find the sum of the serks ^ +o+t+q+ ^^ ^ infinUum* 

Here a=l, } o ^ ^ — ^ o 

r=l C ^=l=i-=^-~2=l=^- 

^2J 2 

fix. 2. 

Find the value of-+;r^+T7r?+ &c. ad infinitum. 
D 2o 125 *^ 



(•) Some cariouB Theorems relatiiig to mimben In geometrical jcofvaanoa 
win be fbxmi in ElimeM tTAlgibre, par PHuilier, Vol. II. pp. 177 . • • 208, 
Ed. 1812. A great variety of questions, both in Arithmetical and Greo- 
metrieal Frogfessktai, will alao be tend in Bland's JlgBbnikdl ProUems. 

O Let r=i, for lartance; then ,'=±. r*=j^. **=i^. &« S 

from which it is evident, that if there be no limit to the increase of the index 
«a there will be none to the decrease of the fraction f*. 



V 

\ 

\ 

AND VAIXH or cixCUIiATtNe DEcnCiLLS. 






1 6—1 4 
5 

Ex.3. 



Find th6 value of 1+^+1+^+;^+ &c ad injmitmu. 



„ 8 >. 3 

Here a=-, ] -r « ^ ^ 

^_ 4 _ 3 _ 9 _9 

2"~ 8'"X2— 8""4' 

3 ^^ 



«=!.) 
'=1) 



Ex. 4. Find the value of 1 +7;+:^+^+ &c% ad infinitum. 
^3 9 27 ^ 

Answ* — . 

3 9 9 

Ex. 5. Ftod the value of l+-7+-s+~+ &g. ad tntfntl«m. 

4 Id 27 

Aifsw 4* 

2 4 8 
Ex. 6. Find the value of •r+2r^+r-rr+ &c. ad infinitum* 
o 40 12o 

Ahsw. — . 

o 

6 3 9 

Ex. 7. Find the value of^+l4--+jrr+ &c. ad injinitum* 
o O Zo 

Ansit. 4j-. 

117. These operations furnish us with an expeditious method 
of finding the value of circulating decimals^ the numbers com- 
posing which are geometric series, whose common ratios are — , 

Tim* inAA > ^^^ according to tho number of factors contained in 

the repeating decimal. 

Example 1. 
Find the value of the cux^ulating decimal .33333 &c. 
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3 S 

This decimal is represeiUed by the geometric series 75 +755+ 

3 . '\ . 3 , .1 

-+ &c., whose first tenn is — , and common ratio — . 



1000^ ' 10' 10 

Q O 

Hcnce,a=j^."^ a 10 _ 8 _8^1 



'•=^•3 



"1— r 1^ 10—1 8 

lOV 10 

Ex.2. 
Find the value of .32323232 &c. ad injbdttm. 
„ 32 



"""100' f « « i^ 

''""lOO*-' IOC 



100—1 99 
100' >^ * 100 

Ex.8. 
Find the value of .718333 &c. ad infinitum. 
The series of fractions representing the value of this decimal is 

m+ (g^^etric series) ^+j^+&c=5^+S. 

g 3 

Herea=v^,^ ^ TOOO 3 3 1 

0= 



^^-lOOO') 



i_l 1000-100 900 300 
10" -^ 10 

Hence the value of the decimal =^+fif=^+Jg=|y 

107 

Ex. 4. 
Find the value of .81343434 &;c. ad injlnitum* 

n 34 V 84 

Jtiere a ==-777777;;, | , ^.^^ „, ^, 

10000 34 84 



'^^10000' f « o 10006 

*" 100* y ion 



10000—100 '9900 

100' -^ 100 

1 j.i. , r.i J . , 81 . o 81 . "34 8053 
And the value of the decimal =Tx:r+tfr::-~-+ -777777=3: -ttttx. 

100 100 9900 irooo 
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Ex. 5. Find the value oCJlTill ^, ad injlnitum. 

Ex. 6. Find the values of .23283)B &c. ; .83838 &c. ; .7141414 
dse» ; and .056666 &<% a^^ tfi/ffii<ufii. 

■ 23 6 707 J 287 ,. , . 

^™^- 99' 6' 990' *^^^ 300 ^^9^"^^^^^ 



CHAPTEH VIII. 

ON SURDS. 



SusD quantities have already been defined in Art. 55, and may 
be expressed either by the radical srgn, or by their fraetional in- 
dloes (as m Art. 66); thus the square root of 2, the cube root of 
3, the nth root of a-j-ft, the cube root of (ff+a?)', &c. &c., may 
be expressed either by >/«2, ^S, ya-f-ft, -y(a+a?)', &c., or by 

2*,3*,{a+6)*,(a+a^)*,&c. 

The precise value of these quantities cannot be ascertained ; it 
can only be expressed by means of decimals or series which do 
not terminate; and in this sense they are called irrational^ to 
distinguish them from all other quantities whatever, integral or 
fractional, whoso values are determinate, and which are therefbre 
denominated rationaL 



xxxvn. 

On the Reduction cf Surds. 
Case I. 
118. A rational quantity may be reduced to the form of a surd, 
by raising it to the power denoted by the toot of the surd, and 
Ihen annexing the radical sign. 

N 
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Example 1* 
Reduce 3 to the form of the square root, and it becomes v^d*, 

Ex. 5J. 

2 3/2* 

Reduce ~ to the form of the cube root, and it becomes ▲ / »3 

Ex. 3. 
Reduce a+h to the form of the square root, and it becomes 

Ex. 4. 
Reduce Ab^ to the form of the cube root, and it becomes V MV. 

Case IL 

119. Surds of different indices are reduced to equivalent ones 
having the same radical sign, by bringing their fractional indices 
to a common denominator. 

ExAtfFLB 1. 

Reduce a^ and a^ to surds of the same radical sign. 
The fractions i and J, reduced to a common denominator, are 
fandf; 



' ' > which are surds with the same radical sign 
and ar=za^=z y a'; ) 

Ex. 2. 

Reduce 3^ and 5^ to surds with the same radical sign. 
The fractions f and i, reduced to a common denominator, are 
i and J. 

Now 3*=x ^3*= y 81 ; and 6*= V5=»= y 125. 

Ex. 3. Reduce or and b^ to surds with the same radical sign. 

Answer, ^a* and y&*. 

Ex. 4. Reduce c* and d^ to surds with the same radical sign*. 

Answ. v'c'and y/3^ 
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Ex* 5. Reduoe 8|^2 and 2^5 to mirds with the aame radical 
mga. An8w. 3^4 and 2^^125 

Ex* 6. Reduce 4' and 15' to surds with the same radical sign. 

Answ. ^256 and ^ySSTd. 

CisE III. 

120. Surds are reduced to their simplest form, by observing 
whether the quantity under the radical sign contains, as a factor, 
a power corresponding to the given surd root, and then extracting 
theroot« 

EXAMFLBS. 

Ex.1. ^a*b=i^a*X y/b=:^ay/b. 
Ex.2. ya"'a?=ya"'X^a?=ayar. 
Ex.3. V72=>/36x2=v'36x >/2=6v/2. 
Ex.4. 4^108= y57x7=-y27x;/ 4=3^4. 
Ex. 5. y2 a»y-fa»&c=: ya«(26«-fa«*c)= y a»X y26«+a«*c= 
a*/W+c?be. 

Ex. 6. Reduce x/a^6c and ^98a*x to their simplest form. 

Akswes, a' y/bc and 7a ^2x. 

Ex. 7. Reduce yo'+a'6* to its amplest form- 

Airew. ayi+fc*. 
Ex. 8. Reduce >/50 and {^72 to their simplest form. 

Answ. 2 v/ 14 and 2^9. 
Ex. 9. Reduce ^243 and {^96 to their simplest form. 

Answ. 3^3 and 2 {^3. 

The quantity without the radical sign is called the coefficient 
of the surd ; and it is evident that this quantity may always be 
put under the radical sign, by raising it to the power denoted by 
the index of the surd. 

Thus, 7a >/ 2ar=(by Case I.) /7a X 7a X >/2a?=v'49a"X y/2x 
= >/98a«a?. 

Also, a?/2a— a?=v'«»X V^-^= y/^{2a—x)^ y/^^aa^—a^. 

Case IV. 

121. If the quantity under the radical sign be a fraction, it may 
be reduced to an integral form by the fbllowing proceds. 
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Multiply the nunieimtor mad denomioHlor of tt0 ^SmeilDn1>y Mch 
a quantity a$ will make the denominator a complete power, oor- 
responding to the root ; and then proceed as m (^isB IH. 

EXAXFUS 1. 

Ex.2. 
•3 /2 8^ /2x7 8 /l 77 3 /I ^ ... 

Ez.3. 
1 s/16_l 8/8X2_l 2 3/2 2^ 8/8 2 , /2xaf« 

8V 8i~8V STxl'S^s'^ V 3 8 V 3 » V "^ 

Ex. 4. 
Reduce or^ /- and <iiy / - to integral sufds in their a^nplest form 

AnswxBy ^\^iy and t^f^a' 

y 



Ex.6. 
r50 ,^3 /3 



•Reduce 4 /tt^ c^ii<i ^4 / T to integral surds in their simplest form* 



Airsw. H7 V'B and (^6« 



XXXVIIl. 

On the ApplicaHan cf the Fundamental Rulee of Arithmede tc 
Surd QuentUiet* 

122. On the Addition and Subtraction of Surds. 

RuLB. — Reduce them to their simplest form ; and if the surd 
part be the same in both, then their sum or difieience will be found 
by taking the sum or d^ience pf their coefficicDts. 



EXAMPLB 1- 

Find the sum and difierence of >/ I6a^x apd y/As^z. 

By Art. 120, y/Ua^x=,Aayfx, 

and >/4a'x=2a\/a;; 

.•. the sura=4aVa;+2aVa?=(4a4-2a)X >/ar=6a>/a:. 

the difiererice=4a>/a?-*2a^^«=(4a — 2a)x v'«=2aV«« 

Ex. 2. 

Find the sum and difference of ^192 and {^24. 

By Art. 120 ^ 192= {/ 64x3=4^3, 

and ;/24=:y8x3=2^3; 

.-. Vl92d=^24=(4=fc2)y3=6i^3or2-y3. 

Ex. 3. 

Find the sum and difference of a /— and a /^. 

8 1 

The two fractions ^ and - , reduced to a common denominator, 

48 . 27 



TVT /48 /16X8 4 /8 

^°* V i68=V iT7a=»V 2' 

/27 /9X3 8 /3 

''''"' V i62=V 8r72=9V 2* 

Hence Y/^±\/J=(5±|)\/|=i\/|. or i^|.> 

If the surd part be not the same in the quantities to be added or 
subtracted from each other, it is evident that such addition or sub- 
traction can only be performed by placing the sign + or — be- 
tween them. I 

Ex. 4. Add x/27a^a; and >/3a^a? together. Aivswer, Aa*^/Sx* 
Ex. 5. Add >/128 and V72 together. ..... 14%/2. 

Ex. 6. Add yi35 and ^40 together. 6^6. 

/ 5 /3 ■ ■ 7 

Ex. 7. Subtract 3^ /gy from 4a /-. 15^^^* 

Ex. 8. Subtract yi08 from 9^4. 6^4. 

N2 
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123. On the MvUiplicaHon and Dtvidon of Surds. 

RuLl!.*— Reduce them, if necessary, to equivalent ones ^th the 
same index, and then multiply or divide both the rational and I 
irrational parts respectively. 

Multiply y/a by ^b^ or or by 6*. ' 

Tbe fractions i uM i» reduced to oommon denominators, are 

♦ and f ; . 

... a*=a*= ^d" ; and ft*=ft*=; ^h". 
Hence >/flX ^h^i/a?X yA»=4^«'6*. 

Ex.2. 

MultiplySVSby 3>/8. 

5v/6x8v'8=15^/40=±i5VJxia==16x2X ^^10=80v^l0. 

Ex. 3. 
Multiply 2v^3 by 3^4. 

By reduction, 2>/3=2x 3*=2x y3»t=2^2T, 

and 3y4=8X4^=3x V4«=3yi6. 
Hence 2y8x3{/ 4=2^27X8^16=6^482. 

E3C. 4. 
Divide 2 -^ 6* by 8 yfae^ 

* 2^ftc=2X (ft<?)*=2^J«c«, 
and 3y/'ac=Zx{ac)^:==B^t^c^; 
. ?:?^^?y •/^-? «/^ 

Ex.5. 
»Vlde 10^108 by 6^4. 

10-^16&=10y27x 4=10X3X^4=80^4; 
10^108_30^4 

Or thus: ^-^^^^=2^27=2x8=6. 
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Ex. 6. Multiply ^16 by -/lO. Answer, ^^ 225000. 

Ex. 7. Multiply i V6 by |yi8. V4. 

2 3 



Ex. 8. Diride 10>/27 by 2</3. 16. 

I 



Ex* 0. Divide 10{^108 by 5^84. =^441. 



124. On the LwduHan and EooltaUm ^ tSurit. 

Rule. — Raise the rational part to the power or root requiredi 
and then multiply the fractional index of the surd part by the index 
of that power or root. 

Ex. 1. The square of ^a^a^^^=ia^= y a* 
Ex.2. Thecubeof^6»==5*^®=6J=:-y&«=fty6. 

Ex. 3. The fourth power of 24^2=16X2^^ *=16x2*=; 
ley 16=32^2. 

Ex. 4. The scjuaie roet of aH*=a*^ *6*^ *=a*6*. 
Ex. 5. The cube root of l>/2=ix 2*^ *=ix 2*=^^ 2. 

1 3 

Ex. 6. Cube jr\^3. Answer, r\/3. 

« o 

Ex.7. Find the fourth power of we. ..... — . 

O oil 

Ex.8. Find the square root Of O^V 3. 3^3. 

16 2 

Ex. 9. Find the fourth root of -- ^a*. -^a. 

ol o 

Ex. 10. Find the fifth root of —(-V* ^ . 

125. From the preceding Rides we easily deduce the method 
of converting fractions whose denominators are surd quantities 
uito others whose denominators shall be rational. Thus, let both 

the numerator and denominator of the fraction -y- be multiplied 
hy y/Xj and it becomes ; and by multiplying the numerator 
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and denominator of the fraction ' by ^{a+x)\ or (a+ar)% 

it becomes ,,? . v3 = 1" • 0'> '» general, if both the 

^ yCL -J- 3? ) (L -J" X 

numerator and denominator of a fraction of the form -—" ^ ^'^' 

tiplied by "^il^^^ it becomes — , a fraction whose denomina- 

tor is a rational quantity. 

XXXIX. 

On the Method of finding Multipliers which shall render 
Binomial Surd QuanHHes Batianai* 

126. Compound surd quantities are such as consist of two or 
^lpl^ terms, some or all of which are irrational ; and if a quantity 
.^ be this kind consist only of two terms, it is called a binomial surd. 
The rule for finding a multiplier which shall render a binomial 
surd quantity rational, is derived from observing the quotient 
which arises from the actual division of the numerators of the fol- 
lowing fractions by the denominators. Thus, 

I. ^^^^ = «^*+«"^y+«*-*y"+&c +y"-* to ft terms, 

X — y 

whether n be ev«i or odd. . 

II. ^^=«"-'— a^y+ai*-y— dec —fT' to n terms, 

when n is an even number. 
III. ?^!±3C=a^i--<ir^y+a:»^ to n terms, 

when n is an odd number. ^'^ 

ays+y*; Ac. 
xi »> x* V* 

, in- '^,=^-' ^7="-*^+^' ^=«^-«'y+-V 
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127. Now let «'^t=a, f^h^ then «=ya, y^iz^h^ and these 

fractions severally become --^, - — -rrr> ^^'^ ir, — nrz'i 

and by the application of the foregoing Rules we have a:*^'=y a*~' ; 
a^^ya*-*^ ar^=x*;/ar*, Aco.; also, ^::?:^?ft»; 3^=»y^, &c.; 
hence, a:"-*y=: Va*-«x V^s=: (^a*^; a!»^^c=yo"-»X Vft^ = 
Va^^ft*, &c. By subslStutiog these values of «^S af*^y, af-*^, 
dec. in the several quotient, we have 

a— fr 

-T = ya*-'+ya»-«6+ya'^6'+&c.... + yft»-' ton 

terms, where n may he any whole number whatever; and 

terms, where the terms b and ^6*^* have the sign + when n is 
an odd number, and the sign — when n is an even number. 

126. Since the divisor multiplied by the quotient gives the divi« 
dend, it appears from the foregoing operations that ** if a binomial 
surd of the form ya—!yb be multiplied by yar^+;/ar^+ 
»/a*^fc'+&c + Vft*~S (a being any whole number what- 
ever,) the product will be a— *ft, a rational quantity ; and if a 
binomial surd of the form ya+yft be multiplied by ^a"^^ — 

Va'^ft+ya'^^— &c dbyft"-*, the product will be a+& 

or a — 6, according as the index n is an odd or an even number.** 
The great use of this rule is, " to convert fractions having surd 
denominators into others which shall have rational ones,** c( which 
the following are examples. 

EXAXPLC 1. f 

Reduce and -tt^ rs. to fractions having mtiona) 

denominators. 

Since ** the sum into the diiS^nce of two quantities gives the 
difierence of their squares," it is evident that these fractions may 
be reduced to others having rational denominators, by multiplying 
their numerators and denominators by a-f V» and ^S — ^^ 
respectively, without the formal applioatkm of the rule. Thus 
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and (a — >/a?) (a+ ^x)=a* — x. 

ax-Yx-J X 
By which means the fraction is reduced to - 



Again, V6(^/8— >/3)=V48— V18=(Art. 12a) 4^8—3^2, 
and (>/8+ V3)<>/8— >/8)=8— 3=6;. 

4>/3 — 8^2 

and the fraction is reduced to = . i 

o 

Ex.2. 
2 

^^^^'^ sT^ — aTH ^ ^ fraction with a rational denominator. 

V 3—^2 

To find the multiplier which shall make' y 8 — ^2 rational, we 
have 11=8, a=3, 6=2; .% ya-^+ya-^ft+yfr^* «={/9+ 
;^6+^4. 

Now2("^9+(/6+^4)=2y9+2»^6+2y4, 
and ( V8— y 2) ( y 9+ ^ 6+ ^4)=(a—6)= 8—2=1 ; 
.*. the denominator is 1, and the fraction is reduced to 2 v^9'f 
2;^6+2y4. 

Ex.3. 

Reduce -r- rr to a fraction with a rational denominator. 

i/x-^i/y 

Here fi=3, a^x^ ^=y> the sign of yft is +, and n an odd 

number; .«. the multiplier is yo"~* — 5^o"^6+y6'^*^^a:* — 

\^^y+ v'y*' Hence the fraction required is 

i0 Ex. 4. 

3 

Reduce ^■■. , . . to a fraction with a rational denominator. 

V o-f-ytj 

Here n=4, a=6, 6=3, the sign of "i/h is ~, and n an even 
number; .s the multiplier is ya"-*— ya"-*6+ya**-^6^— y6^' 



(*) The number of terms of the general series to be taken is always equal 
to n ; in the present instance, therefore, tbe number to be taken is 3; and so 
in all other caaes, reoollectiof that the last term is always ^ 6*^-1, 
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= ^126 — y 75+^45 — ^27. Hence the fraction required is 
. 8 w4^125-4/75+^45-^27v_3 
VyS+ya; V^125-;^76+^y 45- y~27;"^2^^ ^^^^^^**^ 
y45_y27). 

XL. 

On <A6 Method of extracting the Square Ro<a of Binomial Surds* 

129. Let V« and ^y be two quadratic surds, which are not 
reducible to the same irrational part; their product will bej'rra> 

tional. For, if y/xX >/^=m, v^^ss-j- =- >/y ; that is> >/« is 

vy y 

reducible to the irrational part >/y, contrary to the supposition. 

180. Next, let '^x+'^yhea binomial, both whose terms are 
quadratic surds, not reducible to the same irrational part. If this 
binomial be squared, the result is x+y-\-2'^xy, a quantity of 
which one part is rational and the other (Art. 129) irrational. 
Let «+y=a and 2^xy=>/b, then it appears that every bine* 
mial surd whose square root can be exhibited under the form 
^x+ y/y must be of the form a^ >/h; a being a rational quan« 
tity and ^h tx quadratic surd. The same will evidently be true 
if one of the terms, as y/x^he supposed rational. 

181. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. For, if possible, let %/x= 

aiV^i then ar=a'4-ft±:2aVft, and 7 6= — ^, a rational 

quantity. But by the supposition v^fr is a surd ; hence ^^x can- 
not be expressed under the form a±y/h* In the same* manner 
it may be proved that the square root of a rational quantity ean« 
not be equal to the sum or difference of two quadratic surds not 
reducible to the same irrational part. For, if possible, let ^x=i 

y/adz^/b^ then x=a+bzt.2>/ab, and y/ab^ — --- — , which 

is impossible, by Art. 129. 

132. In any equation, x+ 'yy=za+ y/b^ consisting of rational 
quantities and quadratic surds, the rational parts on each side are 
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equal, and also the irrationd* For if x^be not equal to a,, let 
x:=zadzfn ; then adzm+ y/y^a^ >/i, or =t3a+ v/y=: V^ i« e. 
Vft is partly yatiooaA and partly irrational, whichr has already 
been proved to be impossible. In a similar manner it may be 
shown that in any equation, m^x+ny/y^^p^x+qy/y^ where 
^x and y/y cannot be redueed to the same irrational part, 
m'^x^py/x^ and fiVy=^qVy» For if g be not equal to n, by 
transposition m^x=p^x+q,y/y — n>/y =P>/«+(3t— n)^^y» ' 
contrary to Art. 131. ••• qy/y^^n-J y^ and consequently mV^ 

S=:p^X. 

133. To find the square root of the binomial quadratic surd 

o+V^- Assume ^x+ ^y^ '/a+ >/6, then a?+y+S>/«2r~ 
a+^b; .: (by ArLlS2) x+ys=a^and2i/xy^^hi 
heQce^+2xy'\-f=a*(A) 
and Axy =h (B) . 
Subtract (B) from (A), thea a:*— Sa:^ .+^=a»-^, 

and X — y= >/a'— ^;. 
we hare, therefore, 
af+y=:a ) 2ar=tt+ ^/a' — i, and ar=ia+i>/a'— 5. 

a? — y= v^a* — bS * 2y=a-— v^a'— 6, and 3f=ia — JV^i' — ft. 

Hence >/«+\/3f=>^i«+ii/o'— ft+v^ia — i>/^^, an ex- 
pression which can^ evidently be of the form V^+y/yf oply when 
-/a' — ft is a rational quantity. The squaie root of As binoniial 
surd quantity a+y/b can therefore be exhibited under the form 
^x+y/y only when a* — ft is a square number. By a similar 
process it might be shown that, the square root of a^-^b ia 

'/io+i^/a* — ft — vJa~iV^^^> subject to the same Iimit»« 
tkm. 

EXAKPLIS 1. 

What is the square root of ld+8V3t 
^^ft=8%^'- a'— ^=361— 192==169, and ^/?=ft=13 



Hence Via+Wo'— ft+^i«— i/«'— *= V V'^T'*' 

Rnd the square root of 12 — ^140. ' i 

Hence Vio+iy5^^—^ia— *-/««'—*= 76+1— -/e—l 

Fiod the sq«ar6,nKit of 31+127-5. 
HeieasSl ^ 

x/&— ISV^ > .-.a*— fc=961-f 720=1661, and x/a»^&=41. 
or6=— 720 S 

Hence y^ia+is/¥^b+ ^^4a— ix/?=S=y^^+^+ 



731 41 



6+^ — 5. 

Ex. 4* Find the square root of 7+4>/8. Answsr, 2+ x'3, 

Ex. 5 7— 2V10 v/5-"V2. 

Ex. 6 18-10-/=7 6— 7=7". 

O 
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CHAPTER IX. 

ON MISCELLANEOUS SUBJECTS. 

Wb now proceed to apply the principles laid down in the pre- 
ceding chapters to the investigation of questions of a misoellaneous 
nature, he^nning with some observations upon prime numbers 
and their several relations. 

XLI. 

On Prime Numbers and their Relations,' and tm the Method cf 
finding the leatt Common MuUiple rf two or more Numbers* 

134. Numbers which admit of no exact divisor or which have 
no measure (Art. 40) except themselves and unity, are called 
prime numbers^ as 2, 3, 5, 7, &c. ; and two or more numbers 
which have no common divisor, or measure, greater than unity, 
are said to be prime to each other as 8 and 9; 11, 14, and 
15 ; &;c. 

135. " Let aft, the product of any two numbers, be divisible by 
c; then, if c be prime to 6, it will be a divisor of a." For 
suppose ft to be greater than c ; then, if the operation in Art. 45 
be performed on them, the last divisor, or greatest common mea- 
sure, will be unity, because ft and c are prime to each other. Let 
the operation stand as follows : 

c)b (p 



cp 

7)c {q 
dq 

7)d{r 



er 



Then we have these equations : 
ft — cp'=d'^ Cab — a^:=ad 
c — dq=zeV or \ac — adq=:ae 
d — er=l) • iad — aer^a. 



_1 J 
Consequently, s'nce c, by supposition, measures aft, it will 
measure aft — acp^ or adi and ac — adq^ or ae; and ad — aer^ 
or a. (Arf . 43, 44.) 
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If 6 be supposed greater than b^ we shall, by a simikr process, 
arrive at the same conclusion, which will be equally true, what- 
ever be the number of divisions in the operation. 

136. Hence it follows, that if the numerator and denominator 
of a fraction be prime to each other, there can exist no other equal 
fraction having its numerator and denominator respectively less 
than those of the first. 

In the fraction ? , let a be prime to &, and let — be an equal 

fraction. Then, since i^—, ms^-r-* Consequently, b will be 
on o 

a divisor of an ; and since, by supposition, it is prime to a, it 

must (Art. 135) be a divisor of n, and therefore less than n. In 

the same manner it may be proved that a is less than m, and the 

fraction ^ is therefore in its least possible terms. 
Again, since 6 is a divisor of n, let T=p ; then n^pb^ and 

consequently, since ^=x= "" > ** will =pa ; that i», " if two 
po n 

fractions, of which the former is in its least terms, be equal, the 

numerator and denominator of the latter will be equimultiples of 

the numerator and denominator of the former, respectively." 

137. If a and b are both prime to c, ab will be prime to r. 
For if not, suppose ab and c to have a common measure m, aud 
let ab=mp^ and c=mq. Then, since a is prime to c, or mq, it 
is prime to m; for if a and m had a common measure, this would 
(Art. 43) be a common measure of a and mq. For the same 

reason, b is prime to m. But, since a&=flip, — ==t> an<^ — (A^rt. 

136) is in its lowest terms; therefore b is either equal to m, or 
(Art. 136) a multiple of m, which is absurd, because b has been 
proved to be prime to m ; .•. ab and c can have no common mea- 
sure, and consequently ab must be prime to c. In the same way, 
if a, b, c are all prime to i^ abc is prime to rf, and so on. Hence, 
if a be prime to d^ a\ a*, a\ &c. will all be prime to d. 
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Again, if a, b^ c, &c. are each of them prime to each ofef, f,/, 
i&<%, aftc &c will be prime to def^. For, since a, ft, c, &c. are 
prime to d^ ahc &C. will be prime to df. For the same reason, 
abe &c« is prifne to e,/, &c«i and consequently to def 6cc» Hence, 
if a be prime to d^ a* will be prime to cl*, a* to <f, and so on. 

138. A common multiple of two or more numbers is any num- 
ber which is measured by each of them ,* and their least common 
mulHple is the least number which is so measured. 

Let e be the greatest common measure of a and h, and let 

a=:ine, bs=ne. Then ah=mn^y and — =imnib^Tiat=imb; theie- 

c 

fore — is a common multiple of a and b. It is also their leasi 

common multiple ; for let d be any other common multiple of d 

o d m 
and ft, and let d^pa=qb ; then 1=^=— , where m is in its least 
•^ •* p b n 

terms, because {c being the greatest common measure of a and 
ft) m and n are prime to each other ; therefore q and p are equi- 
multiples (Art. 136) of m and n respectively, and q is greater than 

m ; hence qb is greater than mft, or d greater than — . Hence, 

c 

" the least common multiple of two numbers is equal to their 

product divided by their greiiitest common measure." It may be 

further observed, that ^* every other common multiple of a and ft 

IS a multiple of their least common multiple ;" for since g is a 

multiple of lit, ^ft or (I is a multiple of mft or — . 

To find the least common multiple o£ three numbers, ^a, ft, c ; 
let m be the least common multiple of a and ft, and h the least 
common multiple of m and c ; then ft will be the least common 
multiple required." For since m is a common multiple of a and 
ft, and fi a common L^ultiple of m and c, n will obviously be a 
common multiple of a, ft, c. It will also be their least common 
multiple; for let d be any other multiple of a, ft, c, then J will be 
a multiple of m, as has just been shown ; and since it is also a 
multiple of r, it will be a multiple of n, and therefore must be 
greater than it ; hence n is the hast common multiple of a, ft, c» 
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XLir. 

ProperHes of Number $• 

Idb. Let a, 5, c, (f, dsc. represent the digits of a number, a 
being the digit in the units' place, h the digit in the tens' place, e 
the digit in the hundreds' place, &C &C, and let r=10; then 
the general value of any number may be represented by a'\-hr'\- 
cr*+iir»+&c.; thus, 357=7+50+300=7 + 5x 10+3X 10«; 
and 4213=3+ 1 X 10+2 X10'-|-4X 10*; &c. &c. From this 
mode of representing a number, the following properties are very 
readily deduced. 

I. ** If from any number the sum of the digits be subtracted, 
the remainder is divisible by 9." 

For let a + &r + cr* + cf r* + &c. = the number. 
Subtract a + & +c +rf +&c. 

Then we have 6(r— l)+c(r'— 1+^(1^— l)+&c. for the value 
of the number when its digits are subtracted from it ; but, by Art. 
12f6, this quantity is divisible by r — 1, or 9. Take, for instance, 
the number 37591, subtract the sum of its digits, and the remainder 
is 37566=9X4174. 

II. " If the sum of the digits of any number be divisible by 9, 
the number itself is divisible by 9." For let the number be JY, 
and the sum of its digits 5, and let 5= 9m. Then, (by Property 
J.) N—S is divisible by 9 ; let N-^S=9p, and we have N — 9m 
= 9p; .•. JY=9p+9»i=9(p+fli), which is divisible by 9; con- 
sequently N is divisible by 9. Thus the numbers 171, 387, 
51489, &c., the sum of whose digits is divisible by 9, are them- 
selves divisible by 9. 

. III. " If the sum of the digits of any number be divisible by 3, 
then the number itself is divisible by 3." Let N and S represent 
the number and sum of its digitsyas before, and let S=Sm. Now 
iV— iS=9p, .-. JY— 3wi=9p, or iV=9p+3OT, which is evidently 
divisible by 3. Thus the numbers 111, 123, 258, 1713, &c*, 
are all divisible by 3« 

02 
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IV. " If from any number the sum of the digits standing in the 
odd places be subtracted, and to it the sum of the digits standing 
in the even places be added, then the result is divisible by 11." 
For let the number be a+6r-f cr*+dr'+cf*+&c 

Add— a+5— <j +d — < +&C. 

The result is *(r+l)4c(r«— l)+rf(r»+l)+c(r*— l)+&c.; but, 
by Art. 126, the quantities r+l, r*— 1, r'+l, r<— 1, &c. are all 
divisible by r+1; ... ft(r+l)+c(r»— l)+d(r'+l)+e(r*— 1)+ 
&c. is divisible by r+1, or 11. Take, for instance, the number 
67937; subtract 6+9+7=21, and add 7+3=10, or, m other 
words, subtract 11, then the remainder 67026=11 X 6266. 

V. *' If the sum of the digits standing in the even places be 
equal to the sum of the digits standing in the odd places, then the 
number is divisible by 11." Let iV=tthe number, £^=the sum 
of the even digits, »=the sum of the odd digits ; then (IV.) N+ 
S--^ is divisible by 11; but if 5=*, then S—9=0; .% N is 
divisible by 11. Thus the numbers 121, 363^ 12133, 48422^ 
&c. are all divisible by 11. 

The number r (which is called the root of the scale) has here 
been supposed =10, that being its value in the common system 
of notation ; but the above properties of numbers are true for any 
other system. For instance, if the system of notation be such 
that the value of the digits increase only in a sixfold instead of a 
Enfold proportion from the right to the left, then (since r=6, and 
consequently r — 1=6, r+l=7) what has just been proved with 
respect to the numbers 9 and 11, is equally true with respect to 
the numbers 6 and 7, in the system the root of whose scale is 6. 

140. Suppose, now, that it was required to transform a number 
of the common arithmetical scale into another of the same value, 
where the root of the scale shall be r. Let the given number be 
JV, and let the digits of the number where the root of the scale is 
r, be a, 6, c, d, &c. ; then we have Ns=a+br+ct*+df*+6cc.y 
an equation in which N and r are given, to find the values of a, 
ft, c, d, &C. Divide N by r, then the quotient is ft + cr + c^+ &c. 
and the remainder a; divide ft+cr+Jr^+^c. by r, the quotient 
is c-\-dr-\'&Ai. and the remainder ft; divide c+i2r+dcc. by r, 
the quotient is d+6cc. and the remainder c; so that the rule is. 
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<* to divide the given number oontinually by r till the last quotient 
is less than r ; then this last quotient, together with the several 
xemainders taken in the reverse order, will be digits of the 
number required." For instance, let it be required to convert the 
number 3714 into another number of the same value, wherein the 
value of each digit shall increase in a fourfold proportion from the 
right hand to the Icifl. Here r=4; and the operation will stand 
thus: 

4)3714 

4)928 [2= 1st remamder 

4)2S2 [0=2d do. 

4")58 [0=3d do. 

4)14 [2=4th do. 
^ [2=5th do. 

Hence 322002, where the value of each digit increases in • 
fourfold proportion, is a number of the same value with 3714 
where the value of each digit increases in a tenfold proportion. 

141. The foregoing properties of numbers have been deduced 
from the manner in which they are represented by means of the 
sieries a+6r+cr*+cfr'+&c. But numbers may also be con- 
sidered as arising from the continued muUipRcation of certain 
factors. The most general form under which numbers may !« 
thus represented is a^Jf^tf^ &c., where a, ft, c, rf, &c. are prime 
numbers, and n, f», r, «, &c. any whole numbers whatever. One 
of the simplest cases of this kind is when the number comes cruder 
the form tC*h ; and under this form we are enabled to investigate 
the expression for what is called a perfect number, i e. a number 
which is equal to the sum of all its divisors. 

The process is this. The divisors of a"6 are 1, a, a*, a% 
iScc. . . .a**, and J, oft, o'ft, a'ft, &c. . ••a'*~^h ; hence, by the sup- 
position, 

<i"6=:l+a+o*.ha'+&c. . . .+o*+6+a6+o2ft+&c. . . .-f o"-'6 

^ a»»+> — 1 orb — h 
=(byArt,110)-^-j-+^-^; 
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or a''+'6— 2o"ft+&=xa"+»— 1 ; 

•'• ""a"+»— 2o«4-l' 
but since 6 is a whole number, suppose a*+* — ^2o*+l equal to 
unity, and consequently a"+' — ^2a"=0, or a-7-2=0, or a==2; 
hence 6=2"+* — 1 ; and the expression a^b becomes 2"(2"t* — 1), 
where 2"t » — i must be a pime number. Let »=1, 2, 3, 4, 5, 6, 
&c.; then 2"+>— 1=3, 7, 15, 31, 63, 127, 255, :&c, of which 
the prime numbers are 3, 7, 31, 127, &c., and the corresponding 
Values of n are 1, 2, 4, 6, &c. Hence a system of perfect num- 
bers may be generated in the following manner : 

2§'ll)=lx? =28 } and proceeding in this manner, 
2X2^-1 =16X31 =496 Mhenex^^^^^ 
2«^2^-l=64X 127=8128) ^ 83550336. 
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Permutations and Comhinaiions* 

142. By Permutations are meant the number o£ changes which 
any quantities a, 6, c, cf, &c. may undergo with respect to their 
order, when taken two and two together, three and three, &c. &c. 
Thus a6, ac^ adj ha, be, bd, ca, cb, cd, da, db, dc, are the dif- 
ferent permutations of the four quantities a, b, c, d, when taken 
two 9nd two together ; abc, acb, bac, bca, cab, eba, of the three 
quantities a,b,c, when taken three and three together; &c. &c 

. 143. By Combinations are meant the number of collections 
which may be formed out of the quantities o, b, c, d, e, &c. taken 
two and two together, three and three together, &c. &c. without 
having regard to the order in which the quantities are arranged in 
each collection. Thus ab, ac, ad, be, bd, cd, are the combina- 
tions which can be formed out of the four quantities a, b, c, d, 
taken two and two together ; abc, abd, acd, bed, the combinations 
which may be formed out of the same quantities, .when taken 
tiiree and three together ; &c. &c. 
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144. Let there be n quantities, a, &, c, i2, e, &c.» taken two and 
two together;, then, by Art. 142, it appears that there will be 
II — 1 permutations in which a stands first ; for the same reason 
there will be n — 1 permutations in which h stands first ; and so 
of c, dy e, &c. Hence there will be n times n — 1 permutations 
of the form ab^ acj ad^ ae, &c. ; ba^ hcy bd^ be^ &c. ; ea, c&, cd^ 
eej &c. ; i. e. " the number of permutations of n things taken two 
and two is n (n — 1).'* 

145. If these n quantities be taken three and three tc^ther, 
then there will be n (» — 1) (n — 2) permutations. For if n-^l be 
substituted for n in the last article, then the number of permuta- 
tions of n — 1 things taken two and two together will be (n — 1) 
(fi — ;2) ; hence the number of permutations of 5, c, d, e, &c., 
taken two and two together, are (n — l)(n — 2), and consequently 
there are (ti — 1) (n — ^2} permutations of the quantities a, by c, df, e, 
&c. taken three and three together, in which a may stand first ; 
for the same reason there are (n— 1) (n — ^2) permutations in which 
b may stand first i and so of c, d, e, &c. The number of per- 
mutations of this kind will therefore amount to n(n — 1) (« — 2). 

146. In /the same way it appears that if the liumber of qaahti- 
ties be 9i, and they are taken m and m together, the number of 

permutations will be n(fi— 1) (n — ^2) &c (n^— fii+ 1) ; and if 

in=n, i. e. if the permutations respect all the quantities at once, 
then (since n — m=0) the number of them will be n(» — 1) (» — 2) 
&c. ....2.1. Thus, the number of permutations which might 
be formed from the letters composing the word vibtus are 
6X5X4X3X2X1=720. 

147. But if, in this latter case, the mme letter should occur 
any number of times, then it is evident that we must divide th^ 
whole number of permutations by the number of times the per- 
mutations are multiplied by having dij^erent letters instead of thd 
repetition of the same letter. Thus, if the same letter should 
occur twice, then we must divide by 2x1; if it should occur 
thrice, we must divide by 3x2x1; if p times, by 1.2.3.... j>, 
and so for any other letter which may occur more than once 
Hence the general expression for the number of permutations of 
n things, of which there are p of one kind, r of another, ^ o^ 
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t. . • . n(»— l){ii— 2)(ii— 3).'..2.1 »,, 

another. &c. &c., .s i,,,lJ;^,2.i:.rXl.2.Z..., ' ^'''' 
the permutations which may be formed by the letters compos- 
ing the word easiness (since s oocars thrice and e twice) are 
8.7.6.5,4.3.2,1^ 
1.2.3X1.2 

148. From the expression (in Art. 146) for finding the number 
of permutations of n things taken m and m together, we imme- 
diately deduce the theorem for finding the number of comhincaions 
of n things taken in the same manner. For the permutations of 
n things taken two and two together being n(n — 1), and each 
combination admitting of as many permutations as may be made 
by two things, (which is 2x 1,) the number of combinations mxtst 
be equal to the number of permutations divided by 2 ; i. e« the 
number of combinations of n things taken two and two together is 

-^-^ — •• For the same reason, the combinations of n thinga 

taken three and three tc^ther must be equal to -^ — — ~r ; 

and in general, the combinations of n things taken m and m to- 

■ , .u 1* K** — !)('* — 2)....(n — m+l) 

gether must be equal to -^^ ^ ^ , ^ / ^^ •' • 

^ ^ 1.2.3. ...OT 



XLIV. 

Urdindted Problems^ 

149. It has already been observed (Art. 69) that in order to 
obtain the solution of equations containing any number of un- 
known quantities, it is necessary that there should be as many 
equations as there are unknown quantities. If the number of 
equations be less than that of the unknown quantities, then the 
number of values of the unknown quantities will be uhlimitedy 
unless the problem be limited by circumstances. This will be 
readily understood by taking the simple case of x+y=zlO^ where 
•t is evident that the values of a? and y may vary through all 
degrees of fractional and integral magnitude between and 10; 
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for if a?=i, then 3f=0i; if a?=l, then y=9; if x:=H, then 
^=8.}» &o. &c. ; but if the hypothesis be limited to the integral 
and positive values of x and y, then the number of answers is 
limited to nine, for if «=!, 2, 3, 4, 5, 6, 7, 8, or 9, then the cor- 
responding values of y are 9, 8, 7, 6, 5, 4, 3, 2, or 1. 

150. Suppose now it was required to find all the integral and 
positive values of x and y in the equation 2x+Syz=zl7. Here 

«= — 2 — =8+i — y— 1=8— y— ^^ ; ^^ since x and y are 
whole numbersi it is evident that ^-— - must be also a whole 

number. Let ^-—=p; then y=2jp+l, and «= (8 — y— p=) 

8 — 2p — 1 — y==7 — 3p. To make x a positive number, p cannot 
be taken greater than 2; let p=0, 1, or 2, then ar=7, 4, or 1, 
and the corresponding values of y (=2p-|-l) are 1, 3, and 5; so 
that the number of positive and integral values of x ajid y are 
limited to three. 

151. Next, let it be required to find the same in the equation 

,. e .. TT 14ar— 7 7(2ar— 1) 

lAx — 5y=7. Here y= — r — =-^— r — • ; and smce 5 is not 

2x 1 

a divisor of 7, — =— must be a whole number (Art. 135.) Let 

^~ =l>, then 2a?=5j>+l, and ar=i2p+^i- ; let ^—-=5^, 
then p=^2q — 1. Hence xr= (2/>+gr=) 4^ — 2+^=5^ — 2> and 



Let 5^=1, 2, 3, 4, 5, &c. 
then a:==3, 8, 13, 18, 23, &c. 
y=7, 21, 35, 49, 63, &c. 
In this case the positive and integral values of x and y are un- 
limited. 

By attending to the several parts of the process in the two last 
Articles, the solution of the following questions will be readily 
understood. 



QUVSTION I* 

la how many ways may the sum of 51* be paid in erowns aad 

8even*shiIlirig-pieoes ? 

Let a?=the number of seven-i^hlliing-piecesy y=the number of 

. •, » ,^^ 100 — 7« ^^ 2x , . 

crowns; then 7a:+5y=100; y= — -r — =20 — a? — ^, (where 

X must be divisible by 5.) Let ^=P9 then s^^Qp^ and 3^2= 

2x 

(2p — X — —=) 20 — 5p — 2p=20 — 7pf (where p must evidently 

be less than 3.) Let p=l or 2, then ar=6 or 10, and y=13 br 
6, so that a payment of this sort can only be e^ted in two ways. 

Question 2. 

What is the least number of pieces in whjch a bill of IL can 

be paid in half-guineas and seven«shilling-pieoes ? 

Let ;r=Dumber of half-gumeasi y=number of seven-shilling- 

40 — 3x 
pieces; then 21ar+14y=280, or 3ar +2^=40, and 3f== — 5— 

X X 

=20 — ^-^Si (where x must be divisible by 2.) Let Q=Pi then 

40....^ 
arc=2p, and y=: — --:=-=20r— 3p, (where j94Qust be less than 7.) 

Letjp=l, 2, 3, 4, 6, or 6 ; 

then 07=2, 4, 6, 8, 10, or 12, 

and y=17, 14, 11, 8, 5, or 2. 

So that the number of ways in which this payment may be 

made is 6 ; and the least number of pieces is 14, the greatest 19. 

QUSSTIOIY 3. 

A person owes me seven shillings; he hasr no other money 
about him but half.guineas, and I no other but crown-pieoes ; 
what is the least number of pieces by which this debt may be 
settled? 

Let :^= number of half-guineas, ysmomber of crowns, then 

21ar— 14 ^ , . x—4: 
-^—=2.-1 + — • 



r=p, then «=10p+4, a*!8 y= (20p+8—l +!>==) 21p+7, 
(where p mny be 0, or any whole number whatever*) 
Letp=0, 1, 2, 3, 4, &c. 
then 0^=4, 14, 24, 34, 44, &c. 
y=7, 28, 49, 70, 91, &c. 
* So that the least number of pieces is 11, viz. 4 half-guineas 
and 7 crowns ; but the number of ways in which the payment 
may be effected is unlimited. 

Ql7E8TION 4. 

Il is required to fiqd the least number which, when divided by 
19, shall leave the remainder 7, and wben divided by 2d, the 
remainder 13. 

Let a; and j^ be the quotients arising respectively from such 
division; then 19ar+7=28y+13, and x=??fi?=y+^i? 

^i+ rt > (where 3y+2 must be divisible by 19.) Let 
ly 

??±^=^p, then y=^i^=?=6|i+^; put ^=y, then 

pz=^-\-2 ; and as it is required to find tho leasi number which 
win answer the conditions required, let 5= 0, then |>=2, y—6p 

(for ^^=0) =12, ar=H?|il?==18, in which case 19x^-7 and 

28y+13 are each equal to 349, which is the number required. 

Question 5. 

What is the least whole number which, when divided by 6, 6, 
7 respectively, shall leave remainders 1, 2, 3? 

Let Xfffyzhe the quotieAts arising from these divisions ; then 

6ar+l=6y+2=:7« + 3. Now «=??±i=y+?^j let ^-^ 

=:j>, then y=52)— 1, and Sy+^^SOp — 4=:7«+3; hence «= 

^^7' =4p — 1 +-^, (where p must be divisible by 7.) Let ? 

=f,thenp=7^, and «= (4j>— 1+—=) 28(f— l,+2^=:a0f— -1. 



170 DIOPHAimNB FBOBtBlU. 

Let^tsl, 2j #8, &C. 
th^n 2^=29, 59, 89, &;c. 
and 7«+3=206, 416, 626, &c. 
So that the least number which will answer the condidoos 
required is 206. 

XLV. 

Diophantine Problems. 
152. These are a species of unliniited problems, principally 
respecting square and cube numbers. No general rules can be 
laid down for the solution of them, but the following examples 
may serve to give the learner an insight into their nature and the 
manner of solving them* 

Example 1. 

To find two square numbers whose sum shall also be a square 
number* 

Let a^ and a* represent the two square numbers required ; then 
the values of a:' and a' must be such, that a^+a* may be a square 
number* Now a^+a* is greater than {x — a)", (for {x — 0/= 
a:*+a*— 2^M?i) W^ PV ^^'^^oj^ spsume a:'+o'=(ma:— a)", where 
m is some nMJwber greater than unity; but if 3:*+ a'= (ma: — ay= 
mV— 2maa?+a', then a:'=mV— 2»iaa?, or nfx—x=2ma; .-. x=. 

g ; hence the two numbers required are (-5 — -\ and a', 

where m and a may be any whole numbers whatever ; but that 

g may be an mteger, it is necessary that 2ma be some mul- 
tiple of m' — 1. Let m=2, a=3, then the two numbers are46 
and 9, and their sum 25. Let m=3, 0=5, then the two num- 

225 '^^ ^ 625 . . 

hers are --^ and 25, whose sum — - is also a square number* 

Let fn=d, a=8, then the numbers are 86 and 64, and their- sum 
100; dec. &c. 

Ex. 2. 

To find a number (x) such that x+a and x— a shall both be 
square numbers. 
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Let «+a=jii*, then x — a=ini? — 2d', assume «i* — 2a^(m — a)" 

««^— 2i«a+a*, then — 2o = — 2iiia+a*t or 2ma=iC^-{-2a; 

«+2 - , (i«-|-4a+4 , . a"-|-4a + 4 

.*. jn—-—— , and »i'= ; : henoe a:=iii'-Hi= ; 

40 4 4 

a'+4 
— a= -^ — , where a may be any number whatever; and if it 

be an even number, then x (and consequently x+a and x — a) 
will be a whole number. 

Let a=l, then «=—-—=--; a:+a=-r+l=Ti * — o=-— !=-• 
4 4 4 4 4 4 

44-4 
Let a=2, then ar=~-=2; a:+a=2+2=4; a?— a==0. 
4 

T 4 « *i^ 9+4 18 , 13.0 25 13-1 

Let a=8, then g^fe ^ = ^ ; a:-fa=s---+3a*-r- ; a?— a=-; — 3=-. 
4 4 4 4 4 4 

1 A-L A 

Let a=4, then «= — 7^=6; a:+a=5+4=9; «— a=s6— 4=1. 
4 

&C* &C. &c. &c* 

And this is a general property of square numbers, viz* that 
if we take any number, square it, add 4 to that square, and theli' 
divide the result by 4, it will give such a number, that the sum 
and dififerenoe of it and the original number shallbe square num* 
hers. 

Ex. 3. 

To find three square numbers which shall be in arithmeticai 
progression. 

Let the numbers be or*, y", »', then a:*-f «*=2y'. Put a;=rp-f-^ 
and «=p— ^, then a^-{'S^=2j^^2^=z2y*; .-. p^+^=y, and the 
question resolves itself into the finding of p and q, such that j^+^ 

2fML 

shall be a square number. Let, therefore, (Ex. 1.) p=-i — r 1 

q^a^ then 

2ma . 

aP=p + ^=__+fl; 




1718 aVE^TXpiVB WffsA'mfS TP mUBSKS 

wh^re a and m may be any numbers wh^tf^vejr. Fpr iiD$|^ce^ 
let 0=53, m=2, then a:=7, y=5, «=1, and th^ squf^rp numfeefs 
in arithmetical progression are 49> 25, ,1. Let a=8| fa3=3, then 
d;rrl4, jr=10, s;:^ — 2, ••• the square numberjs id i^thmetical 
progression are 196, 100, 4. 



XLVl. 

7%e 8<^uHm of pco Qtiestions re^fif^ to Numb^s in Geq 

metrical Progression^ j 

153. Let a be t)ie first term, r the common ratio, n the number 
of terms, and S the sum of a geometric series ; then (by Art* 

.110) 8=:^—^; and if a=l, fif=--^- Now let X be the 

sum of the series arising from the sucecessive addition of 1, 2i, 3, 
4, &c. • • . n terms of the geometric series ; then we shall have 

iS«l+r+r»+r*+r*+&c....+r*^'=^^^-, and 

X-l4-(l+r)4<l+r+i^4<l+r4-rM-r»)+&c.^(14-r+r»4-r»+&c...+ 

r— 1 r — 1 r — 1 r — 1 ■ r — 1 

[(r-.i)+(r'-l)+(r»-l)+(i^-.l)+&c.-..+(r--l)] 



«j3j(r+i^f r»+f^+&c....+»^)—— -(1+1+1 +1+&C.,.. to n terms) 



V— iVr— 1 / r— 1' 



r+»- 



cf which the following are examples. 
L Let r=2, then 

S=i + 2+4+8+16 + &c....+2'^'=2»— 1. 
5=l + 3+7+16+31 + &c...+2»— 1=2"+»— (n+2). 
n. Let r= 3, then 

fif=l+3+9+27+81 + &c.... + 8^*=?^\ 
X==l+4+13+40+121 + 6^.... + y=^"""^/»+^) 
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m. Let r=zA, then 

fif=l+4+16+64+256+&c....+4»-*»=^^. 

5=l+5+21+85+341 + &<%...+-^= =^--^-. 

154. Let -+-_+--i— +— J-+— J-+&C. be an rnfi- 

nite scries of fractions whose numerators are in arithmetical and 
denominators in geometrical progression. For finding its sum, 
Sj this series may be resolyed into the following : 

b b b b b 

6 ft ft ft 

55+^+^+*°- -cr(.— 1) 

_j+_+&c =53FhD 

3P+^ "S5(;==r) 

&c. &c. 



'. 1 



(.) For (by Art. 116) f (l+l+^+ » +&c)=?'(^)=^-^. 



P2 



_ ar h r _ ar hr 

of which the following are examples. 

I. Let tt=l, ft:=l, c=l, r=2, then 
2 3 4 6 

H. Let a=l, ft=2, c=3, r=2, then 

III. Let a=2, 5;= 3, c=6, r=:3, then 

c. 2^5\8^11 14 . 6^9 21 
^=6+15t45*^i5§ + 45S+*^^=10+26=20- 



CHAPTER X. 



ON THE BINOMIAL raEORtaMT, AND SUBJECTS CONNECTED 
WITH IT. 

Snt Isaac Newton's theorem for raising a binomial to any 
power was given in Chapter III. The index (n) was there sup- 
posed to be an integral and positive number ; but the great value 
and importance of this theorem are derived from its being equally 
true, whether the index be integral or fractional, positive or nega- 
tive ; for this circumstance enables us not only to obtain the roots, 
as well as powers, of a%ebraic quantitities in a much more easy 
manner than by the cotnmon processes, but to apply the theorem 
itself to many very useful and important investigations in the 
higher brqi^chcs of analysis. 
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TAe General DemoMiratim of this Theorem. 

155. Previously to the iavestigation of this theorem, it wilt he. 
Deoeesary to ascertain the two first term« and the general form of 
the series which expresses the vaUie of (1+aa: +&«'+««' +&c.)*, 
whether n he integral or fractional, poedtiye or negatiye•"^'^ 

I. If ft he ^ pqsUive tDl^U nvmber^ then, hy the ordinary pro» 
oess of involution exhibited in Art. 49, we have 
14- aaj+&c. 
14- aar4-&c.' 

14- aar4-&d. 
4- aa;4-&c» 

14-2ax4-&c« for the square. 
14- aa?4-&c. 

T+2a«+&ci 
4- aa:4-&c. 

1 4- Sox 4- &c. for the c\ih$. 
14- aa;4-&;c. 

&c. &c. 
From which it appears, that in finding the value of 
(14- oar 4- &a^4-&c.)", the two first terms will he l+nox; and 
from the nature of the process it is evident that the powers of x 
will increase regularly. 

11.: If «=-, th^^n/since the mdioes of x in the quantity 1 4-aar 

4-6j5'4-c«*4-&c. are all supposed to he tate^al and podtwe^ it 
is evident that the indices of a; in the series whick expre^s^ the 

(■) Th^ general form of a multinomial quantity in which the powers of x 
regularly ascend is A+Bie}^Csfi+Dx^+SLCi but this is easily reduced 
to a form much more simple, yet equally general, by ditiding the whole by 
^ H C T} H 

A; in which case it becomes 14--j*4--|«'4- -j**4-&c., or (making -!=«. 
CD 
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rth root of this quantity will be iDtegral and positive also ; for 
if any of the indices in the root were fractional or negative, we 
should, in the re-composition of the power from the root, have 
fractional or negative indices also in the power; which is con- 
trary to the supposition. 

With respect to the two first terms of the root, it is manifest 
that the first of them will be unity, and that the second will be 
such a quantity as, in the re-composition of the power from the 
root, will give ax for the second term of the power ; now, by 
Case I., this must be such a quantity as when multiplied by r will 

produce ax^ i. e. it must be -ox. Hence we have 

J- 1 

(l+aa:+fta:»+&c)'=:l+-aa?+&c. 
r 

s^l+nax+^cc. since -=n« 
r 

III. Now let n=—, then 

r 

by involution (Case I.), 

(1 +aa:+ fta:*+ &c.)'"= 1 + maa:+ &c. 
by extracting the rth root, 

m 1 

(1 +ax+ba^+6£C.y={l+max+&ccy 

=l+-(maa?)+&c (by Case 11.) 

=1H — (aa?)+&c. 

=1 +fMur+&c., as in Cases L II. 

IV. If n=: — 9, where 8 is either integral or fractional, then 

= 1 — sax + &c., by actual division. 
== 1 +nax+ &c., as in former cases. 
Hence it appears, that whether n be integral or fracHonalf 
ponHve or negoHve^ the first two terms of the series ezpiessing. 
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die value of (l+ax+ha^+^.y will be l-hnax, $od tkat la iMi 
subsequent tenns the powers of x wiU be integral and positive. 

Now, suppose a=l, ft=0, c=0, &c.; then the multinomial 
quantity l-^-ax+ha^+^ic, is leduced to the binomial l+Xy and 
we are evidently at liberty to assume 

where q^ r, «, <Skc. are quantities whose values are hereafter to b4 
determined. Henoe, also, since (a4-x)''=a"f 1 +-\ , we have 

156. Now let the trinomial quantity {1+x+hy be expanded^ 
first by oonffldering a?+& &a oiK quantity, and secondly by con- 
sidering l+o; as one quantity, and there will arise two series^ 
from the comparison of which the values of 9, r^ «, &;c. may be 
obtained. Thus, 

I.[l+(ar+*)]-===l+»»(iP+A)-f^(a;-|-A)»+r(ar+A)'+*(ar+I)*+&€. 
=l+na:+ga:»+r«*+w?*+&c. +nk-\-2qhx+3rha^ 

+ 4»&ar»-f&c.(il) 
omittiBg the higher powers of A, as unnecessary for our purpose. 

a [<l+«)+Ar=(l+«)"+«(l+a?)"^'A+&c. 

gV+rV+«V+&c.]W 

=;l+iw:+5a^+ra;'+«a?*4-&c.+iiA+ii(»— l)Aar+ 

ji^'Aa:»+iir'Aar»+&c. (5) 

Since the Emeries (A) and (B) arise from the expansion of the 
samp quantity, 1+ar+A, they are evidently eqml; rejecting, 
therefore, the part common to both, we have 
%^x+9rh^+A^ia^+6uu=n(n^l)hx+nqhai^+nt'ha^^ 

(■) In Bsramin; a series for the value of <1 4-«)"^\ the first two terms (by 
Art 155) will be l+(n — 1)^; snd the other coefficients will also be different 
UrDiii those of the series which expresses the yaloQ of (1 +x)\ To prei9nr« 
an uniibrinity of notation, we have made them ^4 r', $\ ^G, 
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and equating the coefficients/'^ we hare 
2^==n(fi-l),org=^5(!!zi>; 

and by parity of reason, q =^ ^ — -^ 



2 

andr'J"-^^nn-2)(»-3) 

«(ri-l)(«-2)(ii-3) ,,, n(n-l')(»-2)(»>-3) 

(»-l)(»-8)(»-8)(»-4) 
"^'- 2.8.4 

- By substituting the values of p, q, r,&c., thus found, we have 

(*) This process of equating coefficients requires explanation ; for which 
purpose, let us suppose a + hx + e3fi+dx^ + &c. and oe + ^o? + >««+/x* +&€. 
to be two series arising from the different modes of expansion (by iltvinoii, 
e0o2ftf ton, &c.) of the sapie quantity, or of equal quantities, in which a, fr, e, d, 
&c. and «, /S, y, ^, &c. are constant quantities, but x a quantity Varying 
through all degrees of magnitude. Since the two series are equal to one 
anotlier, whatever be the value of x, let us suppose a;=Q, and we have a=«; 
and these two quantities being invariable, a will always be equal to « for 
etery value of x. Now since «=«, hx-]- ex^-\- dx* + &.c must be equal to 
fix-^yafi+^x' + A^,; divide by «, and we have 6+cjp + da^H-&c.= 
/i+yx+^^-^SLCi suppose again »=0, then &=^, and so on; hence 
a=«, b=fit c=)<, ({=/, &^ The same is also true in the equation 
(a + 6jf+ca:8+&c.)y+Py»+Qy» + &c.=(«+/ea:+>«»+&c.)y+Fy«+ 
C^y'+Ac; for divide by y, then a+6a:+car2-|-&c.+Py+C^4-&c.= 
«t+iear+>.x«r|-&c.+Fy+Qy + &c.; lety=0, then a+ftar + cof' + Ac 
=«+iS«+>«*+ J^, and a, 6, e, &c. may be jmived equal to «, A >^ ^^ 
respectively, as before. 

(^) For if the coefficient of the third term of the series which expresses 

the value of (1+ar)" be *'^"l" \ the coefficient of the third term of the 

series which expresses the vdue of (l+x)**-* will (by substituting n — 1 for 
n) be («— iy»--S) , ^^ ^^^ ^ ^^^ ^^ ^,^ ^^ 
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and (a+xy=a'+m---'x+^^!=:%'-»x>+'^'^^J^''^\'^»» 

+"i!r-^)("-f)(»-«W;^+&c. 

So that the series expressing the value of (a+ar)", n being any 
number whatever, either integral or fractional, pootive or nega- 
tive, observes the same law as that which was deduced in Chap. 
III., on the supposition of n being a positive whole number. 



XLVIII. 

Some Observations arising out of the foregoing Theorem. 
157. Resuming the notation adopted in Chap. III. we have (a-f 5)** 

^ , . , . n(n— l)(n — 2),.,(n — »i+2) ,,^ , 

term of the senes bemg -^^ ,»» / .v U '^^+^l^K 

° 1.3.3.. .(m — 1) 

Hence, if n be a positive whole number, the series will terminate 
after n+1 terms; for let m=n+2, then n — ni4-2=0, and con- 
sequently the coefficient which involves the factor (n — jn+2) 
vanishes. Let «i=n+l, then n — ni+2==l, n — to -f 1=0, and 

1 .u / ,,N*u I ** • «(«—l){«— 2)...3.2.1 0- • 

TO— l=ii; .•. the (n4-l)th or last term is \ ^^ — / ,. — a®6", 

1 •2.o...n^f{'-— 1 ^ 

or b\ If n be fractional or negative, the series will not terminate, 

and in this case the value of any expanded binomial can only be 

expressed in the form of an infinite series. 

15d. If in the series expressing the value of (a + h)% for b we 
put — ft, then those terms which involve the odd powers of b will 
be changed from + to —^ . Hence we have, 

and 

/ t\« • «-ij. . *'('* — 1) «-4M n(n— l)(ii— 2) ,.-3 , _ 
(a — 6)''=a* — na"^'6+-^-2 — ^a"-"6' — ^ — ^ £0*^6*+ &c 

•. by addition, (a+6)»+(a— ft)''=;=2aM-n(»— l)a"^ft'+&c. 
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by aubtracdon, 

or JKa+ft)'— i(a-ft)'=Htt-*ft+ "^''~^^^"~^^ o'^y+&o. 

150. Let a=l, *=1, theflri (*+*)*= (1 + 1 )rs= 2*; and dine* 
the sevenil powers of a and 6 are, in ^s case, each of them equd 

to 1, we have !+«+ ^ . ' + -^ jj^ ^+&<5.=2", u e 

the sum of ihe coeffidents of the nth power of any binomial is 
equal to that power of i whose index is n. Thus, for the square, 
1+24-1=4=2?; for the cube, l+3+3+l=8=2»; for the 
fourth power, l+4+6+4+l=:16=2*; &e. &c. If.o=sl, 
&=1, in the expression (a^-&)% then (1-^1)"= 0, which shows 
that the sum of the positive coefficients of (a — ()" is equal to thd 
sum of the negative on^s. 

XLIX. 

On the Expansion of Series. 

160. It has already been observed (Art. 157) that when n is a 

negative number or a fraction, then the series expressing the value 

tn VI 

of (a+by does not terminate* Let it=- , and substitute - for n 

r r 

in the series (Art. 156) ; then 

m 

(a+b)-r 

=:o*+-a' b+ o' 6»+-^ — ~ a' 6»+&c. 

(*) This series is derived from the preoediog^ one, by resolving the powers 

i» * « , --1 ~ , ? 1 a7 

of a into two factors; thus, a' =ar X«""*=a»' X-= — ; 

m 
. aT ssar X«~*=«r X-:=^. 
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which is a general expression for finding the value of any bino- 
mial surd quantity in a series, - being either positive or negative, 
and in and r any whole numbenr whatever. 

EXAXFLB 1. 

Find the value of y?+^ or (c^+a?^*, in a series. 
Here a=^, &=a*, ms=l, r=3. 

m(wi — ^r) /yv_l(l — 8)/«\ ar« 

ro(in.^) (m--2r) /yv _ 1(1~8) (1— g) /A_5j:' ^ 
2.3r» VaV" 2.3.3* \c«/ 3V' 

&c. &c. 

a* si^ QjJ^ 

Hence y?+^=c(l+— —g-j^+gj^+to.) 

Ex.2. 

Find the value of y^-pj,, or ,^^^^, or ci(c«+a:«)-*. 
Here a=:€^y &==«", fii= — 1, r=2. 

*?/^— : ^/^ ^ 

FW"" 2\?/"" 2c*' 

CT(m— r) /^v ^ — 1(-^1 -2) ygk _ 3ar* ^ 

2r* W 2.2« \cV""2»c*' 

m(m-^) (m—2r) /Vx —l(—l—2) (— l-^4) ya\ _ 

2.3r» \a»/ 2.3.2* \c»/"'" 



2V' 



&c. tec. 

Hence (c«+;«.)-4=i(i_^+^_^+&e.) 

a 
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Ex.3. 

Find the value of 7—; — «, or (c+xY*. 



Here o=c, &=?«, •»=:— 2, r==l. 
m/K 2a? 



m/0\_ T&x 

7W T' 

m(fn— r) /ft\_ — 2(— 2~l) /a!\_8a* 
2H W/"" 2 W/"" c» ' 

ffl(fl,--r) (m~2r) /&\_ -^2(— 2— 1) (— 2— 2) /g\ Aa^ ^ 

2.3r» VaV"" 2.3 \c»/ €* * 

„ 1 1/, 2«,3a« 4a*,. . 

^^°^ H^=?(*— +-?-?-+^> 

This series is easily verified by the division of 1 by c^+2car+«'. 

Ex.4. 

Find the value of (c*— «»)♦. 
Here «=€•, 6= — «", 111= 3, r=4. 

m 

7W~4V~?;"~2V' 

OT(m^ >yv_ 8(3— 4) /g\ 3^ ^ 

2r* W/ 2.4« Vc*/"^ 2V* 
ffl^^l^^r) (w— 2r) /yv 3(3— 4) (3--8) / g«v _ 5j^ ^ 
2.3r» \a»/ 2.3.4* V c«/ 2V" 

Hence («•-«»)»= Vc'(l-^-^-i^-&c.) 

161. Now let »i==l, then (a+ft)'=(a+ft)' = ya-i-6; and 
a'^=:^a; hence the series in Art. 160 is transformed into 
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Let a=^l9 6=1, then 

Thus, if r=2. then V2=l+i-l+i-|,+I-|J+&c 

„ „ ' .,„ , . 1 1 , 6 8.6 , 2.H 2.7.11 , . 

If r=3. then ^2=1+3-^+-.-^ + ^ -^ +&c. 

By means of the series marked (A) the rth root of many other 
numbers may be found, if a and 6 be so assumed, that 6 is a 
small number with respect to a, and y/^^ whole number; thus. 

Example 1. 
Let a=4, 6=1, r=2, then y/a== ^4=2, and we have 

74+1= v/6=:2(l+i-^,+I-i+&c.) 

Ex.2. 
Let a=8, 6=1, r=3, then ;^a= ^8=2, and we obtain 
1 1.5 2.6 



y8+l=(/9=2(l+--^+g,^3^,+ &c.) 

Ex. 3. 

6 2 1 
Let a=8, 6=— 2, r=3, then -=— -= — -, and we have 

a o 4 

yi=5=^6=2(i-ij-^,-^.-|J-^.) 

The several terms of these series are found by substituting 
for a, 6, and r their values in the general series marked (A) 
or (B\ and then rejecting the factors common to both the nume- 
rators and denominators of the fractions. Thus, for instance, to 
find the seventh term of the series exhibiting the value of >/2, 
we take the seventh term of the series marked (3)^ which is 
(1— r)(l— 2r)(l— 3r)(l— 4r)(l— 5r) , . ^ . 

^ . , 3.5.7.9 7.9 / . 9 3v 3.7 

fraction IS _g^^^^g^,=_^^j;_=^smce-=-;-^^^ 
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3 7 

= — -^ • To find the fifth tenn of the series ezpressiDg the 

approximate value of ^^ 9, we take the fiflh term of the general 
series marked (il), which is ^— — q^aJ!*, \^ » where 

a=8» &3=1, and r=:3; therefore the value of the fraction is 

2.6.8 /Iv 2.5 2.5 ... , ^ 

— 1 — 1=— ^=—- s — ;• In this manner each term 

2.3.4.3*\8V 3.3*.8* 3».8* - i"a«n«r ^^u wfui 

of the second series is calculated. 

162. These series converge very fast, so that a few terms 
would give the rth root of certain numhers with a great d^ree cf 
accuracy. But a more practical method of finding the higher 
roots of such numbers, is, by making the number whose root is 
to be extracted equal to a'+6, and then assuming a+x= v^a'+J, 
9 being some decimal fraction; ibr in this case (a+xy=a''\-b, 
and by expanding {a+xy and neglecting all the powers of x afler 
2*, (being very small compared with the preceding ones,) we have 



.-. rar'x+r(p^y^af'=b (Ji), 
which the value of d? may be found in two ways. 

I. By arranging the terms, and dividing by ^\-^\^'^9 ^^ 



•. rar-^x+rC-^ \a^^a^=b (Ji), an equation Crom 



nave 



, 2ax 2b 



-1 r{r—iy- 



,a^+^+. «" 2* . «» 



r—l^{r—lf r(r— l)a-< • (r— 1)«' 
and by solving the quadratic, 

a_ / 2b g« 

**" r— l'^Vr(r— l)a-*"*"(r— !)»• 

Hence y«'+5=a+.=— a+^-^_j^+^_j^. wMcb 
u Hallby's Rule, (Philosophical TramacHons, 1694.) 
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n. From equati<m (^1) we have x{rar'+r(P^\a'-'x)=b ; 

By a first approadmation, neglecting the term which involyes 
a?, we have x=:^^-^^; substitute this value for x in the fraction 

h f I \ 
J^^j pZIi" I ' •"^ ^® obtain a second approximation, which 

gives 

h / I \ 



rar^l r—1/ b 



\^'^ 2r Ka^'fJ 



and y5q:»=a+,=a+^/-_l \ 

which is the Rule given by La Cboix {Compliment d*Algibrey) 
and ascribed to Lambebt. 

Example 1. 
Find an approximate value of the cube root of 67. 
Here 67=64+8=4»+3; .% a=4, 6 =3, r=3. Hence, by 

the first method, o-f«=la+ y/~+I^, or V67==2+ 4/1+4 
=2+2.0615=4.0615. 

Ex.2. 
Fmd an approximate value of the fifth root of 30. 
Here 30=82— 2=2*— 2; .% a=2, 6=— 2, r=6. Hence, 

by the second method, a+ar=a+ — ,/ — -— \ , or 

oar( . 46 1 ' 

WW 

02 
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. The method of finding the rth root of certain numbers, as ex- 

hibited in this and the foregoing Article, is a matter rather of 

curiosity than practical utility, as the rth root of any number 

whatever may be found with great facility by means of Ic^rithoM. 

This method would be useful, however, in an operation where it 

was required to express this root in the form of a vulgar flraction, 

as in the last Example, where we obtained the approximate value 

77 
of the Mh root of 30 in the shape of the fraction ^« 



L. 

On the Method <f finding the Approximate Ratio of the Powers 
and Roots of Numbers whose Difference is small. 

163. Let a+x and a be two numbers whose dififerenoe is Xj then 
+ &c. : a" :: (dividing each term of the ratio by a*^*) a-\-nx-{- 

164. Suppose now that n is not a large number, and that x is 

very small when compared witli a, then the fractions — 9 -,9 &c. 

will be small also, and those terms in which they are involved 
will be very small when compared with the integral part a-\'nx 
of the series; in this case, therefore, the ratio of {a-^-xY : a* ap- 
proximates to the ratio of a -f no; : a. Thus the ratio of {a+xf i 
a' approximates to the ratio of a+2;r : a ; of (a +^7)* : a' to the 
ratio of a-f da; : a ; &c. &c ; or if n=i, i, &c. then the ratio of 
^a+x : >/a approximates to the ratio of a+^x : a; of y/a+x 
: ^ato the ratio oCa+ix la; &c. &c. For instance, the ratio 
of the square of 501 to the square of 500 (in which case a =500, 
«=!, «=2) is 502 : 500, very nearly ; the ratio of the cube of 
62 to the cube of 61 is 64 : 61, very nearly ; 6ui. &c. Again, 
the ratio of the square root of 501 to the square root of 500 is 
500i : 500 ; and of the cube root of 108 to the cube root of 100 
is 101 : 100, very nearly. 
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165. If the diSereooB between the two irambers is not very 
tmall when compared with the numbers themaelves, then the thre^ 
fifst terms of the series must be tak^i instead of tiro, in which 
OBfle the af^nroadraale ratio of (a+xy : a"* becomes that of a-j-nx 

H — ^-^ — ii • *' ^^' instance, let it be required to find a near 

approximation to the ratio of ^11 : V^^) ^^^^ a=10, 9=1, 

fi=-, and the approximate ratio becomes that of 10+-— r— : 10, 

or of ^~r : 10, or of 929 : 900. By the Theorenr in 

Art. 164, this approximation would be 10^ : 10, or 81 : 30, i. e. 
930 : 900. 

Another method, which gives a much nearer approximation, is 
as follows. Let iS=half the sum of the given numbers, and D=s 
half their difference ; then (Art. 28) the numbers themselves will 
be 8+D and S — 2>. Hence the ratio of their nth powers is that 
of S»+niS^»2>+&c. : iS"— nfi^^2>+&c., or of S+nD+^cc. : 
S — nD + &c., and their approximate ratio that of iS» + nD : 

21 

& — nD. If this method be applied to the last Example, 8=-^ , 

« 1 , , . . ^ ^21 1 21 1 

J9=~, and the approximate ratio is that of -5-+^ : -5 — a* ^' 
2 « ti « u 

of 64 : 62, or of 32 : 31, which is nearer the truth than that of 

929 : 900, given by the last method. 



LI. 

On the Method of extracHng the nth Rooi of a Binomiai 
Quadratic Surd. 

166. In the expression x+ ^/y, let a; be a rational quantity 
and y/y a quadratic surd, then (a?+ %/y)* = «" + »MJ^Vy + 

n . 2ZLa*-«y 4-11 . ^TL . ^ZLj^-^y^y 4. &c. (P). Let the sum 
<6 2 3 

of the rational terms in the series (P) be equal to a, and of the 

irrational =fi\/3f=\//)^y, which may be expressed in the form 
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^^&, v^ft being a quadratic stirdcontahiiDg the surd Vs^* Hence 
(x+>/py=a-hVh an<i ^/a+ ^b=:x+y/y; if, therefore, the 
nth root of a quadratic surd of the fonii a+ ^/fr can be extracted, 
it may be expressed under the form x-^^/p^ whether n be an odd 
or even number. 

167. Let '^x+y/y be a binomial quadratic surd, in which 

^x and y/y are surds not reducible to the same irrational part 

then(>/ar+^/y)»= 

* "*"* n 1 !^ n 1 11—2 Iti? 
x^+nx* y/y+n.-r-^x\y+n.^ ^x^yVy+^'{Q) 

If n be an even number, then the 1st, 8d^ 5th, &c. terms of the 
series (Q) are rational, and the 2d, 4th, 6th, dec. irrational, (Art. 
129) and {y/x-^y/yY may, as before, be expressed under the 
form a+y/b^ where V^ is a quadratic s^rd containing the surd 
^xy. Hence(1/aJ-^-^/y)*=a+^/^, or ^a+Vb^'^x+^y; 
and, if the nth root of a+ ^/ft can be extracted, it may be ex- 
pressed under the form Vx+^y. 

168. If n be an odd number, then -, — ^r— » &c. are fractions, 

and — o— > ~o^' ^^^' whole numbers; henee the 1st, 8d, 5th, 

&c. terms of the series (Q) will be surd quantities involving ^/Jf, 
and the 2d, 4th, 6th, &c. terms, surd quantities involving >/y; 
the series may therefore be expressed under the form py/x-^qy/y 
= y/]fx+ y/q^yy or underthe mote general form %/a+ x/ft, 
wheee ^/a and y/bare quadratic surds involving the surds y/x 
and ^y respectively. In this case, then, (i/«+%/y)"=v^a-f 
^/b, or vVa-i-"^=>/*+%/y; and consequently, if the nth 
root of %/a-f y/b can be extracted, it may be expressed under the 
form y/x+^y. 

169. Hence it appears that the nth root of a+ ^/ft may be ex- 
pressed under the form x-^y/y, whether n be an odd or an even 
number ; that the nth root of a-f- \/& may also be expressed under 
the form y/x+^y^ when n is an even number ; but that Uie nth 
root of y/a+^b can be expressed in the form of a binomial 
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qfuadiatic surd only when n is an odd number, and tfaiti under the 
form Va?+ V^- 



170. Suppose now that y a+ yfc=a?+ ^^Sf> then a+>^6=; 

Q 1 

+ &C. ; .-. by Art. 132, «=«*+».--— «*-^+&c., and v^6= 
fi.^X n-^2 

(ar — v/y)", or If a — >/&=a? — ^/y; from which it appears thai 
if yaTv^=«+ %/y> then will X/a — 's/h^x — -s/y. 

In the same manner, if V^/a^->/i=^/ar^-^/y, where n is 
an even number, it may be shown that ^^^^^76= >/x — ^/y. 

. 171. Let y^^7a+V^=^ v^^+ v^y (« being an (Mf<? number,) 
then y/a+y/h^{s/x+y/yY=x^+nx^ y/V+n.—^x * y+ 

».— ^.— ^a? • yv^y+&c; hence, by Art. 132, (since V« 
is a quadratic surd involving Vap, and v^6 a quadratic surd in- 
VolvrngN^y) >/as=a5^+«-— 2~* * y+^"5., and y/bx^nx^ ^f 

n — 1 n — ^2 !!=? , * ?::f 

+11.-^ g-« » yv^y+&c. 5 .% ^a—y/o=zx'—nx»^p 

+» • --2"* « y--fi . — —X « ff^ff+ &c. ^{yfx—^yf^ 

or y>/a — >/i= -s/^— N^y i froni which it follows, that if 

•/^7a+VJ= >/«+ v^y, then y^a — -^6= ^/ar — ^/y. 

Suppose now that ii+.B is a binomial quadratb surd, one or 
both of whose terms is irrational, then, from what has been 
shown, it appears that if A and B are both irrational, the nth root 



19Q BOOTS OF BIXOXIAI. OUADSATIC SITSIMEU 

• 

of A+^ can be extracted only when n is an odd number f bat. 
if A be rational, then the nth root of A +3 may be exti^acted» 
whether n be an odd or an even number. In the following Rule 
for extracting the nth root o£ A+B, the two terms are supposed 
to be so arranged that A is greater than B ; and it consists of two 
cases, depending upon the value of A' — B*. 

Case L 

When A' — jB* is a complete nth power; i. e. when A* — B^^ 
a**, or yA* — 5*=o, a being some whole number. 

Assume :^A+B= y/x+ v^y (JK), 

then (by Art. 170 or 171) ;/A^^=:y/x—y/y{S); 

.•. yA«— JB" (o)=ar— y. 

By sJquaring equation (JK), :yA^-\-^+2AB=x+y+2y/xif; 

By squaring equation (S), !^A^+E^ — 2AB=x+y — 2*Jxy; 

.-. yA*+^+2AjB+ yA*+ B*— 2A5=2a?+2y=some whoU 
number* Now let 

!^+W+2AB^j^+f, , 
where p is the nearest whole number less thap the true root, and 
consequently / a proper fraction ; and let 

where q is the nearest whole number greater than the true root, 
and consequently /' a propef fraction. 

Then ^A^^-f 2AJ5+ yA«+^— 2AB=p+5'+/— /'= 
2a;+2y=a whole number. 

.. /-/ =0,c» or/=./; 
hence yA»+B'+2A5+yA«+^— 2A5=xp+^. 



(*) Since / and f are Iwth pntptr fractions, it is evident that /— -/^ cannot 
be a whole number, and consequently p+ 9+/—/' cannot be a whole num. 
ker, unfesB /— /' =0, or /=/'. 



\ 
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heip+q^if then 

2ff+2y=l, or a?+y=i*^.s 2x^it+a, and x/a?=iN/*-h2o,« 
but X — y=a ^ 2y=iit — a, and ^/y=iy« — ^2dk 
Hence ;/5dbF==^/ar±^/y=iv7T2i±i^/^^. 

Case II. 

When A^^'B^ is not a complete nth power. 

In this case let C be so assumed as to make (A' — B^C a com 
plete nth power, i. e. let (A*— ll^C=o», or -/(A*— 5*)C=a ; 
then assume 

VtXfB)75= Va:+ Vy, or V'ATB=^^^ 

.-. y(A— J?) V C= ^/a^-^/y ; 
or V(^»— l?»)C(a) =«— y ; 

and 5/(A«+«'+a-AB)C+ C/(A«+5»— 2AJ?)C=2a?+2y=l. 
From which we deduce, as before, 

x/a?±>/y=iV<+2»±iv'/— 2o; 

... ^A±/^— 5^j^^g 2»yc 

Example 1. 
Find the cube root of 26 + 16 ^Z 3. 

^^"^ i^T. , J ••• il'-^=676^76=l, anda=l. 

y^2+^+2A5== y 676+676 + 780^3=18+/, 
y^'+J?^— 2A-B= ^676 + 676— 780>/3=l— /; 

... <=:13 + 1 = 14. 

Hence yj+B=i>/F+2i+iv/r^=Wl6+i>/^ 

(«) For 4x=:«+2«; a 2>/ar=\/<+2«, and >/«=iV7+2a. In the 
■ame manner it may be shown that \/y=iv • — ^2*« 
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Ex. 2. 

Find the cube root of 97 3—11 >/ 2. 

Here f-^H ... il'_JB»= 243-242=1, and a=l 

2> = llV-6j 

yA'+J»^+2AJ?=4/'243+242 + 198V'6=9+/, 

yA»+B»— 2AB= y243 4-242— 198x/6=l-/. 

Hence e=9+ 1=10, aad 4^/^P^!^^/*— 2cu=iv^l2 — 1x^8 
^=^3— 72. 

.-. y3=I5=73— 72. 

Ex. 3. 
Find the cube root of 8 + 475, or 475+8. 
Here A=475) .•. A*— B*=80 — 64=16, which is not a cube 
B=S ^ number, and the least number which, multiplied 
into it, will produce a cube number is 4,*^ .•. C=4, and (A* — B^)C 
= 1 6 X 4= 64 ; hence a*= 64, and a= 4. 

(*) In finding' the least number by which a giYen number (a) most be 
multiplied so as to give a product which shall be a complete nth power, it 
may be observed, that if a be aprim^ number, it mtist always be multiplied 
by a*^* ; thus, there is no other number by which 3 can be multiplied to 
make it a cube nupiber, but 3^ or 9, which gives the product 27; nor is there 
any othef number by which 5 can be multiplied to make it a bi^ptadrate 
number, but 5^ or 125, which gives the product 625. But if the given num. 
*ber is resolvable into factors, one or more of which are square^ eube^ &4^ 
numbers, then a lesB number than a**"^ will answer the purpesa Thus, 
12=3X4=3X22; and if 3X2* be mulUplied by 32 X 2, it gives 3»X2*, 
which is the cube of 3 X 2 ; L e. if 12 be multiplied by 18 it gives 216, the 
cube of 6. Or in general, if the given number (a) be resolvable into factors 
«, /g, y^ &c. such that <i==ai"*/Si^< &&, then if this number be multiplied bj 
ct*»-»n^»»-i>^»^-fl &c it gives a^&*y* &.C which is the nth power of AJBy 6lo 
Thus, 369=8 X9X5:^2»X8 X5; herem=3,p=2, 5=1 ; and if it be 
required to find a multiplier which should make it a hiquadrate number, tbeo 
■ n=4, /. n — m=l, n— p=^2, n — q=S; hence the multiplier is 2 X32 X5» 
=2250, and we have 360 X 2250 =810000, which is the fourth power, of 
2 X 3 X 5 or 30. If one or more of the indices m, p, g, &c. be greater than «, 
then, in finding the multiplier, such multiples of n must be taken as to make 
the indices of all the factors in the miriti{dier positive ; thus, if m be greater 
than n but less than 2n, then the multiplier to be taken is tt^n-m^gn-^n-t^ 
which gives for the profllvict of it and A*"/S^ the quantity 4*"^">*, which is 
the itth power of a.^y. 



— [ 
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Now y(^»+U»+2A^)C=y(80+64+64v^6)4^10+/, 
l/{A^+B^—2AB)C=z ^'(80+64.^4/5)4=2—/; 
.•. <=10+2=12, 

y<+8a+ y/t^^ _ s/?0+V4 _ 2>/5+2 _ v^5+l 
""^^ 2^0 2C^4 2yi 575^- 

Hence y475+8^^5^^. 



LII. 

0;i <&e Method of reverting a Series* 

Let ar=ay+^y'+cy*+dy*-f-&c., where the value of.af isex- 
pressed in a series containing the powers of y ; by the reversion 
of the series is meant such an operation as shall exhibit the valua^ 
of jf in a series containig the powers of x. 

173. Previously to the reversion of a series, it will be necessary 
to show the manner in which it may be raised to any power (n). 
This is done by separating the first term from the rest, and then 
applying the binomial theorem to the involution of the series so 
tranisformed ; thus *, 

(ax+ba^+ctr^+dx* -f 6LC.y=ax^(bf+ ca^+dar*+ &c.)]* 
. 2*u 
2*o 



5 +!fciKjt±).-.».J 
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174« JLet us now suppose the Mowing equation to be* true, 
whatever be the value of x, viz. 

Then, by transposition, we have 

(a— ti)ji?+(&H5K+(<?— 7)af'+(<^— «)«*+&c.=0 (JB). 
Now whatever is true in the original equation must also be true 
in the transposed equation ; but it has already been proved with 
respect to the former equation, (Note (•), p. 178,) that o=a; 
h — 0; c=y; <i=5; &c. ; hence a — a=0; h — f3s=0; c — y=0; 
tf2— d=0 : &;c. ; from which it follows, that if an equation of the 
form {B) be true for any value of a;, its coefficients will all be* 
come equal to at the same time. 

175, Resuming the equation af=ay-f-6y*+cy*+dy*+&x5., let 
it be required to find the value of y in terms of x. Transpose 
X to the other side of the equation, then ay+fcy'+c^-fdy* 
-f &c. — ^a:=0. Assume y=oa:+|3a'+yar*+iar*+&c. ; and find- 
ing the value of the successive powers of y, by Art. 173, we have 

ay^Ofla+oj^ -^-a^a^ -fa^ar*+&c. 

V= Wir»+2Jtaip«»+26dya?*-f&c.) 

+ fe0V-f &C.5 

cf^= .... mV4-3ca'/3a:*+&c. )=0. 

dy*= ifoV+dcc. 

&c.= . +&c. 



Hence, by Art. 174, aa — 1=0, or o=- ; 

ap+W=0, orp=— =— 4; 
a a' 

ay+2oafi+car=:0, or y= = — • 

o a* 

a 

^ — 55* -I- 5flftc — ay 

dcc.=:&;c. 
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Substituting these values for a, /3, y, 5, &;c., then 

^ a a* o* a^ 

and if a=l, or ar=y+ fty'+iyjf'+rfy*-!- &c., then 

176. In the following chapter it will be shown, that if Z be the 
logarithm of the number 1+n, Z=n — W-^-^i^^ — in*+&c. ; sup- 
pose, therefore, it was required to find the number in terms of the 
logarithm^'u e. to find n in terms of Z, then,, comparing the equa- 
tion Z=n— 4n*+i»'— in^+&c. with the equation ar=y+6j^+ 
qf-\-dt^-\-&LC. and substituting I for a; and n for y in the equation 
(^), we should have 

where6=— -, c=g;^=— -, &c. 

Hence — ^=5> 

2 3 2.8* 

,.« .^ .X 5 5 .1 15—20 + 6 1 

&c. &c. 

P P z* 
andl+n=l+l+?+^3+3|^+&c 



CHAPTER XI. 

ON LOGARITHMS, AND StTBJBCTS CONNECTTED WITH THEM 



LUI. 

DefinUum and ProperHes qf Logarithms. 

177. Iif the two Mowing series of quantities a', a*', a*", o*"', 
&c. (A) ; ar, a:', a?", x'", &c. (J5) ; where a is some given num- 
ber, and ar, a?', «", x"\ &c. any Tariable quantities whatever, the 
several terms of the series (B) are called the logarithms of the 
several terms corresponding to them in the series (A). Thus i£ 
a'=y, a*'=y'» a*"=y", &c then ar=riog.y; ar'=slog. y' ; x"=z 
log.y"; &c 

178. In adapting the series (A) to the numbers 1, 2, 3, 4, 5, 6, 
&c. the given number a must be greater than unity, the first index 
X must be equal to 0, and the iseveral indices ar', a?", x"\ &c. must 
keep continually increasing. For in this case, since (by Art. 96.) 
a*^=l, this series will increase from 1 to infinity ; and by properly 
adjusting the values of x\ x"^ x'"y ^. it is evident (hat the 
several quantities a*', a"', a*'", &c. may be made to coincide 
with the numbers 2, 3, 4, 5, 6, &c. For instance, let a=10, 
then (since 10°=:1 and 10' =10), the indices of 10 which woold 
give 10*', 10*", 10*'", &c. equal to the numbers 2, 3, 4, 6, &c. 
must be fractions between and 1. 

Take for example the number 5. Now 10*= V 10"= V 100 
s=4.64; from which we infer, that a fraction (x') somewhat 

2 
greater than - (=.666666, &c.) being made the index of 10, 

would give 10*'= 5 ; this fraction is found by calculation to be 
.6980700 very nearly ; hence 10*"*^=6 ; i. e. when a=10, the 
logarithm of 5 is .6980700. 

179. From hence it appears that the logarithm of any given 
number 'will depend upon the value of a, and that difiereot sys* 



terns of li^arithms would be formed by asaoiaiog it equal to 
different -iiuinbers, but that (sioce a°^l);m every system tho logHf 
rithm of one would be 0. iTbis coQatant quantity a, from wboee 
.powers*th% natural numbers are formed, ia called the boM of the 
system to which it belongs. But before we proceed to calculate 
a system of logarithms, it will be proper to explain some of their 
properties. 

18#. Let iV and n be any two numbers belonging to the series 

(A); let JV (for instance) =a', and n:=^a""' ; then iVii=:a'x 

a"'"=a'+''^"; but by Art. 177, the logarithm of af+""' is x-f 

x"", .*. the logarithm of iVn=a:+x""=log. a*+log. a*""=log. 

iV+log. R. In the same manner, if n, n', n'.', n'", &c. be any 

set of numbers belonging to the series (A), it might be shown that 

the logarithm of nnVn'", &c.=log. n-f log. n' -flog. »"+ log. 

»"'4-&c ; i. e. " the logarithm of the product of any number of 

factors is equal to the sum of their logarithms." 

N a' 
181- Again, — =-— 7=a»^"" ; but the logarithm of a"^'"^ 
, » a 

N 
4r— ^ar"*'; .-. the logarithm of —=«—«""= log. a*— log. a*""= 

log, N — ^log. »; from hence it appears that " the logarithm of the 

quotient of any two numbers is equal to the difiereifoe of their 

N 
logarithms ; and that the logarithm of a fraction — is equal to the 

logarithm of its numerator minus the logarithm of its denomi- 
nator^ '' If JV be less than tt, then log. N — log. n is negative ; 
consequently the logarithms of all proper fractions are negative 
-quantities. 

183. Let JV=«» be raised to the mth power, tiien JV=a4"«,; 
but the logarithm of o"«=jiiar; hence the logarithm of iV'"=wMr= 

«!• log. a*=i»i. log. JV; for the same reason, since -yiV=iV™= 

a"* the logarithm of y iV^=-=-^! — • from which we infer that 
mm 

*^ the logarithm of the mth pow^r of any number is found by mul- 
tiplying its logarithm by m ; and of the mth root of any number, 
by dividing its logarithm by «." * • 

R2 
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18S. If the series (A) ccmststs of quantitfes of the ftrrm a', a**, 

A**, a% &c a"*, then the corresponding terms of Kjhe seiies 

(B) are or, 2x, 8sr, 4x, &c« • • • .nx ; i. e. ** if a series of qnantfties 
be in geometrioal pro^reesion, their logarithms will be in anth- 
metical progression.*' 



LIV. 

On the Method of finding the Logarithm of any given Number. 

184. Let 1+n be any number in the common arithmetical 
scale, and x its logarithm, then, Art. 177, a*=l+n; and let 
a=:l-\-b; then, to find the logarithm of 1+n, we haVe only 
to solve the equation (1-f 5)*= 1+n, where x is the unknown 
quantity. 

Let both sides of this equation be raised to the power A, 
then (l + 5)*'=(l+n)*,or 

rejeqting 1 from each side of the equation and dividinl^ by Jl, 
wp have 



,- , Aar— 1„ , {hx'^l)(hx—2)j^ , . 



2 • 2.3 



=n+- 



A— 1 



rf+fcafciWi,. 



2 

Now let A=0, and we have 
ar(*— i^ +^— i**+ &c.)=»— in«+i»'— J»*+&€. 

ora:=log.(l+n)= ^_^y^|y^^,^^ 

_ n— in°+j-»Wn*+dcc. 

~(a— 1)— i(a— 17+i(a— 1)»— &c. 
a=Jlf<n~ift'+iiii?-rJfi*+&c.)i if we make 

(a-l)^(a-iy+Ka-l)»-.&c ^^^'^ *^ ^' 
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185. But the series which thus expresses the value of or in 
flerais of n, will either diverge, or not converge so quickly as to 
make the summation of a few terms of it a sufficient approxima* 
tion to thai value, unless n be a fraction of a proper degree of 

smaHness. Let, therefore, n = -j^r—r, where N may be any 

number greater than 2, then 

N—1 
and log.'(l+n)— log. (l--n)=log. JV— log. (JV— 2). 

Now log. (1-f ii)=ilf(a— i«"+l»'— i«*+i«'— &c) 
and, substituting — n for n, 

log. (1— 4i)=ilf(— n— Jn«— in»— Jn*— Jii»— &c.) 
Hence, by subtraction, 

l<^.(l+n)— log.(l--n)===2Jlf(nH-Jii»+|ii»+&c.) 

orlog.i>r--log.(i>r^2)=2Jlf(-A-+g^^ 

from which we have 

log.Jr=8Jlf(^+^^+g^+&c)+log.(iV-2) 

which is a very commodious series for constructing a table of 
logarithms, when some value has been assigned to JIf. 



LV. 

On the Method of constructing Logarithmic Tahles. 

186* Since a may be arbitrarily assumed, let us first suppose 

it to be such that , -r — r; ,v- . ,, rrs — z — (or M)^ 

(fl— 1)— i(a— l)»-f i(a— 1)»— &c. ^ ' 

1 ; in which case the equation in the ibregoing Article becomes 
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But 8ino6 iV ihust be some Dumber greater than 2, we mtist 
find the logarithm of 2 before we can proceed to the a9l»al calcu- 
lation of a table of logarithrosb Now Ihis tnay be done by maldng 
2V=:4 in the first instance, for tiien we have u 

log. 4=log. 2*=2 log. 2=2(J-f A. +gL+ &c.) +log. 2 ; 

and by subtracting log. 2 from each side of the equation, we have 

log.2=2(^+g^+g^+&c. to 7 termsWo.6831472. 

Having thus obtained the logaritbm of 2, we are enabled to 
construct a table of logarithms, by substituting in the foregoing 
series ail the prime numbers' for N in succession, ^d availing 
ourselves of the properties of logarithms for finding the logarithms 
of all other numbers. Thus, 

log. 

1= O.OOOOOOQ 

.2= . . . . . . ., . .. . ., . .... 0.6931472 

3=;=2(--fg^+^3+&c; to 10 terms)-flog. 1 (0)= 1.0986 128 

4=2 log. 2 =1.3862944 

5=2|[j+g-p+gj5+&c. to 6 term9) + log. 3. =1.6094379 

6=log. 3 + log. 2 .. =1.7917595 

^=^(a+3^»+5^^+7^)+V'^V^v V •. =1.9459101 

8=log. 4+log. 2, orlog. 2'=31og. 2 . . . =2.0794415 

9= log. 3*= 2 log. 3 . =2.1972246 

10=log.5-hlog 2 =:2.3025851 

&c. ' Ace. 

A sufficient number of terms has here been made use of to 
make !he logarithms true to 7 places of decimals. This particular 
system of logarithms (yiz. where Jlf=l) are called Napier^ s 
logarithms, from their inventor ; stii they are also called H^fper- 
bolic logarithms, from their Qonnection imth the quadrature of the 
equilateral hyperbola. 
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187. To find the boie of this syatem of lo^ftrithms, let log. 
(1+«)*:|, then (sinbe 3f=l,) /=»— in»+ia'— i»*+&c., and 
reverting the series by Art. 176, we obtain 

but sinoe a^=zaj the base of any system of logarithms is that num* 
ber whose logarithm u 1 ; if, therefore, in this series, which ex. 
presses the value of the number in terms of the logarithm, we 
substitute 1 for Z, we shall immediately obtain, for the base of this 
particular system, the series 

. =2.7182818, by actual calculation. 

The constant multiplier M is called the modulus; hence, in 
that particular system of logarithms whose modulus is 1, the base 
is 2.7182818. Call this number e, and the logarithms of the 
several powers of e (viz. e, e*, e*, e*, &c) bdng 1, 2, 8, 4, dec* 

we might have interposed in the preceding table 

log. 2.7182818 =1.0000000 

log. 7.8890559 (bemg the square of 2.7182818) =2.0000000 

^EC. &C. 

The numbers whose logarithms are 1, 2, 8, 4, dec in ihis sys* 
tern are, therefore, decimal numbers. 

188. In the eommuMi system of logarithms, which are much 
more convenient for ordinary arithmetical operations than the 
Napierian or hyperbolic logarithms, the base ii=10 ; hence a'= 
100, 0^=1000, a^=10000, dsc., and the numbers whose loga- 
rithms are 1, 2, 8, 4, &c. in this system, are 10, 100, 1000, &c. 
To find the logarithms of the irUennediaie numbers, i. e. to oon« 
struct a table of logarithms of this kind, we must find the value 
of M when a=10 ; which is done thus, 

In a system whose modulus is ilf, 

log. (1 +«)= Jtf(«— in«+ K— J»*+ ^0 
In the Napierian system, log. ( I •fn)=n — i»"+in'-^fi*+&c. 
Hence log. (1 +n) to modulus M=zMx Nap. log. (1 +n). 
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In the common system, let l+n=10, then 

1<^. 10= JIf X Nap. log. 10, 
or l=ilf X 2.3025861, (see Art. 186.) 



• • 



^=2:8oi85i=-"*««**«- 



For the actual construction of a table of common logarithms, 
we must therefore substitute this value of JIf in the equation at the 
end of Art. 185, which then becomes 
log.JV= 

.86858896(^^+3-^3+5(^ 

and it is by the substitution of all the prime numbers in succes- 
sion for N in this expression, that the following table is calculated. 

i«g. /Ill V 

2=.86858896(--f — 3+— 5+&C to 7 terms^-> =0.3010800 

3=JB68588a6(i+gL4-gL^+&c. to 10 terms) =M).4771213 

4=2 log. 2 =0.6020600 

5=log. -jr-=log.lO— log.2==l— iog.2 . . . =0.6089700 

6=log.3 + log.2 =0.7781513 

7=.86858896(J+^3+Jg,+^)+log.5 . =0.8450980 

8=Iog.2*=3 1og.2 ,, =0.9030900 

9=log.3*=2 1og.3 . =0.9642425 

10= • 1.0000000 

ll=.86858896(l + ^+g^,)+log.9 . . =1.0413927 

12=log.8+log.4 . . . ... . ... =1.0791812 

13=.86858896(iH..3-L.+gi^)+log.ll . =1.1139434 

14=log.7 + log.2 =1.1461280 

15=log.5+log.3 . . =1.1760913 

(•) See Art, 18& 
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16=log.4'=21og.4 =1.2041200 

17=:.86858896(l + -~3+^,)+log.l5 . .= 1.2304489 

18=]og.9+log.2 331.2552725 

19=.86858896(l+^3+gi^,)+log.l7 . =1.2787536 

20=log.l0+log.2 . =1.3010300 

21r=log.7+log. 3 =1.8222198 

22=log.ll + log.2 =1.3424227 

23=.86858896(l+^,+^,) + log.21 . =1.3617278 

The next number which requires calculation by means of the 

series, is 29; and from this number to 400 inclusive, two terms 

of the series are sufficient to make the logarithms true to 7 places 

of decimals. Afler 400, one term is sufficient ,* thusj log. 401 = 

.86858896 

— — — +log. 399=.0021714724-f-2.6009729=2.6031444, 

very nearly; and in this nianner the table might be continued 
with great facility to any extent, by means of the logarithms pre- 
viously calculated. For the most expeditious manner of dividing 
the number .86858896 by the denominators of the several frac- 
tion^ composing the series, and for the manner of using logarithmic 
tables, the reader is referred to the Preface annexed to Dr. Hut* 
ton's Tables, 

189. Since log. 1=0, log. 10=1, log. 100=2, log. 1000=3, 
&c., it follows that the logarithms of all numbers between 1 and 
10 will be some decimal number less than unity ; between 10 and 
100, some decimal number between 1 and 2 ; between 100 and 
1000, some decimal number between 2 and 3 ; &C. &c. The 
whole number annexed to the decimal is called the index or 
characteristic of the logarithm ; and consequently for all num- 
bers between 10 and 100 the index is 1 ; between 100 and 1000, 
the index is 2 ; between 1000 and 10000, the index is 3; &c. 
&c. From the circumstance of log. 10=1, it also follows thai 
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the logarithms of all numbers in decuple proportion involye Ae 
same decimal nnmber, and differ only by their index* 



Thus, log. 118^ 

11S2 
log. 118.2=log. i— -=log. 1132— 1 



log. 11.32=log. 



10 

113.2 

10 



=log. 113.2— 1 



11 82 
hog. 1.182=log. -Yo"=^^8" 11-32— 1 

1 132 
log. .1132=log -^=:log.l.l'82— 1 

1132 
log. .01182=log. L—rrilog. .1182—1 

.01132 



log. •001132=]og. 



10 



=1<^. .01182-^1 



=3.0538464 
=2.0538464 

=:1«0538464 

=0.0538464 

=1.0538464 

='2.0538464 

="3.0588464 « 



where the negative sign is placed above the index of the last three 
logarithms, to show that it does not extend to' the decimals, which 
are supposed positive. Thus '3.0538464 means — 3 +.0538464, 
or —2.9461536. 

190. The foregoing property, belonging to that particular sys- 
tem of logarithms arising out of the supposition of the base a=10, 
is not only of great practical utility in their application to •rith« 
mettcal purposes, but also very much facilitates the constructioa 
and use of the tables founded upon that system. Since the same 
decimal logarithm always applies to a number consisting of the 
same digits, it follows that in the construction of a table of com- 
mon logarithms it is only necessary to register the digits of the 
number and the decimal logarithm in parallel columns; for the 
index of the logarithm may always be determined from the actual 



• (*> The index of a logarithiki may in all cases be determined bj the fidlow. 
ing simple rules : 

I. If the number be integral, with or without decimals annexed, the index 
cf the logarithm will be one less than the number of digits ui the integer. 

II. If the number be a proper decimal fraction, the negative index will ho 
MfOBl to the plaoe of the first significant digit alter the decimal pmt 
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I ralae of the number ; and, «ice ifer$it^ the actual value of the 
number may always h^ deteimined from the index of the Iqga- 

I rithm. For instance, in (he common tables Where the logarithms 
are legisteied for all numbers consisting of iive iigures, the 
decimal logarithm belonging to the number 98d;37 is .9940300; 
if ihis number be a iohoU number^ then^ since it consists of five 
integral digits, we know that its logarithm is 4.9940399 ; if a 
decimal point be placed before the last figure, then the value of 
the number is 9868.7, which has four integral digits, and there- 
fore its logarithm is 3.9940899 ; if a dedmal point be |)Iaced be- 
fore the last figure but one, then the number is'986.87, and its 
logarithm 2.9940899 ; &c. &c On the other iiand, if the loga- 
avthm 1«9940399 was given to find .the i9Dn»pondiog number, 
then, since the decimal. part of it belongs to the digits 98687, and 
since from the index of 4he logarithm we know that the number 
has two integral digits, the figures 98637 must be pointed 98.637 ; 
&c. &c. The utility of this s^rdl^m was so obvious, that the 
tables for ordinary pinrpeses were founded upon it very soon after 
the invention of logariduns. 

LVI. 

On the Application tf Logarithms to complex arithmetical 
Operations^ and to the Solution ef Exponential Equations* 

191. Logarithms are of considerable use in the ordinary opera- 
tions of multiplying or dividing one large number by another ; 
but it is in the raising of powers, and the extraction of roots, and 
in their application to complicated numerical expressions, that 
•their utility most plainly appears. 

EXAHFLS 1. 

Find the 5th root of 2693. 

By Art. 182, the logarithm of the 5th root of 2593=-^^^^^ — 

3r4138025^^j^^^g^j^ 4.8168; .-. the 5th root of 2593 



5 
=4.8168. 



MB APPLICATION OF LOOAHITHMS 

Ex. 2. 

T. .J ,. , /. .^ ^ . 2*x 3^x2.018 
Find the value of the fractioa — -- — rr^^ — . 

17 X "«5oO 

By Art. 181, the logarithm of this fraction is equal to the log. 

of its numerator minus log. of its denominator. 

By Art*. 180, 182, log. 2"x 3'X 2.018=20 log. 2+7 log. 3+ 

log. 2.013. 

And log. 17 X 9850=Iog. 17+log. 9350. 

Now 20X log. 2=6.0206000. log. 17=1.2304489 

7X log. 3=3.3398491 log. 9350=3.9708116 . 

log. 2.013=0.3038438 

By addition=9.6642929 (A) 6.2012605 (^) 

Subtract (B) from (A), and we have 4.4630324, which is the 
logarithm of 29042, the number required. 

Ex. 3. 

„. , ,. , - 5 /(317)*X x/3x4^5 
Fmd the value of \ / ^^ ^ ^ ^ . 

Call the numerator of this fraction iV, and its denominator n ; 
Then, by Arf. 181, 182, log. of ^^ J^g.N-log.n ^ 

Now log. (317y=2xlog. 317=5.0021186 
log. x/3=ixlog. 3=0.2385606 
log. y 5= J X log. 5=0.2329900 

6.4736692=log. N. 
log. 251=2.3996737; 

.% 3.0739965=log. JY— log. «. 



.- . log. iV— log. n 3.078995S ^ ^, ^^^^, , . , . ^ 

Hence -2 — &_ = =0.6147991, which is the 

o o 

logarithm of 4.119, the number required. 

Ex. 4. , 

Find a fourth proportional to the sixth power, of 9, the fourth 
power of 7, and the 5th power of 5. 



Let «=the number required ; then 9* : 7* :: 5' : ar= — ^ 

. log. «= 4 log. 7+5 log. 5—^ log. 9=3.8803020+3.4948500 
-^.7264550=: 1.1497870=log. 14.118; hence x= 14.1 18, 

192. Equations into which the unknown quantity enters in the 
form of an index are called exponenUal equatioMy and are solved 
by means of logarithms, as in the following examples. 

Ex. 5. 

Find the value of x in the equation a'=5. 

Taking the logarithm of the equation a'=5, we have a; .log. a 

s=log. h; .•. a:=,-^ . Thus, let a=5, 5=100, then in the 
log. a 

. «. ,^^ log. 100 2.0000000 „^^, 
equation 5-=100, .=^ =5^^55^^=2.861. 

Ex.6. 
Find the value of x in the equation a**=c. 
Assume^^ 6*=^, then a''=c, and y.log. a=log. c; ••• jr= 

l^lf ; hence IfJ^ (which let)=rf. Take the lo^thm of 
log.a log.a ^ ' 

the equation 6»=rf, then (by Ex. 5) x=^^ . Thus, let a=9, 

^^^ , . , . «« ,.v^^ log.c log. 1000 

b=cy c=1000, then in the equation 9»'=1000, -s__=-S — 

«,w ^ ^ log-^ log. 3,14 .4969296 , ^^ 
^8.14(=^; andx=j|-j=-L=___=i.04. 

T.. . ,^ , ^31X33X255X315 
Ex. 7. Find the value of 35x357 ' 

Answer, 6576.4. 

Ex.. 8. Divide the 20th power of 2 by the 12th power of 3. 

Answ. 1.973. 



(*) In consideriDg the nature of an exponential of the form a^, it most be 
tecullected that it means a to ike power of 6*, and not a* to the power of «• 



80e / ^woHor 

i proportional to ^117 and y/l27. 
^ I An8W. 10.2'52. 

^TaluoQf y^ - — -• 

Azf«PRF. dwd593. 
Ex. II, Find the vaiuc of ^ in the equation — -= — =c. 



log. 6 



Lvn. 

On f/^ &itiima<»oit rf Geometric Series. 
198. Logarithms are foontl veiy oseftil in^ aacertaiiriiig the 

value of iS in the equation 8=; r- or , where n is not 

a very small number. 

EXAKFLB f • 

Find the sum of 20 terms of the serWs^I^ ^, 7, -^, &e» 

2 4 8 



3 
Herea=I» r=-, »j=20. 



ar*-^-<i 



IX 



0)-' 



—■ 



-xg--,) 



Nowlog. (-) =:2Trxrog.- 

=20 X (log. 3— log. 2) 
=3.5218260=log. 8325.263; 

... Q =8825.263. 



Hence S=^2x(|^— l)=2x3324.263=6648»526. 



Ex.2. 

Find the sum oif 10 terms of the series 1, f , 1^, ^, &<C^ 

D OQ 216 

Herea=l» r=^, n=10. 
o 

6 

Nowlog.(J)'"=10xlog.| 

=10x(log. 5— log. 6) 

=: 10 X— .0701813 

=—.7918130 

= .208 1 870—1 .0000000 

=:log. 1.6150— log. 10. 



5v»<» 1.6160 



©= 



10 



- = .1615. 



Hence 5=6^1—^] |=6(1— .1616)=5.031. 

194. If the sum of the series, the common ratio, and the first 
term be given, the number of terms may be found thus, (see Art. 
Ill,) 

Since rS — S=dr" — a, 
By transposition, af"=zrS — 5+ a, 

andr"= — • — -; 

a 

.•. log. r" or nX log. r=log. {rS—S+dy-Aog. a. 

Hence «='^g'^"^-^+^>^^^g'^ 
log. r 

Ex. 3. 

The sum of a geometric series is 6560, its first term 2, and 
oommon ratio 3. What is the number of terms? 

S2 




2, r=y. 

log. (rg-riSfrfg)— lofr • 

\og.r 
log. 18122— log. 2: 

log. 3 
3.8169TQ0 
.4771213 



=8. 



Ex. 4. A aenrant agieed to sem his master for one year (18 
months,) at the rate of sixpence for the first months a shilling for 
the second, two shillings fer tide third,* aad' so oh. What had he 
to receive at the ead of the year 1 Arswbb, 2041. 15s. 6d* 

Ex. 5. Find the sum of 11 terms of the series 1, -r* ts^ ^^^ 

4 Id 

Answ. 42.666. 

Ex. 6. The sum of a geoniettic series is 1023, the first term 1, 
and common ratio 2. Find the nimber of l^nns. Airsw. 10. 

Ex. 7. A person undertakes a journey of 364 miles, going one 
mile the first day, three the second, nke the thifd, and so on. 
When will he arrive at his journey's end t Ak&w. In 6 days* 



Lvin. 

On Compound Intereti* 

Let P be the principal^ or sum put out to compound interest; 
r the fraction which expresses the rate of interest per cent.^; A 
the amount at the epd of n years, the interest being paid yearly; 
then (he following Theorems may be established, by means of 
logarithms. 



(0 That is, the fiaction which ttxpntBes the ratio of the interest to the 
principal. Let the interest, &r example, be 5 per cent ; then this fiaotion 

rwillbejjgorgg. 



Theobem 1. 

lib. « Logp Jl=lcg. P+nX log. (1 +ry 

For ainoe IZ., at the end of the first year, beocimed J+r, and 
thattiB amiiHtt u^iilK^teiiietf ^aefr ^r ift the 8^ 
by the rule of proportioir, 

l:l+r::P : P(l+r) =amounf of P itt end of first year. 

l:l+r::P(l+r):P(l+ry=tt second year. 

l:l+r:jP(H^ry2P(l+r)»=. ......... third year. 

Acrf Ac. 

tkf fMj ftt Ae end of II yeai^, the ataftoant id P(I +r)". 

Hence JL=P(l+r)*; 
and, taking the logarithm, log. ^=log. P+nX log. (1+r). 
From Which we deduce 

Lo^. P=\og. il— nx log. (1+r). 

andnJ^^-^--^. 

Any ^ree of the quantities A, P, r, n, being giren, the/otirli 
may therefore be found. 

Thboxsh S. 

106. « Let ^=j»P, then n==-i^% ." 

log. (1+r) 

For, in this cdeie, fliP=P(l +r)»rf 

Divide by P> then fli=(l+r)». 

Take the logariihiii, log; ih=nX log. (1 +r) ; .•. n= . ^' / ^ . 

log. (1+r) 

By means of this Theorem, wp ascertain the period or number 
of years in which a sum of money would double, treble, &c. or 
amount to m times itself, when put out at compound interest, at r 
rate per cent 



Jiff jOfmvmnm mftnt mrr. 

Thbor£m d« 

107. " Suppose the interest to be paid half yearly, and at the 
same time converted into principal, then will log. ^=log. P+2n 
Xlog.{l + iry 

For in this case, 2a must be substituted for n, and ir for r. 
Hence, at the end of n years, ji=P(l +ir)'* ; 
and, taking the logarithm, log. A=log. P+2nX log. (1 +ir). 

Thsorbm 4. 
198. <' Suppose now, that besides the Interest being converted 
into principal at the end of every year, the sum P is at the same 
time invested in capital; then the amount A^ at the end of n years, 

will be ^^^^\ (ifU=l+r.y' 

In this case, the principal P is put out for n, n — 1, n — 2, &c. 
years, in succession : the amount, therefore, is the sum of the 
several amounts of P put out for n, n — 1, n — ^2, &c years ; 
.%^=P(l+r)'»-hP(l+r)-»+P(H-r)-*+&c....+P(l+r) 
=(iri+f=12) PK»+PR"-'+PE'^+&c....+PiJ 
=P(K"+22'^»+K'-«+ &;c. . . .+jR) 
=Px (geom. prog, first term E, common ratio JR) 

P(R-+'^R)PR{R'^—l) 
^ JR— 1 ~ JB— 1 • 

EXAKPLB 1. 

What would be the amount of 200L placed out for 7 years, at 
4 per cent, compound interest? 

HereP=200, r=i, l+r^l + ~=1.04, n=7. 

By Th. 1, log. il=log. P+nX log. (1+r) 
=log. 200+7 X log. 1.04 
=2.4202631 
=log. 263.18. 
Hence ^1=2631. 3«. 7id. 

Ex. 2. 
How much money naust be placed out at compound iniM^y to 
amount to 500Z. in 12 years, at 5 per cent. ? 



Here ^=500, r=l, l+r=l+i=l,05, n==l2. 

By Th, 1, log, P=log. il— fixlog. (1+r) 
=k)g. 500— l^x log. 1,05 
=2.444tS984 
=log. a7a,4I8* 
Hence P=278Z. 8«. 4^rf. 

Ex.3. 
At what rate of interest must 400/. be placed out, that it amj 
amouQt to 569/. 6«. 8if . in 9 yearsj at compound interest? 
Hem A^&Q9L 6#. Sd. P^AdO, n«>9^ 

By Th. 1, log. (L+r>:=!2ili=!2&^ 

_ log. 569.83— log. 400 
"" 9 

==.0170388 

=tog.l.04=log.(l+l). 
Hence l+r:=l+~; 

.'• ^=nSi* ^^ A* ^*® of interestis 4 percent^ 

Ex.4. 

In how many yearst w^l: 50QL aiaoaat to 9002., at 5 per cent* 
compound interest t 

Here ^=900, P=500; r=^, I+r=1.05. 

^ log. {1+r) 

fog; 900— log; 500 
^ log. 1.05 

.2552725 ,^^,. 

fit .^...^...i.^^^ ^ 12.04 Tears* 
.021189a ^^ 



214 * ooxpocin) nrnsusx. 

Ex.5. 

In what time will a sum of money double and treble itself, at 
5 per cent, compound iiiterest ? 

ByTH.3,(smcer=l,) 

ir o *u *• rj vi- log- 2 .8010300 ,,^ 

If«=3. then time of t..b«ng=j^=:g^«=22.5^. 

~ Ex. 6. 

Supposing the interest, to be paid half-yearly, what will be the 
amount of 500Z. in 8 years, at 5 per cent, compound interest? 

. Here P=500, r=~, l + ir=1.025, n=8. 

By Th. 8, log. il=log. P+2«X log. (1 + ir) 
=log. 500 + 16X log. (1.025) 
=2.8705526=log. 742.25. 
Hence ^=742Z. 6». 

Ex. 7. 

Suppose a person to place out annually 1007. for 10 suooessiro 
years, and suffer the whole to accumulate, at the rate of 5 per 
cent, compound interest. What sum would he have to recoiye at 
the end of the tenth year ? 

Here P=100, 1J=1.05, n=10. 

Pyo^, >, ,,gg(g^l)_ 105(i:05l'0-l) 
•R — 1 .05 

=2100(r05l'«— 1). 
Now log. (1.05)'°= 10 X log. 1.05 
=.2118930 

=log. 1.6289; .-. (1.05y»— 1=.6289 
Hence il=2100x. 6289 

=1320Z. 13*. 9jrf. 

Ex. 8. What would be the amount of lOOOZ. placed out at com 
pound interest of 5 per cent, for 10 years? Answer^ 1628/. 18« 



' r . / 
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Ex. 0. What sum must be placed out at compound interest, at 
4 per cent., to amount to 2000/. in 15 years? Answ. 1110/. 10«. 

Ex. 10. At what rate of compound interest must 518/. 6«. be 
placed out, to amount to 600/. in 3 years ? Answ. 5 per o^t. 

Ex. 11. In how many years will 200Z. amount to ^%%L Wu 
at 6 per cent, compound interest.1 Ans^ . 8 years. 

Ex. 12. In how many years will a sum of money double itself, 
at 4 per cent, compound interest? ' Answ. 17.6 years. 

Ex. 13. Fmd the amount of 1200/. put out to compound interest 
at 6 per cent, for 10 years, the interest being converted into pnn- 
cipal every half-year. Answ*. 2167/. 6«. 

Ex. 14. Suppose a person to place out annually the sum of 
20/. for 40 successive years, and suffer the whole to accumulate, 
at the rate of 5 per cent, compound interest, what would he have 
to receive at the end of 40 years? Answ. 2536/. 16«« 



LIX. 

On the Method of finding the Increcue of Population in any 
Country f under given circuuuiaaices of Births and Mortality. 

199. " Let P represent the population of a country at any 
given period ; — the fractional part of the popul^ion which die in 

a year, (or ratio of mortality ;) -=■ the proportion of births in a 
year ; then, if A represents the state of the population at the end 
of n years, log. A=\og. P+nX log. ^1 +^--t- ) •" 

The rate of increase of population in one year =t = — r- > 

... 1 : 1+^^ :: P : P(l+^-^)= state of the population at 

the end of the Jirst year. 
But it is increaied every year in the same proportion ; •'• 1 : 



t!<on at the end of the' jKcond year. 

In die same .manner we may pxove, thai te vtate^df idie popa* 
krtidn at Ae end of n years will he Wl +^^^ * 

Hence ^z=p(l+!!^)*; 

and log. -A=log. P+n k log. (1 H — ^^^ . 
Ffom which we deduce, 

log. P=log. A-^ X log. A +*'^^^ • 
_ .log. .A^og. P 

Of the quantities Ay P, m, ft, n^^any four heing given, the fifth 

may therefore be found. 

Suppose the population of Ga«at Britain in the year 1*800 to 
nave been ten millions ; that ^^th part die anmiallry ; that the 
births are to the|lleaths as 40 to 30 ; and that no emigration takes 
plaoe during the present century. What will be the state of \\» 
population in the year 1900? 

Here P=10000000, n=100, m=40, ^=30, and .-. 1+?^ J^ . 

mo 120 



Now log. il=.og. P+nXlog. (l+-^T-) 

121 
=log. 10000000+ 100 Xlqg. —^ 

=7.3d04200 
=:log. 22031000 
Hence ili«z 22981000. 






CD 

Si 
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Ex.2. \ 
Suppose the papulation' of Franoft, la the\ 
been 27000000 ; the ratb of mortality dunnd 
tury to have been ^th, aiid the number of birl 
the state of its population in the year 1700? \ ^ 

Here ii=2700a000, ii=;:r02, «=30, 6=26, .•. 1 +-g — -— . 

Log- P=log. ^— fix log. ^l+!^r^ 

106 
= log. 27000000—92 X log. j|^ 

=7.2269858 
=:legb 16864980, nearly. 
.•. P= 16864980. 

Ex. 3. 

Suppose the population of North America to have been five 

rnitlions in the year 1^00 ; in how many years will it amount to 

sixteen millions, taking the ratio of mortality at ^^th, and the 

annual proportion of births at ^^th 1 

fli— & 367 
Here il« 16000000, P«5000000,»i=45, 6=24, .-. l+!^=rrl. 

mo 860 

_ 1<^. A — ^log. P 

"-,.g.(.+^ 

log. 16000000— log. 5000000 

"" , 367 

^"g-360 

.5051500 ^^«^ 
= ..Ao^^»^ =Q0'39 years. 
.0083636 ^ 

Ex.4. 
The population of a province, in the year 1760, was estimated 
at 500000 persons; in the year 1800 it amounted to 720000; 
from the bills of mortality it appeared that, upon an average, ^V^^ 
part of the population had died annually ; no register had been 
kept of the births. What was the annual prop(Mtion ofthem dur 
ing this period? 

T 



^ 
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^^re ^.=720000, P=500000, jn=50, ii=40, 

y 50— ftv log. 720000— log. 500000 
=.0089590=Iog. 1.009. ' 

50— 6_ 9 

""* "506" "1000 ' 

.'. 50000— 1000&=450», 

. 50000 ... 

**' *=-l450 =^*-*- 

The annual proportion of Jnrths^ therefore, was about ^th. 

200. But " in any country, under given circumstances of Inrths 

and mortality, the fraction — r- is always a ginen quantity. Let 

1 

it be represented by - ; then the relation between the four quan- 

(Iv* 
1 H — 1 . If ji=«iP, we 

have mP=P( 1 + - 1 , or i«=(l +- 1 ,* and taking the Ic^rithm, 

log. flt:?=nXlog. (IH — 1." Hence we deduce the six following 
formulsB. 

I. Log. A=log. P+H log. (!+-)• 

II. Log. P=log. A — n log. (1+-1. 

ni. ,^ iog. ^-log. p 

log.(l + -) 
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V- n= 



log'W 



r- , for finding the period in which the popula- 
log. {l +-) ^OQ would he increased m times. 

VI. Log. ^1+1^=1^1^, for finding the rate, i, at which the 

population would be increased m times in n years. 
The following questions are intended to illustrate the use of 
these formulae, in the order in which they stand. 

Question 1. Suppose the population of a country to begin with 
six persons, and to increase annually by ^th of the whole ; what 
will be the state of its population at the end of 200 years ? 

Answer, 1106448 persons. 

QcT. 2. If, as stated in the dd Example, the population of North 
America was five millions in the year 1800, and the rate of in* 
crease has been ^If^ths for 50 years previous ; what was the state 
of its population in the year 1750 ? Answ. 1908930 persons. 

Qr. 3. Suppose the population of an empire to be 40 nuUions, 
und the annual increase tI?^^ > ^^^ ^^^g ^^^^ ^^ ^ before it 
amounts to 50 millions ? Answ. 43.6 years. 

Qu. 4. What mu3t be the rate of increase, that the population 
of a country may be changed from 1106400 persons to 5 millions 
in 100 years? Answ. About ^th annually. 



Qu. 5. By means of the formula ii= 



log. ffl 



Mowing Table. 



log.(l+-) 



— , verify the 



1 

p 


Period of 
doabUnf. 


Period of 
tieUioff. 


Period of being increased 
10 times. 


I 

120 


83.5 years 


132.3 years 


277.4 years 


1 
62 


36.3 years 


57.6 years 


120.9 years 



.n 



Qu. 6. What must be the wanual increase of population in aijjr ^ 
country, that it may double itsdf every century ? 

Answ. Between f\^d and f H^ 



2SI xmmmMsm or wommufnam 



201. Supposing tl^it a census of th^ whol» population of a 
country is taken every n years, and that it |a foui^d to have in- 
creased ft per cent, during that interval, then jf P. represents the 
amount of the population at the commew5€mefi^ of the » years, 

ftP 

P+TK?: will represent the amount of the population at the emi 

of th9 a years* 

If the annual increase be ~ , then (by Art. 2(H)) the amount of 

1+-) I bencQ 

.-. » . log. j(l +-)=%. (I00+i«>-4og. 100 

=:log. (lOO-frt)— 2, since k>g. 1<M)=2, 
and log. (l+l)=i[log. (iOO+»»)— 8}. 

Substitute this value of log. A +-\ in the expresaitH) . ^' — — 

{Fcwmula V. Art. 900,) and we have j- 'T *^ ,,, ■ - fy, 

-[log.(100+*)-S] 

the number bf years in which the population of a eountfy wffl be 
increased m times, if it goes on increasing at ttm 9«tDp Tfite as it 
has doxia for the last it years preceding the period i|t whick the 
census is taken. 

802. If the census be taken every tea years, and the period of 
doabling be r^uired, then n=10, m=:2, and the foregoing ex- 
pression becomes -J ^ , By subptftBting in k 

j^Pog. (100+^>^2] 

for ft the particular value of the per oentage, the fbUowing l^Ub 
exUbita tiie corresponding period of doubling. 



f 



-■--.. • • ^ ■_ 
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A TABLE» exhilnting the Period in which the Fopul^tion of • 
Country has a tendency to soubib Iteeli; from an estimate of its 
increase per cent, taken at the end of every Ten Years. 


L 


n. 


HI. 


Per Gentfige 

increase in ten 

years. 


Numerical value of 
l[log.(XOO+»-)--a]. 


Period of doubling. 
Log. 2, or .3010300 


l[log.C100-f-»>-2] 


K= 1.0 

1.5 
2.0 
2.5 
^3.0 
3.5 
4.0 
4.5 
5.0 


.00043214 

.00064660 


696.60 years 

465.55 

350.02 

280.70 

234.49 

201.48 

176.73 

157.47 

142.00 


.00086002 , 


.00107239 ,.... 

.00128372 ....,,.... 
.00149403 ».. 


.00170333 


.00191163 


,00211893 .......... 


*= 5,5 
0.0 
0.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 


.00232525 ..: 


129.46 years 
118.95 
110.06 
102,44 

05.84 

00.00 

84.96 

80,43 

76.37 

72.72 


.00253059 ,.. 


.00273496 


> • • 

ill 


.00354297 ,... 


.00374205 .......... 

.00394141 ' 


.00413927 ,,., 


K« 10.5 
11.0 
11.5 
12.0 
12.5 
18.0 
13.5 
14.0 
14.5 
15.0 


.00438028 


09.42 years 

06,41 

03.67 

01.10 

5834 

50.71 

54.73 

52.90 

51.19 

49.59 


.00453230 .......,., 


.00472749 

.00492180 ....^,,.., 
.00511525 ....,,.,.. 
.00580784 ..,.,..,., 
.00549959 ».,. 


.00509049 

.00588055 ....,,.... 


.00000978 
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A TABLE, exhibiting the Period in which the Population of a 
Countiy has a tendency to double itself, from an estimate of its 
increase per cent, taken at the end of ereiy Ten Years. 


L 


n. 


in. 


Per Centage 

incieasein ten 

years. 


Numerical value of 
l[log.(100 + r)-2]. 


Period of doubling. 
Log. 2, or .3010900 


l[log.(100+T)-2] 


K=: 15.5 

16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 


.00625820 

.00644580 


48.10 years 

46.70 

45.38 

44.14 

42.98 

41.87 

40.83 

39.84 

38.91 

38.01 


.00663259 

.00681869 

.00700379 


.00718820 

.00737184 


.00755470 

.00773679 


.00791812 . . ; 




K= 20.5 
21.0 
21.5 
22.0 
22.5 
23.0 
23.5 
24.0 
24.5 
25.0 


.00809870 


87.17 years 

36.36 

35.59 

34.85 

34.15 

33.48 

32.83 

32.22 

31.63 

31.06 


.00827854 .;. 


.00845763 ..; 


.00863598 . . ; 


.00881361 


.00899051 


.00916670 


.00934217 ..: 


.00951694 


.00969100 




ft= 25.5 
26.0 
26.5 
27.0 
27.5 
28.0 
28.5 
29.0 
29.5 
30.0 


.00986437 

.01003705 ,.; 

.01020905 . . ; 


30.51 yean 

29.99 

29.48 

28.99 

28.53 

28.07 

27.64 

27.22 

26.81 

26.41 


.01038037 

.01055102 ..; 


.01072100 ..; 

.01089031 ..; 

.01105897 


.01122698 


.01139434 
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ZNCRBASE OF POPULATION. 



22V 



A TABLE, exhibiting the Period in which the Populati^^lj 
Country has a tendency to doitblz itself £rom an esttmate of ki 
increase per cent, taken at the end of eveiy Ten Yealrs. 


r 


I. 


n. 


in. 


. 


Per Centage 

increase in ten 

years. 


Numerical value of 
l[log.(100 + 5r)-a]. 


Period of doubling. 
Log. 2, or .3010300 


j^[log.(100+T)-21 


^=80.5 
31.0 
31.5 
32.0 
82.5 
83.0 
33.5 
34.0 
34.5 
35.0 


.01156105 

.01172713 


26.03 years 

25.67 . 

25.31 

24.96 

24.63 

24.30 

23.99 

23.68 

23.38 

23.09 


.01189258 


.01205789 

.01222159 


.01288616 

.01254818 


.01271048 


.01287223 

.01303338 




K = 85.6 
86.0 
86.5 
37.0 
37.5 
88.0 
38.5 
89.0 
39.5 
40.0 


.01819893 


22.81 years 

22.54 

22.27 

22.01 

21.76 

21.52 

21.28 

21.04 

20.82 

20.59 


.01385889 


.01351827 

.01867206 


.01383027 


.01.398791 

.01414498 


.01480148 


.01445742 

.01461820 




K=41 

42 
43 
44 
45 
46 
47 
48 
49 
50 


.01492191 

.01522883 


20.17 years 

19.76 

19.37 

19.00 

18.65 

18.31 

17.99 

17.68 

17.38 

17.09 


.01558360 


.01583625 


.01618680 


.01648529 


.01678178 


.01702617 


.01781868 


.01760918 






fMf» ivcfiiBAss or rOTVLsmovt 

* Tb^jp the Table of which the fint and tluid OBbmsmbm^ 
MMLjIfcrted by Ms. Miatbub^ at page 498, Vol. I. of the" aitih 
^mon of hi| Essaj oa Population* 

. From the Parliamefitaiy Report of tho PopulatieB of Eagkad 
and Mfeles, it appears that 

lo 1800 it amounted to 9108000 persons, 

1810 4 ..... * 10503500 . 4 . . 

1820 « 131^18500 . 4 . . 

which gives an increase of about 14.5 per cent, from 1800 fo 
1810, and of about 16.3 per cent, from 1810 to 1820. 

Hence, by referring to the Tatle, we infer that, taking the 
9Merage rate^f inciease from 1800 to 1810, the population of 
England and Wales hadt '^^ 1810^ a tendency to double itself in 
about 51 years ; and, taking the average rate of increase from 
}810 to 1820, it had| in 1820, a tendency to double itself in about 

years. ^^ ^^ ^ ^ ^^ y? ^ ;^^ ^ ^ .^ ^^ f^ tru^ 
"^ '' 1^ ^ A. . /, ., . / ^ ' .3 3 ^ ^ . . /,^^ - ^^f- 

, , ■■ ,^-- ■■ '' - -^- 
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CATALOGUE 



VALUABLE 

SCHOOL BOOKS, 



THE ATTENTION OF PERSONS INTERESTED IN THE CAUSE OF 
EDUCATION IS RESPECT?5XJLLV SOLICITED. 



nJBLISHXO BT 

FREDERICK W. GREENOUGH, 

3 minor Street, * 

PHILADELPHIA; 

AND FOR "sale BY THE PRINCIPAL BOOK8BLLER8 
IN THE UNITED STATES. 



Oatlines of Sacred History, are considered particularly 
worthy of attention. A careful examination of the^ books 
wiU show them to be well suited to the use of schools* 
Their embellishments are executed in a beautifiil style ; and 
the tables, questions, and other explanatory and illustrative 
matter, render them unusually convenient for teachers, and 
iraproving for scholars. The recommendations of teachers 
and reviews of public journals contained in the catalogue, 
will show the estimation in which they are held by literary 
men, and the extent to which they have been introduced in 
^ the schools of our country. 

The History of the United States, for the use of Schools 
and Academies, by Mr. Frost, which is the last of the series 
in the order of publication, has already acquired a very ex- 
tensive circulation ; and the testimonials from teachers and 
other literary men, to its fidelity and accuracy, its popular^ 
winning style, and its perfect adaptation to the purposes of 
school instruction, are numerous and decisive of its merits. 
It is undoubtedly the completest and most attractive school 
history now in use. 

This history, and the one mentioned below, have been in- 
troduced into the public schools of Philadelphia and Bal- 
timore. 

The History of the United States, for the use of Common 
Schools, by the same author, is condensed from the last 
mentioned work, and is generally used in common schools. 

In order to complete this series of school histories, the 
subscribers have now in preparation a General History. 
% The American Speaker, by Mr. Frost, possesses consider- 
able advantages over other works of the same class. The 
pieces for declamation are selected with sreat care from an 
immense mass of materials ; and the author has thus been 
enabled to furnish a collection unrivalled in richness and 
rariety. The pieces are of various lengths, adapted to dif- 
_ ferent occasions; and a complete treatise on elocution is 
prefixed by way of introduction. This volume is embel- 
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.iflhed with portraits of the most distinguished American 
orators^ beautifully engraved on steel. 
. The Reader's Companion, by Mr. Ewing, is intended to 
supply a deficiency much complained of by teachers, in 
elementary instruction in elocution. It is a small, cheap 
volume; containing a clear exposition of the best method 
of teaching the art of reading, with exercises in prose and 
Terse, marked with rhetorical inflections, and directions for 
the expression of the passioils in reading and speaking. It 
is designed to be used in connexion with the reading books 
in common use, which are generally deficient in the prac- 
tical instruction in elocution which this little volume sup- 
plies. 

The small volume of Guy and Keith on Astronomy and 
the Use of the Globes, is a very popular work. It has been 
fbund the most elegant and convenient compend of astrono- 
mical science hitherto prepared for the use of schools. The 
recommendations of this' worJc are respectfully offered to the 
notice of the public. 

Bridge's Algebra is also gaining a very high repute, from 
its accuracy tind the beautifully clear jand concise method 
which the author pursues. It is a favourite book with pupils, 
on account of its being perfectly intelligible and interesting. 
It renders a somewhat abstruse science quite attractive to 
young minds. 

The Scientific C lass-Book is perhaps the most valuable 
publication on the list. It comprises in two moderately- 
sized volumes all the subjects of natural Science studied in 
schools and academies^ and several subjects highly useful 
and interesting which have not hitherto been embraced in 
the course of instruction at school. Natural Philosophy, 
Chemistry, Metallurgy, Mineralogy, Crystallography, Geo- 
logy, Cry otology and Meteorology, are here treated at suffi* 
>cient length for the- purposes of liberal education; and in 
the volume which is now in preparation. Physiology and the 
several departments of Zoology will be fully treated. A 
1* 
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unifonn and well executed coarse on these important sub- 
jects has hitherto been a desideratum. It is believed, and 
the testimonials submitted in the catalogue support the be- 
lief, that the volumes now offered leave nothing further to 
be desired in the way of text-books for a thorough course of 
school instruction on natural science. 

In the department of local Geography, the subscriber has 
been fortunate enough to secure an -excellent Geography of 
Pennsylvania, which has been adopted as a class-book by 
the Controllers of the Public Schools of the city of Phila- 
delphia, and is rapidly finding its way into the public and 
private schools throughout the state. 

This work, and Frost's History of the United States* 
may be very properly commended to the special notice of 
our school committees, generally. 

In the departments of literary History and Antiquities, the 
subscriber is supplying the principal colleges and higher 
academies with the celebrated Manual of Classical Litera- 
ture of Professor Eschenburg, edited and enlarged by Pro- 
fessor Fiske ; and the Classical Antiquities of the same dis- , 
tinguished author and editor. 

As an auxiliary in the studies of composition, criticism« 
and grammar, the Etymological Dictionary of Oswald is 
confidently recommended to general notice. It will be per- 
ceived by the certificates of instructors inserted in the cata- 
logue, that this valuable work is already extensively Intio- 
duced into schools and academies. 

For particular notices of the other School Bookii com* 
prised in the subscriber's list, the reader is referred to tho 
following catalogue. Teachers and school committees, who 
may be desirous to examine copies of the books, are respect- 
fully requested to call at the store of the subscriber. No. 23 
Minor street, or to make application to his nearest agent. 

FREDERICK W. GREENOUGH. 
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FROST'S UNITED STATES. 



HISTORY OF THE UNITED STATES; for the 

use of Schools and Academies. By JoHir Frost. Illustnited 
with 40 engravings. 

The design %f the author in this, his larger history, has been to furnish a 
text-t>ook full and complete enough for the use of colleges, academies, and 
the higher seminaries. It begins with the discovery of the New World, and 
presenting the series of events in a clear and connected narrative, rejecting 
whatever was considered irrelevant (h- unimportant, and dwelling chiefly on 
those striliing features of the subject which give it vividness and character; 
the history is brought down to the present day. " Although," says the author 
in his preface, " tlie considerable period embraced, the multitude of characters 
and events delineated, and the extent of the field in which they figure, have 
rendered the preservation of historical unity no easy task, he has laboured to 
give the work such a degree of compactness as would enable the student to 

Sirceive the relation of all its parts, and to grasp the whole without any very 
fficult exercise of comprehension." 

The numerous testimonials to the merit of this work, and its popularity 
evinced auite unequivocally by the sale of ten thousand copies withm a few 
months after its first publication, afford a strong presumption that the author 
has succeeded in his purpose of making it a first-rate school history. 

The following noti(^s and recommendations of Frost's History, are selected 
from an immense number which have been sent to the publisher. 



BE00IMIM£HDATXOK8. 

Ma. BlDDLB, 

Dear A*r,-I am glad to see that the ** History ofthe United States," which 
you announced some time since, has made its appearance. The extensive 
research which has of late years been carried on upon the subject of American 
history, and the careful investigation of original sources of intelligence, hy 
ladividaals eminently qualified for the task, have furnished valuable mate- 

7 
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rials from which to enlaiige and to correct the historical records of oar coun- 
try. It was time to have these advantages transferred to worlcs designed for 
the purpose of education. I was happy, therefore, to oliserve by your an- 
uouncement, that a boolc on this plan was to be prepared. I have since t>een 
gratified with the perusal of the volume ; and I talce pleasure in saying that 
ft appears to me in every reK)ect well executed. Ii avoids the iault with 
which most compilations are chaiigeable— that of merely sketching a general 
outline of events, too brief and abstract to gain the attention of the student. 
It is free, at the same time, from injudicious prolixity and detail. 

The style is clear, concise, and spirited ; free on the one hand from the 
ambitious and rhetorical character, and on the other, from the negl^enee 
and inaccuracy into which most of our popular compends have fallen. ' 

As a history of the United States, it is, in my opinion, mere ftiU and more 
exact than any of the same size, and in all other respects preferable} a« a 
book intended to aid the business of instruction. . 

WILLIAM RUSSELL^ 
Editor ijfthe American Journal of Educationtfrat aenea. 

Philadelphia, Oct. 1836. 

New York, January 11, 1837.- 
We fully concur in the sentiments above expressed. 

G. J. HOPPER, JOSEPH CHAMBERLAIN, 

RUFUS LOCKWOOD, MYRON BEARDSLEY, 

ROYAL MANN, WILLIAM H. WYCKOFF, 

JOHN OAKLEY, THEODORE W. PORTER, 

HENRY SWORDS, C. C. JENNINGS. 

GEORGE INGRAM, ROBERT J. FURNEY, 

JOHN C. TREADWELL, AARON RAND, 

JOSEPH M'KEEN, EDMUND D. BARRY, D.D., Prfnci- 
F. S. WORTH, pal of a Classical Academy. 

WILLIAM FORREST, SiLMUEL GARDNER, 

F. A. STREETER, D. STEVENS, > 

JAMES LAWSON, SAMUEL BROWN, 

DAVID SUHOYER, JOSEPH M. ELY, 

SOLOMON JENNER, P. PERRINE, 

C. WM. NICHOLS, SAMUEL RICHARDS. 
JOSEPH MOONEY, 

fVom S. Jones, A.M., PkUadelphiOy comer cf Seventh and Carpenter atreete 
A History of the United States fo^ the use of schools, such as the present, 
has long been greatlv needed-«ometbing to correspond in itrgeneral charae- 
ter with the admhrable histories of Goldsmith, which have been received with 
so much favour. I have examined the volume prepared by Mr. Frost, and 
** although the considerable period embraced, the multitude of characters and 
events delineated, and the extent of the field in which they figure," have 
called for the exercise of great judgment in the selection, as well as in the 
armngement of his materials , yet this difficult task has been accomplished 
with a success which Is highly creditable to ti\p author. The great Industry 
tfnd fidelity with which It has been composed are ve^ apparent : and the 
" List of Authorities," at the end, evinces that he has availed himself of the 
^.-""Vf*^?" ofjnforaaation. It gives me pleasure to- commend this History 
of the United States, as being t»etter suited to the valuable purpose for whicD 
it was designedjthan any other which has hitherto come under my notice. 
February, 1837. • S. JONES. 

Mr. E. C. Biddlb, 

Your « Frost's Unitwl States" is, in ray judgment, by far the best school book 
in the department of history that we have, it ought to supersede, in respect 
to more advanced pupils, Uny other text-book extant on this subjiect. I can 
•nly wish that it may be placed within the reach of those for whom it is in- 
tended, inasmuch as the work needs to be known merely, in order to be gene, 
rally adopted. - 

CHARLES HENRY ALDEN. 



Columbia AvademyjPhilad.tN<n.llit IBM. 
Mil Edward C. Biddlb, 

Dear 8ir.—l am so well pleased with "Frost's History of the United 
States," ana its merits as a schoul book, that I have organized a class who 
are now engaged 'in stodyiug it. 

RrapectfuUy yours, dec. 

J. H. BROWN. 

We fully concur In the opinions expressed above. 



AUGUSTINE LUDTNCmN, 
SAMUEL CLENDENIN, 
ARCHIBALD MITCHELL, 
THOMAS T. AZPELL, 
T. G. POTTS, 
J. B. WALKER, 

H. LONGSTRETH, A.M., Classical 
Teacher, Friends' Academy. 

D. R. ASHTON, 
WILLIAM MARRIOTT, Principal 

of Philadelphia Select Academy, 
omier of Fifth and Arch streets. 
RUL LAKE, 

E. FOUSE, N. E. comer of Race and 
Sixth sireeta. 

WILLIAM A. GARRIGUES, Matba. 

matical Teacher. * 

I. I. HITCHCOCK, 
THOMAS BALDWIN, 
T. SEVERN, 
JOHN SIMMONS, 

jinv^ifj/io miix/aifj, JOHN EVANS, 

WILLUM'ALEXANDER,A.M. JOHN STOCKDALE, 

JOSEPH RAPP, No. 41 Sansom Rev. SAML. W. CRAWFORD, A.M. 
street. Principal of the Academical Dept. 

JOHN PURLZ, of the University of Pennsylvania. 

I have examined « Frost's History of the United SUtes," just published, and 
cheerfully recomipend it to the attention of teachers as a very superior work 
of the Icind. In style, a most important point in works of this character, it is 
decided I V superior to some of the most popular historical cdmpends now us^ 
in our schools and acadeniies. 

Baltimore, March 16, 1837. R. CONNOLLY. 

Dear £b'r,— I have long felt the want of a good History of the United States^ 
and was i)leased to have the opportunity or perusing Frost's. I 'am so much 
pleased with its elegance of language, neat arrangement, copious questions, 
and style of getting up, that I shall at once introduce it into my school, ana 
use my influence to give h a wide circulation. 

BaUimore, March 16) 1837. E. B. HARNET. 



JOHN COLLINS, 
MATTHIAS NUGENT, 
RICHARD O'R. LOVETT, 
S. H. REEVES, 
JAMES CROWELL, 
THOMAS COLLINS, 
R. M'CUNNEY, 
THOMAS H. WILSON, 
DAVID SMITH. 
BARTR.\M KAIGHN, 
M. SEMPLE, 
B. W. BLACKWOOD, 
WILLIAM M'NAIR, 
E. W. HUBBARD, 
WILLIAM LEWIS, 
E. NEVILLE, 
JOHN ALLEN, 
WILLIAM MANN, 
JAMES E. SLACK, 
L. W. BURNETT, 
CHARLES MEAD, 
THOMAS M'ADAM 



We fully -concur in the above. 

EDWARD IS. iSBBS, 
MICHAEL POWER, 
ANDREW DINSMORE, 
JAMBS WILKISON, 
N. M. KNAPP, 
DAVID KING, 
JOHN R. GARBOE, 
JOSEPH WALKER, 
JAMES E. SEARLY, 
THOMSON RANDOLPH, 
CHARLES H. ROBERTSON, 



CHARLES F. BANSEMOS, 
ROBERT O'NEILL, 
JOHN HARVIE, 
E. YEATES REESE, 
PHILIP WALSH, 
JOHN KIRBY, A.M. 
BENJAMIN G. FRY, 
S. M. ROSZEL, 
JOSEPH H. CLAREl^ 
JOHN KEELY, 
PARDON DAVlSL 



LMJ 



Baltimore, March, 1887. 
Mk. E. C. Biodlb, 

Sir,—! have examined with some attention "A History of the United 
States, by John Frost," published by you. I am so much pleased with its 
happy arrangement, correct style, and careful investigation into the inci- 
dents of our history, that I shall introduce it into my school, as early as prac- 
ticable, and I think its merits need only be Imown, to recommend it to eveij 
school in the country. 

I am, respectfully, && 

A.A.DOWSON. 

By the politeness of the puDlisher, Mr. E. C. Biddte. of Philadelphia, wa 
have received, through his aeent, a copy of Frost's "History of the United 
Sutes ;'* and having examined it, are infinitely pleased with the work. The 
compiler has departed sufficiently from the path of common historians, to 
render his work truly entertaining, without overlooking any important histo> 
rical fact. The chronological and statistical tables are full, the subject mat- 
ter well arranged, and it seems adapted in evciy important respect for use 
in schools and academies. KNAFF & WILLS. 

Qay Street Senvinary, March 70, 1837. 

BaltimoM FmuUe Claaaical SkhooL 
Mr. BiODtiB, 

8irr-AB far as I have examined « The History of the United States,'* which 
you ^ut into my hands for that purpose, it receives my decided approbation; 
snd m corroboration of this, I shall introduce it immediately, as a text-book, 
intomyiA:hool. 

A. B. CLEA\nSLAND, A.M., M.D., SchoolmaalAr. 
Baltimore, March 16, 1837. 

From Stephen S. Boazel, A.M., Principal <f" Spring Seminary,'" Baltimore. 
Mb. E. C. Biddlb, 

Sir,— A BUf)erficial examination of "Frost's United States'* is quite suffi- 
cient to convince any impartial and enlightened mind of its general excel- 
lence, and especially of its admirable adaptatiou to the purposes of scholas- 
tic study. The simplicity ot its arrangement, the perspicuity of its delinea- 
tions, and the elegance of its style, combine to recommend iu adoption in 
all our literary institutions, and to secure in its favour the cheerful plaudits 
of univeisai approbation. Respectfully, 

S. S. HOSZEL. 



_ Philadelphia, March 24, I83a 

Thjlfl is to certify, that "Frost's History of Uie United States" has been 

adopted as a class-book by the Controllers of the Public Schools of the Firat 

School District of Pennsylvania, and is in general use iii the public school! 

in the city and county of Philadelphia. 

R. PENN SMITH, . 
Secretary <fthe Board qf ControUero. 



Frost's History or the United States has been reprinted in 
LoiTDON as the first of a series of natioital histories written by 
natives of the respective countries to which they relate. This is a 
compliment not often paid to American school books by British pub- 
Ushe'rs. 
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PINNOCK'S ENGLAND. 



PINNOCK'S IMPROVED EDITION OF DR. 

GOLDSMITH'S HISTORY OF ENGLAND, from the inva- 
sion of Julius Cssar to the death of George II., with a con- 
tinuation to the year 1838 : with questions for examination at 
the end of each secticHi ; besides a variety of valuable information 
added throughout the work, consisting of Tables of Contempo- 
rary Sovereigns and Eminent Persons, copious Explanatory 
Notes, Remarks on the Politics, Manners, and Literature of the 
Age, and an Outline of the Constitution. Illustrated with 30 
Engravings on Wood. Fifteenth American, corrected and re- 
vised firom the twenty-fourth English edition. 



JREOOIIXIIXENDATIONS. 

Messrs. Key & Biddle, Philadelphia^ Oct. 20, 1834. 

Gentlemen,— Be plcftsed to accept my thanks for me favour you have done 
me in sending a cony of your neat and attractive edition of Finnock's Gold- * 
smith's England. It appears to me tu have beeivsedulously prepared for the 
purpose which it professes to subserve— that of a convenient manual for 
schools and academies. By the questions and tabular views at the ends of 
the several chapters, the scholar will be able to test his own acquisitions, and 
to embrace at a glance an important collection of facts, in regard to the his- 
tory and biography of the period of which he has been reading. These land- 
marks for the memory serve to raise a host of reminiscences, all iiitecesting to 
the diligent and inquiring student. With my wishes for the success of the 
work, accept the assurances of the high respect with which I subscribe my-> 
self. Your obed lent servant, 

WALTER R. JOHNSON, 
PrqfeBBor qfMecJuxnics and Natural PhiloeojAy 
in the PrankUn Institute, 

From S. Jones, AJtI., Principal cf tJie Claasical and Mathematical htstitute, 
Philadelpfiia. 

I have attentively examined Finnock's improved edition of Dr. Goldsniith^ 
History of England, published by Messrs. Key & Biddle, of this city, and am 
impressed with its excellence. I have no hesitation in expressing my full 
approbation of the work, with my belief that it will receive a liberal patron- 
age from an enlightened community. S. JONES. 

nth Month, ISai. 
^ I consider Finnock's edition of Goldsmith's History of England as the best 
•dition of that work which has yet been published for the use. of schools. The 
tables of contemporary sovereigns and eminent persons, at the end of each 
chapter, afford the means^f many useful remarks and comparisons with the 
history Of other nations. With these views, I cheerfully recommend it as a 
took well adapted to school puiposes. JOHN M. KEAG Y. 

Friends' Asademy^ Philaa^jpma. 
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We fullx concur ia the opinicm as 
"SETH SMITH, 
J. H. BLACK, 
THOMAS COLLINS, 
JAMES CROWELL, 
J. B. WALKER, 
S. C. WALKER, 
T. H. WILSON, 
J. MADEIRA, 
WILLUM IVIANN, 
W. MARRIOTT, 
0. B. TREGO, 
URIAH KITCHEN, 
THOMAS EUSTACE, 
JOHN HASLAM, 
W. CURRAN, 
J. STOCKDALE, 
S. H. REEVES, 
J. HAYMER, 
W. B. ROSE, 
CHARLES MEAD, 
BENJAMIN MAYO, 
Rbv. S. M.-GAYLEY, Wil- 

minston, Del. 
E. FOTJSE, •> 
J. E. SLACK, 
JOSEPH R. EASTBURN, 
A. STEVENSON, 



expresBed above. 

AVILLIAIVI A. GARREGUES, 

U. SOULE, 

ttsv, CHAHLES IlENBY ALDEH, 

JOHN liUSTAUE, 

BENJAMIN C. TUCKER, 

HUGH MORROW. 

WtLLlAM M'NAiH, 

E. II HUBiiAHl>, 

R. LAKE, 

JOHN WEBB, 

JOHN OSD, 

SAMUEL CLENBENIN, 

D. R, ASHTOX. 

J. O^CONNOR, kfiCTeU.ry in thu Ril 
Indelnhiji Aisor.lakion utTeac^tien. 

JOStlPH WARREN', 

THO]>L\lS CONRAD, 

THOiMAS M*ADARL 

Rev. SAMUKL W. CRAWFORI?, 
A.M., Prlncifkiil i>r Acmjdfinikd IktpL 
of UnH'eraitV of Peu[uyLirA|iiA- 

W. lu HUliLlJUT, 

R, W. Cl.'SHMAN, 

AUGUSTINE LUDINGTON, 

JOHPf ERHARDT, 

OLIVER A. SUAW, 

A. D. CLEVELAND. , 



BcUiimoret Dse. 1 
above expressed. 

WILLIAM HAMILTON, 
JOSEPH WALKER, 
JAMES SHANLEY, 
DAVID RING, 
ROBERT WALKER, 
D. W. B. M'CLELAJJ, 
S. A. DAVIS, 
JAMES F. GOULD, 
JOSEPH H. CLARKE, 
FRANCIS WATERS, 
JOHN MAGEE, 
MICHAEL POWER. 



We fully concur in the opinion 
SAMUEL JONES, 
O. W. TREADWELL, 
E. BENNETT, 
E. R. HARNEY. 
ROBERT O'NEILL, 
N. SPELMAN, 
S. W. ROSZELL, 
SAMUEL HUBBELL, 
H, O. WATTS, 

C. F. BANSEMER, 

D. E. REESE, 
S. A. CLARKE, 
JOHN FINLEY, A.M. 

Recommendations lo the same general effect have been received fiom tho 
following gentlemen : — 

SIMEON HART, Jr., Farmington, Conn. 

Rkv. D. R. JUSTIN, Principal of Monmouth Academy, Monson, Mass. 

T. L. WRIGHT, A.M-, Principal pf Bast Hartford Classical and English 
School. 

Rkv. N. W. FISKE, A.M., Professor Amherst College, Mass. 

E. S. SNELL, A.M., Professor Amherst College, Mass. 

Rbv. S. north, Professor of Languages, Hamilton College, New York 

W. H. SCRAM, A.M., Principal of Classical and English Academy, Ttoy, 
New York. 

JAMES F. GOULD, Principal of Classical School, Baltimore. 

A. B. MYERS, Principal of Whitehall Academy, New York. 
HORACE WEBSTER. Professor Geneva College^ew York. 
W. C. FOWLER, Professor Middlebury College, Vermont. 

B. S. NOBLE, Bridgeport, Conn. 

Rbv. S. B. HOWE, late Ftesidentbf Dickinson College. 
6. F. JOSLIN, Professor Union College, New York. 



[13 1 



PINNOCE'S GREECE. 



PINNOCK'S IMPROVED EDITION OF DR. 
GOLDSMITH'S HISTORY OP GREECE. Revised, cot^ 
irected, and very considerably enlarged, by the addition of several 
new chapters and numerous useful notes ; with questions for 
examination, at the end of each section. Revised firom the 
twelfth London edition. With 30 engravings, by Atherton. ' 



REOOMaOENDATZOirS. 

FYomMr. K. Dadge^ Teaeher, South JBightk 9tr$et, 

The'edition of " Pinnock's History of Greece" on the basis of Ooldsmithli, Is, 

Id mj estimation, a work of superior meriL The introductory chapters are 

especially valuable. The body of the work is greatly improved ; and the 

eontinuation, thoush twief^ supplies a want ereatly fell by every reaider at the 

1 of the original work of Dr. Ool&mith. I shall introduce it into 



conclusion c 

my seminary as the lolest text-book on the subject. 

We fully concur in the opinions above expressed. 



N. DODGE. 



THOMAS H. WILSONTj 

JOHN SLMMOr^S, 
WILLFAM M'NAIK. 
Ef>WAKD H. HDBBAfiD, 

Kbv WM. MANN, A.M. 
J, MADEIRA. 
J. E. SLACK, 
L. W, BUEtNET, 
.lOHN HASLAftf, 
THOMAS EUSTACE, 

WHXIAM MARElOTTt 
ElAL LAKE, 
THOMAS COLLINS. 
MATTHIAS NUGENT, 
SAMUEL CLENPENTN, 
JA IVIES CllOVVKLLj 
WILLIAM B. ROSE, 



AUGUSTINE LUDINOTON, 

Hev. SAMUEL W. CBAtVTORD^ 
A.M., Principal cf Ihe AcadL D^pL 
of ihti UnivfrrsiLV af PeaoFvLvaala. 

THOMAS JM'AniMj 

THOMAS T. AZPELL, 

A. MITCHELL, 
H. MORROW. 

B, K, Ai^HTON, 
BEN/AMIN C. tUCEEE, 
ES. LEVYt 
WILLIAM RORERTSj 
S5AMTJh;L J, WILLEY, 
THOMAS BALDWIN, 

U. KITCHliN, 
M, L. HUHLBliRT, 
SHEPHERD A. REEVES, 
EDMUND NEVILLE, 
NICHOLA:^ DONNELLY, 
WILLIAM A. OAKRIOUES. 
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PINNOCK'S ROME. 



PINNOGK'S IMPROVED EDITION OF Di^ 

GQLDSMI'TH'S HISTORY OF ROME. To whidi k pie 
fixed an Introduction to the Study of Rowan History, and a gze^ 
Tariety of infomiation throughout the work on tiie Mannej^ 
Insiitutiomgi, a»d Antiquities of the Ronpia^^s ; with questions |pr 
exa^ninati^n, at the end of eadi section. Revised from the 
twelfth London edition, with additions and improvements. 
With 30 engravings, by Athertqn. 



RSOOniMEKDATXOItrS. 

Having examiaed FiDoock'f improved edition of Dr. Goldsmith's Hisjtory 
of Bomej I imlieBitatingly say, tbat the style and elKance of the language^ 
the arrangement of the chapters, and the questions lor examination, ronoer 
it^ in ray estimation, a most valuable school book :— I therefore most cheerfolly 
recommend it to teachers, and do confidently trust that it will find aa«xte9* 
si ve Introduction into the schools of our country. 

Baltimore^ September 23, ]^a5. JA^ftES F. GOUUl. 

We fully concur in the above recommendation. ' 

9, P STtTNlSTEK, A. DINSMORE, 

C. fT. ROBEHTSON, JAMES WILKESON, 

HOBEKT walker; JOSEPH H. CLARKE, 

WILLIAM UAMU^roN S. A. CLARKE, 

DAVID RJNOj JOSEPH WALKER, 

JAMES E. SEARLEY, JAMES SHANLEi5_ 

SAMUEL ROSZKI., E. RHODES HARNEY, 

E. YEATES REESE, ROBERT O'NEILL, 

N. SHK1,MAX, MICHAEL POWER, 

B . \VA J rS J i JOHN PRENTISS, 



PARlX>Nr nAVIS, 
SAMUEL HUUBELL, 
O- W. TREA1}\^ELL, 



tJDWARD S. EBBS, 
MICHAEL TONER. 



From SamuMl JTofiM, AM.s Princ^Ml of the CUueical qnd MUhenuOgcal 
iMtUtUft Phtladelph4a. 

, A writer of so honourable a popularity as Dr. Goldsmith, for all the gmcea 
of an elegant, polished, and pure style and whose histories have been so long 
and so extensively useful to youth, certmnly needs no encomium. It may be 
added, however, for the information of those teachers who are not acquainted 
with the improvements of Pinnock, that he has been for some time eminent 
in England for valuable additions to school books. Of the edition of Rome, by 
Messrs. Key & Biddle of this city, it is believed that it will be found superior, 
inthe manner of " getting up," to any yet published in this country r while 
its attractive appearanceand mechanical execution lead me not only to hope. 
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Dut confidently expect, that thej will receive a liberal return ibr their InTeft* 

menu 

. Philadelphia, Stptember 15, 18^, SAMUEL JONES, i 

IVom J. M Keagy, M.D., Prineipal qfFYitnda* Academy, Philadelphia. ' 
Finnock's edition of "Goldsmith's Rome'' has several very useful addi- 
tions; the one an introduction, containing an abridged view of Roman 
Geography and Antiquities, and the other a very appropriate -extension of 
Roman history to the subjugation of the empire by the Northern Barbarians. 
This impibved edition of "Goldsmith's Rome" will, no doubt, retain it» 

gace in our schools as one of the best abridgments of the histoiy of that 
teresting people. 4 

JOHN M. KEAGY. 

We fully concur in the above. 

THOMAS BALDWIN, F. M. LUBBREN, 

D. MAGENIS, Teacher of Elo- SHEPHERD A. REEVES, 

cution. JOHN HASLAM, 

WILLIAM A. «ARRIGTJES, E. FOUSE, 

CIIARI.Kf? HENRY ALDEN, OLIVER A. SHAW, 

■V^^ MARIUOTT, M. L. HURLBERT, 

THOMAS CONARD, RIAL LAKE, 

TJ Ft r A (i K I TC HLKN, BENJAMIN MAYO, 

SKTHRMSTIt, WILLIAM M'NAIR, 

J. h. Gltl^C:OM, C. K. FROST, 

AUGLSilN'E LUDINGTON, SAMUEL CLENDENIN, 

CI!AKl-ny B. TREGO, THOMAS COLUlfe, 

THOI\l A S EU ST AU E, J. O ^r - v - ■ ' 

J. H. BROWTT, JOHN ■ .ALE,' 

JOHN STEEL, D. K, A-h i i^ ^, 

T. u, potts; benjamin C. TITCEER, 

JOSEPH R ENGLES, JAMKy CKOWELL. * 

WILLIAM MANN, RICHARD M^CUNlltEY, 

X. W. BURNKT, J. E, SLACK, 

HUGH MORROW, CHARLES MEAD, 

JOSEPH EUSTACE, E. H. HUBBARD, 

M. A, CEITTEiVDE^, PrincS- V. VALUE, 

pal of a Young Ladies' Senii' EDWARD POOLE. 

flrifV* riiiladelphla. 

' Recommendationa to the same effect have been received fiom the followiac 
gentlemen: 

SniEOX HAFlTj Jn., Fanuinetun, Conn. 

T, L, WRIGHT, Eoat HanfacS. Conn. 

Kef. N. W. FISKE. Profeaaor Amherst College, Ma». 

B, R. AUSTIN, A.\U Principul ofMonsaa AcademF. 

Rev. S. north, Prfifessor liiinJUon CuUete. New York, 

HORACE WEBSTER, Prtifpssor Geneva Colleeei ^evr Tork. 

B. G. NOBLE J Bridi^eport, Conn. 

Eev. S. B, HOU% kt6 President of Dickinson CoIIbeb. 

B. F. JOSLIN, M D., Pn^fwiMOr Unicjn C^Uege. New York. 
G. B. OyiNmNNING, TmT.No^^ Yutk, 

J. p. BRACfv, Principal of Kiirtfnril Fomal^ Academy. 

C. H CALHOUNjA.m, TuLijrWiRi am 's College. 
GEORGE HALE, A.M., Tuisr Williarrs's Con^^. 

J. H. LATHROPt A.M., Profesaor Hamilton CalleHe, Naw York. 
A- N. SKIN^NER, Ktiw Hiiven, Conn. 

D. D WHEDQIV^ Proieiaor Wopl^jaJa 17nlvB»kjj Midcllevmi Conn. 
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OUTLINES OF SACRED HISTORY. 



OUTLINES OF SACRED HISTORY; from the 

Creation of the WApld to the Desti|)ction of Jerusalem. With 
questions for examination. Intended for the use of Schools and 
Families. New edition, enlarged and improved. lUustraied 
with 30 engrayingD on wood. Published in London, under 
the direction of the Committee of General Literature and Edu- 
cation, appointed by the Society for promoting Christian Know- 
ledge. 



IIE00»E1MICHDATZ0NS. 

FVom Dr. Seagy, Principal qf FYiend$* Academy t Shuth F\ntrth §tre$t, * 
The ** Outlines of Sacred History," published by Messrs. Key & Biddk), Is 
a well-wriuen digest of Bible history, with the continuation of the Old Tet> 
lament history from the time of Nehemiah to the advent of Christ, and of that 
of the New Testament, to the destruction of Jerusalem. It is altogether aa 
excellent epitome, and will be verr useful to our youth in giving them con- 
sistent and cQmprehensive views of the historical parts of the Scriptures. 
Philadelphia, 1836. JNO. M. KEA6T. 

From Rev. Nehemiah Dodge^ Principal qf Harmony Ball Seminarv. 
Msssas. Key k Biddlb, Philadebihiaf F^ehruary 15. 1^96. 

I have examineil, with much pleasure, your edition of ** Outlines or Sacred 
History." I think it better suited to the younger members of families, and 
also to the^xntor claeaea in our seminaries, than any other work with which 
lam acquainted in this roost important department of education. 

Ab. 76 South Eighth street. N. DODGE. 

above expressed. 
W. B. ROSE, 

AUGUSTINE LUDINGTON, 
Rev. SAMUEL W. CRAWFORD^ 
A.M., Prinpipal of Academical DepC 
of University of Pennsylvania. 
THOMAS M«ADAM, 
T. T. AZPELL, 
A. MITCHELL, 
H. MORROW, 
D. R. ASHTONlj. 
BENJAMIN C. TUCKER, 
ES. LEVY, 
WILLIAM ROBERTS, 
THOMAS BALDWIN, 
U. KITCHEN, 
M. L. HURLBERT, 
SHEPHERD A. REEVES, 
NICHOLAS DONNELLY, 
WILUAM A. GARRIGUE8. 



We fully concur in the opinions 

T. H. ^— "^- 
WM. .\'.: ■' r-i'i-.ii, A.M. 
JOHN SI \]. MOSS, 
WILIJAIM M'NAIR, 
ED. II UITBBABD, 
EiiKKif-XFOUSJiJ^, 
Rbv. WJM. MANN, AM- 
J. MAliElRA, 
J, E, SLACK, 
h. W. BUKPJET, 
JOHN HAiiLrVM, 
THOMAS EUaTACE* 
JOHN KasTACE. 
WILLIAM MARUIOTT, 
RIAL LAKKj 
THO:^!AS COI-lJNSj 
MATTHIAS N U d ENT, 
SA.MULL CLFVDENINj 
JAMJjS CI^OWELL, 
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** OutHnet <fSaered lK»/or;v."— A very fnterefltlng work, well adapted to 
answer the end designed. Uhistrated with numerous *wood cuts, and en- 
riched with poetic description, its arrangement seems admirably calculated 
* to impress upon the rising generation the interesting facts of sacred history. 
In this little volume, liings, warriors, judees. shepherds, and tribes pass be- 
fore us in succession : and while we read their history, we almost seem to 
noan under their bondage, or exult in their liberty. Sir Isaac Newton said, 
" There is no philosophy like that taught in the Bible ;" and truly we may 
flay, tliere is no history of any nation or of any age that will bear com{)arlfloa 
with that recorded on its sacred page: and I deem every effort to bring it be- 
fore our families and the rising generation as worthy of praise; and when 
done with the taste and order exhibited in these Outlines, as deserving ex- 
tensive patronage. WILLIAM SUDDARI^y 
Rector qf Grace Church, PhiladelgMa, 

After a cursory examination of the "Outlines of Sacred History," I can 
cheerfully recommend it as admirably adapted to the wants of those families 
who have long desired an elementary work, literary and religious, whick 
might be studied on the Sabbath-day with propriety and interest, as prepara- 
tory to the recitations of the following morning. While it should be regarded 
as a valuable Sabbath-school book, it will be found to be specially useful in 
common schools, and even interesting and edifying to persons of mature age^ 
as a book of reference. 

J. LYBRAND. 

jFViom Wm. Ruasell, MA.yEditor qfthejirat aeriea cfthe American Journal 
cfEducatiany and Teacher qf a Select FemaXe Sehool, Philad. . 
** The Outlines of Sacred History," of which you have published a new 
edition, I have found a useful and pleasing book for young pufNls, and am 
gratified to learn that its circulation, as a &mily book, m also extensive. 
Used in conjunction with any of the recent maps of Falestiod, it seems well 
adapted to unpart clear and accurate ideas of the contents of the sacred 
volume. WJM. RUSSELL, j 

Fhm the Rev. Cooper Mead, D.D., Rector <f TrvnUy Church, Southwark. 

MbSSRS. KbT & BiDDLB : 

Gefiti«m«fL— Having examined the ** Outlines of Sacred Historv," Intended 
fcr the use of schools and families, I think the work well calculated to inte- 
nflt and instinct those for whom it has been prepared, and especially fitted 
to excite the young to a more careful perusal of the Bible, of which it Is a 
mlaaBle epitome. 

February 18, 1836. 

r JKecommendations to the same eflbct have been received from the following 
gentlemen: . 

Bbv. S. B. HOWE, late.Fresident of Dickinson College. 

BARTRAM KAIQHN. 

Rbv. GEOROE DUFFIELD, of the Tabernacle, New York. 

C. D. CLEVELAND, Principal of Classical Seminary. Philadelphia^ 

CALVIN TRACY, A.M., Principal of New Brunswick Female Academy. 

C. O. BURNHAM, A.M., Principal of Rahway Femide Seminary. 

PROFESSOR GRISCOM, late of New York. 

• 2* 
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FROST'S AMERICAN SPEAKER. 



THE AMERICAN SPEAKER; comprising a com- 
prehensive Treatise on Elocution, and an extensive Selection of 
Specimens of American and Foreign Eloquence. Embellished 
with engraved Portraits of distinguished American Orators, on 
steeL By J. Frost, author of History of the United States. 

' The design of this work is to furnish a corrscl and satisfactory treatise on 
the PrlnciplPS of Eloc)ition in a small gjpaLce; and a very rich and copious 
collection of specimens of Deliljerativc, Forensic, Academic, and Popular 
Eloquence, fiUins up the greater portion of the volume. It has met with a 
very rapid sale, "six thousand copies tiaving iteen called for within a few 
weeks ailer its first appearance. The estimation in which it is held by intol- 
ligent teachers will appear by the following: 



RCOOlVnyEENDATZONS. 

fVom William Rmaell^ Esq., Teacher of Eloculicny Jlrtt Editor of Ou 
JourruU (^Education. 

Dear fifeV,— The "American Speaker,*' edited by Mr. Frost, is, I think, one 
of the best volumes fur practical exercises in elocution, that inatructeraor 
students can find. The rules and principles laid down in the introductory part 
of the book, comprise whatever is most useful in Walker's system, as abridged 
by Mr. Ewing of Edinburgh. The compends of Mr. Ewing were preferred 
to all others, by the laie Dr. Porter of Amlover, whose critical knowledge an4 
pure taste in relation to the art of elocution are so extensively appreciated. 

The numerous rules on the manner of reading the series— so termed by 
elocutionists— may be differently viewed by instnictere, according to the ex- 
tent to which they fullow Walker's authority. But there can he no diversity 
of opinion as to the utility of the other parts of the work, and, particolarly, 
'" ' , in which the inflections of the voice are marked throughout 



the many pieces i 

"jy appropriate ac( ^ ^ ,_^_ , 

Mb. E. C. BiDDLB, Philadelphia. WM. kUSSELL. 



by^appropriate accents. . Respeclfully^yours, 



■ Ma. BxDDLB : 

I consider ** Frost's American Speaker" to be the best compilation of the kind 
llhat has ever met my eye. The principles of elocution therein laid down "Hrs 
excellent, and well calculated to promote eloquence in every youthful Ame- 
ri<^n freeman. The extracts arc of a high order, and, in general, breathe tho 
spirit of liberty and independence. Giving you my best wishes for the suc- 
cess of the work, I remain, very respectfully, yours, 

WILLIAM ALEXANDER, 

I have carefully examined << The American Speaker, by John Frost," and 
feel no hesitation in saying that I {£n) highly pleased with the work. The 
rules and examples elucidating the principlea of elocution, cannot fail to 
secure the advancement of the student in the difficult science of Oratory. I 
have alreaily introduced it into my school.— With respect to Mr. J. Frost's 
"Abridgment of the History of the United States," I consider it extremely 
well calculated to give younger pupils a sufficient knowledge of the history 
oflheir own country. MICHAEL POWER. 

Baltimoref January 2, 1S38. Principal qf Ashury CoUsge* 
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NEW GEOGRAPHY FOR SCHOOLS. 



IN PRETARATIOV, AND WILL BE PUBLISHED IMMEDIATELY, 
BY 

THOMAS, COWPERTHWAIT & Co., 
MXTCWUEJUUS SCHOOI^ GEOGRAPHY 

AOCOBtPAMIBD BT 

AN ATLAS OP SIXTEEN MAPS. 



The author, Mr. S. Auoubtus Mitchell, is favourably known to the public, 
having for a number of years past devotetl his attention to the compilin? and 
publishing of Geographical works and Maps. The knowledge he lias ac- 
quired in the prosecution of this business, has induced many of hip friend»~ 
teacliers in dinerent parts of the country— to direct his attention to the pre- 
sent work, persuaded that he could prepare one suited to their viaws, ajid 
calculated to facilitate the pmsress or their pupils. 

Within the last twelve or fifteen jrears, the great attention paid to Geogra- 
phy in our principal schools and scminariesJhas been the means of producing 
several meritorious works on this subject. They have their respective pecu- 
liarities and excellencies, and are mostly well calculated to aid the scholar 
in his progress towards acquiring a competent knowledge of that interesting 
science. 

To most of the works in question, however, the objection attaches of failing 
to represent the world euttisat the present day. Perhaps not one of them 
(though editions for 1838 are befo^he public,) exhibits even our own country 
according to its actual divisions. The same objection exists in relation to 
South America and some other quarters of the world. Where important States 
are neither mentioned in the Geographies nor delineated in the Maps. 

The author of this School Cteograpfty has endeavoured to describe in the 
Work, and delineate in the Maps composing the Atltis, such a representation 
of the principal States in the world as will obviate these omissions. 

The preliminary part of the work, or the description of the definitions, will 
be found perhaps as simple and easy of comprehension as can well be ob- 
tained. It is arranged chiefly in the method of muation and anateer ; yet 
presenting, it is believed, sufficient scope to exercise the mental faculties of 

Tne Pictorial IllBStrations will comprise from one hundred and f fly to two 
hwtdredEngravingSj chiefly from original designs, and engraved by the best 
artists in the count^. Some of these will embrace a number of the leading 
objects of nature and art, and others will illustrate in an appropriate manner 
important facts stated in the bodv of the work. They are not introduced for 
mere ornament^ but are designed to convey information by visible images— 
the moat forcible of all languages. 

The Mape composing the Atlas are from original drawines, and engraved 
In the nrat and distinct manner for which iHr. MilcheWa Maps have been 
distinguished* This is a subject of considerable importance to both teacher 
and scholar. Some very cood maps found in atlasses accompanying school 
ge(M:raphie8 are engraven in a manner so slovenly and indistinct, that it iB 
ofte'^n difilcult to distinguish the names of places: others are printed on paper 
so ill calculated for the purpose, that the atlas falls to pieces in a short time. 
It is believed that the great majority of teachers are well aware of this fact, 
it being frequently complained of. These objection^ the publisbera will obvi- 
ate to the utmost extent thai the plan prescribed for this work will i)€rmit. 
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OSWALD'S 
ETYMOLOGICAL DICTIONARY. 



AN ETYMOLOGICAL DICTIONARY OF THE 
ENGLISH LANGUAGE, on a plan entirely new. By JoHir 
Oswald, Author of << Etymological Manual of the Englbh 
Language," and << Outluies of English Grammar/' Revised and 
improved, and especiall v adapted to the purpose of teaching Eng- 
lish Composition in Schools and Academies. By J. M. Keagy. 



MsssRar Kbt ft BiDDLB : 

Gentlemen^— In republishing " Oswald^ Etymological DIctionanr,** enrich* 
efl as it is by the sensible and well written ** Introduction" of Dr. Keagy, you 
have done a real service to the. cause of sound edueation. It is the beet work 
of the kind (designed fur schools) that I have yet seen, and it miist have an 
extensive circulation. For in every well regulated school taught by compe- 
tent mastera, etymology will form a prominent branch of study as long as 
tliere is an inseparable connexion twtweeu clearness of thought and » onr- 
^. Yours respectfully, 



rect use of language. 

We fully concur in the above. 
J. M4NTYRE, 
JAMES B. ESPY, 
JNO. SIMMONS, 
B. W. BLACKWOOD, 
£. H. HUBBARD, 

E. NEVILLE. 

F. M. LUBBREN, 
WM. A. GARRIGUES, 
WILLIAM MARRIOTT, 
RUL LAKE, 
THOMAS T. AZFELL, 
A. MITCHELL, 
CHARLES MEAD, 
WM. MANN. 
WILLIAM M'NAIR, 
JOHN STEEL. 
BENJAMIN MAYO, 
JOHN HASLAM, 
CHAS. HENRY ALDEN 
THOMAS EUSTACE, 
W. CURRAN. 
BENJAMIN TUCKER, . 
M. L. HURLBERT,. 
T. G. POTTS. 
CHARLES ATHERTON, 



c:d. CLEVELAND. 
# 
SAMUEL CLENDENIN, 
E. FOUSE, 
THOMAS CONARD, 
HENRY BILL, 
THOMAS BALDWIN, 
U. KITCHEN, 
DANIEL MAGINIS, 
JOHN EVANS. 
JOSEPH P. ENGLES, 
J. W. ROBERTS, 
BARTRAM KAIGHN, 
JNO. D. GRISCOM, 
ARCHIBALD O. R. LOVETT, 
AUQUSTINE LUDINGTON, . 
WM. B. ROSE, 
NICHOLAS DONNELLY, 
C. K. FROST. 
WM. ALEXANDER, A JM. 
M. SOULE, 
J. RAPP, 



JOHN STOCKDALE, 
Rbv. SAMUEL W. CRAWFORD 
A.M., Principal of the Acadl. Dep(. 
of the University of Pennsylvania. 
THOMAS H. WnUSON, 
HENRY LONGSTRETH,A.M. THOMAS M»ADAM. 
PROFESSOR JOHN GRISCOM late of New York. 
WILLIAM RUSSELL, Esa., Editor of American Journal of Edwiatlon. 
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, FROST'S 
HISTORY FOR COMMON SCHOOLS. 



HISTORY, OF THE UNITED STATES FOR 
THE USE OP COMMON SCHOOLS. By Johit Frost, 
author of "History of the United States for the use of Schools 
and Academies,*' " The American Speaker," &c. 

This work is condensed from the author's larger History of the United 
States for the Use of Schools and Academies. In reducing the quantity of 
matter to such a compass, as will place the volume within the r^ch of^the 
common schools, no pains have been spared to preserve all that is essential 
to a clear and comprehensive history of the country. No event of importance, 
noticed in the larger history, is passed over in this, although many of ths 
minor details are considerably condensed ; and some circumstances and ob- 
servations having a comparatively unimport&nt bearing on the main story, 
are entirely omitted. 

The author's dt^ign, in accomplishing the condensationof his former work, 
has been to furnish the common schools of the country with a history, in a 
cheap and convenient form, which would be complete and sufficient for the 
purposes of sound instruction, not onlv in the plan and arranzement, but in 
the amount of solid information which it should comprise. How far he may 
have succeeded in this attempt it remains for the friends of popular education 
to determine. 



REOOnEIMCENDATZONS. 

Thefollowine are felected from a larae number of recomroendations of the 
above work which have been received by the publishenp. It has been ailopted 
by the Controllers of the Public Schools or the City and County of Philadelphia, 
and by other conmuttees of public schools in various parts of the country. 

FhmtheRev. C. B. Aldenj Principal cf Uu Philadelphia Eigh School for 
Girls. 
' "Frost's History of the United States" is a text-book in my school, and is 
Justly a favourite. I have often regretted that an edition, in a smaller 
volume, with numerous illustnitive engravings, was not furnished for the use 
of our junior classes and common schools, l am glad, therefose, to see what 
I thought a desideratum, and in a style, and at a price so well adapted to the 
purposes intended. This volume, I find, is abridged from t^a larger volume 
very judiciously, and can be recommended very confidently to general use. 
There is no history of our country, in my opinion, at all comparable with it as 
a common school book. 

CHARLES HENRY ALDEN 
Philadelphia^ Oct. 23, 1837. ' ^ 

I judge " Frost's History of the United States" to be a most excellent epitome 
of American history. Many interesting and important facts relative to Ame- 
rican aflkixs, in other works ef the kind omitted, are therein judiciously intro- 
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duced. ^he iimplicity and ele^aco of the style cannot fall to olease everj 
attentive reader. The appendix, containing the constitution or our beloved 
land, as also a useful chronological table, will render the work doubly 
valuable. WM. ALEXANDER, 

October 19, 1837. Teacher <f Langucigee, PhUadel/Aia, 

PhiladebMa, .9fov. 16, 1837. 

I have just got through with an eswminaticm of "Frost's History d" the 
United States for Common Schools.'^ I have, for a long time, felt the need 
of a history of our country that should embrace all the most important events, 
and, at the same time, present a style and arrangement attractive to the 
common reader. My wishes were fully met upon receiving a copy of the 
larger work, by the same author. This wwk ought to be placed in every 
librai^ as well as in every school. 

This smaller work, which appears to be condensed from the larger one, 
contains all the important facts and retains the same easy style that charac- 
terized the book from which it was abridged. I feel safe in recommending 
it to others, and shall introduce it into my seminary as an introductioh to the 
large work, so soon as I can dispense with other works now in use. 
Yours, &c. ^ 

H.BILL VMmmOL 

Mb. E. G. Biddlb : ^ 

Dear Sir,— I have to acknowledge the favour of copies of " Frost's United 
States for the use of Common Schools," and of" The American Speaker'' by 
the same gentleman. As you have my opinion of the book from which the 
first of these worlcs is condensed, it is not necessary to say much of the present 
volume. The author, it seems to me, has furnished a book better suited to a 
large class of pupils than his former work ; and while it is complete and suf- 
ficient for the purposes of sound instruction, not only in the plan and arrange- 
ment, but in Ihe amoutit of solid information which it comprises, can be aP- 



successful orators, and is well adapted to promote the object oi the compiler. 
The Principles of Elocution, by Mjp. Ewin?. which are prefixed to the collec- 
tion, and the number of exercises marked with inflections, give this work 
claims over all other books of the kind I have examined, and will, doubt- 
less, secure for it a ready Introduction to our colleges and academies. The 
work has been procured by a, number of my pupils, and I unhesitaUngly 
commend iu Yours, &c. 

S. JONES, 
. . No n SmOh Seventh ttreet^PhOcaulphieu 



PMladdpMa, March 24, 1^38. 
This IB to certify, that « Frost's Histbiy of the United States'*, 
has been adopted as a class-book by the Controllers of ^ Public 
Schools of the First Sdiool District of Pennsylvania, and is in 
general use jn the public schools in the dty and county of Phil^ 
d^hia. 

R. PENN SMITlf, 
Seeretcary of Bdard of CorUrolkn, 






[23] 

GUY ON ASTRONOMY, 
AND KEITH ON THE GLOBES. 



GUY'S ELEMENTS OF ASTRONOMY, AND 
AN ABRTOGEMENT OF KEITITS NEW TREATISE 
ON THE GLOBES. Thirteenth American edition, with 
additions and improvements, and an explanation of the astro- 
nomical part of the American Almanac Illustrated with 
eighteen plates, drawn and engraved on steel, in the best man- 



^ REOOZKOMEENDATZONS. 

Philadelphia^ December, 1834. ' 
A volume containing Guy's popular treatise of Astropomy, and Keith on 
the Globes, having been submitted to us for examination, and careAilly ex- 
amined, we can without any hesitation recommend it to the notice and patron- 
age of parents and teachers. The work on Astronomy is clear, intelligible, and 
suited to the comprehension of young persons. It comprises a great amount 
of information, and is well illustrated with steel engravings. Keith on the 
Globes has lon^ been recognised as a standard school Ixwk. The present 
edition, comprised in the same volume with the Astronomy, is improved by 
the omission of much extraneous matter, and the reduction of size and price. 
On the whole, we know of no school book which comprises so much in so 
Little space as the new edition of Guy and Keith. 

THOMAS EUSTACE, \V R. KOSK. 

JOHN HASLAM, C 1 1 A f I L i:s M E A D. 

W. CURRAN, n J: \ J A M I N MA YO, 

SAMUEL CLENDENIN, H. \iL|KKOW, 

SHEPHERD A. REEVES, J. ir^W.ACK, 

JOHN STOCKDALE, S C WALKER, 

J. B. WALKER, 1 HO MAS COLLINS, 

J. E. SLACK, WM. MAN\*, 

JOSEPH R. EASTBURN, RIAL L.AKE, 

WILLIAM M'NAIR, W. MARRIOTT, 

H. O. WATTS, C. B. TKRGO, 

J. O'CONNOR, Secretai7 to the JOHN ERHARDT, 
Philadelphia Association of R U^ CUSHMAN, 
Teachers. 



Sbv. chas. a. ALDEN, 
BENJAMIN C. TUCKER, 

J. h. brown, 

JOHN ORD, 
SETH SMITH. 
WILLIAM ROBERTS, 
T. H. WILSON, 
JOSEPH WARREN, 



TiKJMAfS M^ADAM. 

Rbv. EiAMUEL W. CRAWFORD, 
A.M., Principal of the Acadl. Depu 
of the Uni versily of Fennsy 1 vania. . 

Q, A. SHAW, 

AUGUSTINE LUDINGTON, 

M. SQULE, 

WILLIAM A. GARRIGUES, 

M. L. HURLBERT 

S. JONES, 
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We fully concur in the opinion above expressed. 
E. ri "^ \ JAMES SHANLEY, 

C. I . = \ ..^lAH, DAVID RING, 

E, K, JiAliMvY, ROBERT WALKER, 

KOBKirr O'NEILL, D. W. B. M'CLELAJN, 

K, SPt:l.>lA_N% S. A. DAVIS. 

S. W. KOSZELL, JAMES R GODLDi___ * 

SAMUEL HUBBELL, JOSEPH H. CLARKE, AJSC 

D. E. KEESK, FRANCIS WATERS, 
S. A. <^LARKE. JOHN MAGEE, 
JOSIuPff WALKER, MICHAEL POWER, 
O. W. TRFADWELL» C. D. CLEVELAND. 
Kfiv. S. M, GAYLEY, Wil- 

mloglon, Del. 

Willbraham, Oct. 27, 1834. 
We have used Guy's Astronomy, and Keith on the Globes, as a textbook, 
during the pa8t;rear; it is in all respects such an one as was wanted, and we 
have no disposition to exchange it for any other with which we are ae« 
quainted. WM. G. MITCHELL, 

Lecturer on the Natural Sciences and AMtrcnomjff 
in Wealejfon Acadevtyt Mom. 

New York, Dee.,VSai. 
We fully concur in the opinion above expressed. 

BERNARD THORNTON, W. M. SOMERVILLE, '^ 

HORACE COVELL, NORTON THAYER. 

P. PERRINE. THOMAS GmDERSLEEVE, 

J. B. KIDDER, MELANCTHON HOYT, 

SOLOMON JENNER, THOMAS V. FOWLER, 

JOSEPH M'KEEN, JOSEPH BAILE, 

C. CARTER, SAMUEL GARDNER, 

LEONARD HAZELTINE. WILLUM FORREST, 

JOSEPH CHAMBERLAIN, C. W. NICHOLS, 

W. R. ADDINGTON, THOMAS M'KEE, " 

HENRY SWORDS, ADN. HEGEMAN, 

J. M. ELY, G. VALE. 

Recommendations ef the same tenor have been received fiom the feUewInf 
gentlemen: 

Rav. D. R. AUSTIN, A.M., Principal of Monson Academy, Mass. 

T. L. WRIGHT. IVincipal of East Hartford Classical and English SchoeL 

S. HART, Principal of Farmi^lon Academy, Conn. 

C. D. WESTBROOK, D.D., New Brunswick, NewJersey. 

W. H. SCRAM. Principal of Classical Academy, Troy, New York. 

£. H. BURRITT, Author of the Geography of the Heavens, New Britain, 
Conn. 

WM. C. FOWLER, Frcfeosor of Chemistry in Middlebury College, V«r.' 
mAnt. 

B. S. NOBLE, Bridgeport, Conn. 

Rbv.'C. H. ALDEN,A.M.,FrincipalofFhiladelphia High School for Young 
Ladies. 

Ray. S. B. HOWE, late President of Dickinson College. 

Rbv. Dr. WESTBROOK, Principal of Female Seminaiy and Rector d 
Rutgers' College Grammar School. 

Da. B. F. JOSUN, Professor Union College, New York. 

GEORGE B. GLENDINING, Principal of Young Ladies Academy, Troy, 
New York. 

M. CATLIN, A.M., Professor of Mathematicf in Hamilton College, New 
York. 



BRIDGE'S ALGEBRA. 



A TREATISE ON THE ELEMENTS OF AL- 
6EBRA. By Rev. B. Bbidob, D.D., F.R.S., Fellow of St. 
Peter's College, Cambridge, and late Professor of Mathematicfl 
in the East India College, Herts. Revised and corrected from 
the eighth London edition. 

In this work the hitherto abstract and difficult science of Algebra is sim- 
plified and illustrated so as to be attainable by the younger class of leamen, 
and by those who have not the aid of a teacher. It is aiready introduced into 
the University of Pennsylvania, at Philadelphia ; and the Western Unl* 
veisity at Pittsburg. It is also the text-book of Gummere's School at Burling- 
ton, and Friends' College at Haverford, and of a great number of the best 
schools throughout the United States. It is equally adapted to common 
schools and colleges. 



REOOXKEBKEiroATZONS. 

Philadelphia, iUoreA 7, 1831. 
Bridge's Aleebra is the text-book in the school under my care; and I ast 
better pleased with it than with any which I haye her«(ofore used. Tha 
author is very clear in his explanations, and systematic in his arrangement, 
and has succeeded in rendering a comparatively abstruse branch ef scianca^ 
an agreeable and interesting exercise both to pupil and teacher. 

JOHN FROST. 

We folly concur in the opinion abore expressed. 
CHARLES HENRY ALDEN, JOSEPH WARREN 

J. O'CONNOR, Secretary to the SAMUEL CLENDENIN, 

Fhiladellphra Association of S. H. REEYE3. 

, Teachers. 

ZJhiversity ofPermsylwmia, Marth 90, ISUL 
QeniUmeni-AxL convpliance with your request that I would give you my 
opinion respecting your edition of Bridge's Algebra, I bea leave to say,. that 
the work appears to be well adapted to the instruction ofstudents. The ar- 
rangement of the several parts of the science is judicious, and the examples 
are numerous and well selected. 



Tours, respectfullr, 

ROBERT ADRAIN. 



We fully concur in the opinion of Bridge's Algebra as expressed by Dr. 
Adrain. 

J. HAYMER, B. N. LEWIS, 

HUGH MORROW, JOHN STOCKDALE, 

WILLUM M*NAIR, W. B. ROSE, 

OLIVER A. SHAW, BENJAMIN MAYO, 

• SETH.SMITH, J. H. BLACK, 

SAMUEL Ev. JONES, THOMAS M«ADAM, 

7N0. M. KEAGY, JOHN KRHARDT, 

3 
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Rev. SAML. W. CRAWFORD, A.M^ 
Principal of the Academical Depu 
of the University of Pennsylvania. 

R. W. CUSHMAN, 

Rbv. S. M. GAYLEY, Wilmington, 
DeL 



THOMAS CONARD, 
THOMAS COLLINS, 
J. £. SLACK. 
C. B. TREGO, 
J. B. WALKER, 
JOHN HASLAM, 
W. CURRAN, 

BttlHmore, December ^ 1831 
We fully concur in the opinion above expressed. 

O. W. TREADWELL, 
JOSEPH WALKER, 
DAVID RING, 
ROBERT WALKER, 
D. W. M'CLELAN, 
S. A. DAVIS, 



E. BENNETT, 
E, R. HARNKY, 
BOeERT O XEILL, 
K SPELMA.N\ 
B. W, KOSZIXT-, 
SAMUKL HUEBivLL, 



H. O. WATTi;, 

€. If. banseMeu, 

D, E. KEKSfcIs 
S. A. CLAiiKK, 



JOSEPH H. CLARKE, A.M. 
FRANCIS WATERS, 
JOHN MAGEE, 
MICHAEL POWER. 



Messrs. Key k Biddj;,b : iVovemfter 22, 1834. 

Qentlemen^—l have been highly ffratified by an examination of "Bridge's 
Algebra," published by you^ and thinlc it well entitled to general introduc- 
tion in our schools. I shall give it a preference in my academy to any work 
Ihayeseen. Respectfully, yours, 

J. H. BROWN, 
Principal (fan English and Mathematical Academy, 
Ab. 52 Cherry street, Philadelphia. 

New York, December, 1834. 
We tu\)f 6ftnctiT la tiiA opkk^on above expressed. 

NORTON THAYER, 
THOMAS GILDERSLIEVE, 
MELANCTHON HOYT, 
THOMAS V. FOWLER, 
JOSEPH BAILE, 
SAMUEL GARDNER, 
C. W. NICHOLS, 
THOMAS M*KEE. 



P, PERRINE, 

J, B. kidoeA, 
SOLOMON J ENNER, 
JOSEPH M^IOSEN, 
C. CAftTKft, 
LEONARD HAZELTTNE, 
W. R. ADDINliTON, 
HENRY SW0RD>5, 
W. M. SOMERVILLEt 



The g:entlemen named below have also sent the publishers strong recom- 
mendations of Bridge's Algebra: 

PROFESSOR £. A. ANDREWS, Mount Vernon Institute, Boston. 

Rev. C. DEWEY, Professor, Berlcsh ire Gymnasium, Mass. 

N. S. DODGE, Principal of Young Ladies' Seminary, Pittsfield, Ma^s. 

M* CATLIN, Professor of Mathematics, Hamilton College, New York. 

GEORGE HALE. A.M., Tutor William's College, Mass. 

B. G. NOBLE, BridgeTOrt, Conn. 

Rbv. D- R. AUSTIN, Principal of Monson Academy,' Mass. ^ 

£. H. BURRITT, Author of the Geography of the Heavens, New Britain 
Conn. 

A. B. MYBRS,PrinoiMV.ofWhitAall Academy, New York. 

THEODORE STRONG, Professor of Mathematics in Rutgers' Coll^(fi^ 
New Jersev. 

Rev. S. NORTH, A.M., PnrfeiMor Hamilton College^ New York. 
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THE SCIENTIFIC €LASS.BOOK. 



THE SCIENTIFIC CLASS-BOOK ; OR, A FA- 
MILIAR INTRODUCTION TO THE PRINCIPLES OF 
PHYSICAL SCIENCE, for the use of Schools aiid Academies, 
on the basis of Mr. J. M. Mo0at Part I. Comprising Mecha- 
nics, Hydrostatics, Hydraulics, Pneumatics, Acoustics, Pyrono- 
mics, Optics, Electricity, Galvanism, Magnetism. With Emen- 
dations, Notes, Questions for Examination, List of Works for 
Reference, some additional Illustrations, and an Index. By 
WALTER R. JOHNSON, A.M., Professor of Mechanics and 
Natural Philosophy in the Franklin Institute of the State of 
Pennsylvania, Member of the Academy of Natural Sciences of 
Philadelphia, one of the Vice-presidents of the American Instl- 
tute of InBtpiction. 



HEOOncnflEHDATZOirS 

Mbssbs. Ebt 8o BiDDLa. Philadelphia, June 22, 183S. ^ 

I have carefully examined your "Scientific Class-Book, Part I.," and find 
It what has for some time been much wanted in our academies and high 
•chools. The emendations, notes, and additional illustrations are important, 
and what might be expected from one so perfectly at home, both theoretically 
and practically, in the range of Natural Philosophy, as Mr. Johnson is ex- 
tensively known to be. The list of works for reference will be appreciated 
by intelligent teachers. 1 have introduced it as a text book, and commend it 
cordially to the notice and examinatiom of others. 

CHARLES HENRY ALDEN, 
Principal (ftht Philadelphia High School for Young L^dtea. 

I fully concur in the above. SAMUEL JONES. 

Philadelphia, June 24, 1835. 
I fully concur with Messrs. Alden and Jones in their opinion of Mr. 
Johnson's work on Natural Philosophy, and shall immediately adopt the book 
as the best I know of for use in mj own and other schools in this city, in 
which I give instruction. 

OLIVER A. SHAW. 

We have examined Mr. Johnson's " Scientific Class-Book," and are so well 
satisfied with its merits, that we shall adopt it as a clas8-Ix>oJc on Natural 
Philosophy in our school. 

S. C. & J. B. WALKER. 

Mbssbs. Ebt ft BrooLB : Philadelphia, June 26, 1835. 

A careful examination of the treatise on Mechanical Philosophy, entitled 
"The Scientific .Class-Book, Part I.," has satisfied me, that it is by far the 
most complete cla8»-)x)ok, on that subject, which has yet fallen under my 
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notice. The additions made bv Prnfenor Johnson, particularlj the bibllo* 
naphical notes, are hot less creuitable to his learning and sound judgment, 
Ulan conducive to the utility of the work for the purposes of instruction. 
The volume mav be safely recommended as a standard class-book for schools 
and raivaie students. 

JOHN FKOST. 

Mbssrs. Kbt & BinDLB : ~~ 

GentUmetij— It is with much pleasure that I have examined "The Sci- 
entific ClasB-bookj" on the basis of J. M. Mofifat, Esa., by Walter R. Johnson, 
JLM. It Is such a work as the advancing stiate of eaucation in this country 
particularly demands at the present time. I hope its use may become 
general. With regard, yours, 



J. H. BROWN. 



Messrs. Est & Biddlb: 



6th Month 23, 1835. 

Gentlemen,— I have examined the first part of the " Scientific Class-Book" 
just published b^ you, and cheeifiilly express my opinion, that, for accuracy 
and comprehensiveness, this work contains a system of principles and illus- 
trations on the subject on which it treats, sup^ior to any book of the same 
size and price intended for the use of schools. 

As this volume is ihe first of a series on the Mechanical and Physical 
Sciences* the public may confidently expea that the successive parts, when 
completed, will constitute a consistent set of treatises peculiarly adapted to 
the present wants of places of education. 

JOHN M. EEA6Y. 

We cheerfully concur in opinion 
JOSEPH P, EXHTER, 
aVGU MORKUW, 
WILUAM A. GAitRlGUES, 

jACnu riERCJL 
BKlVJAMl>f C. TUCKER, 
T. a. POTTS, 
VfU. CIIRRAN 

C. RrCKNKLL, 

D. R, A^HTON, 

E. FOURE, 
C- FELTT, 
THOIVIAS BALDWIN, 
JOHN STt>UKl>AL£, 
URIAH KITCHKN, 
THOMAS H. WILSON, 
SHEPHEKP A REEVES, 
E. H. HUBBARD, 
WILLIAM IVI^NAIR, 
JAMES CROWELL, 
J- O'CONNOR, 



with the above recommendations. 

WM. MARRIOTT, 

RIAL LAKE, 

BENJAMIN MAYO, 

JAMES P. ESPY, 

Rbv. SAMUEL W. CRAWFORD, 
A.M., Principal of the Acadl. DepU 
of the University of Pennsylvania. 

THOMAS M'ADAM, 

CHARLES MEAD, 

JAMES E. SLACK, 

L. W. BURNET, 

WILLIAM MANN, A.M. 

CHARLES B. TREGO, 

WM. ROBERTS, 

THOMAS COLLINS, 

SAMUEL CLENDENIN, 

AUGUSTINE LUDINGTON, ' 

JNO. D. GRISCOM, 

N. DODGE, 

JOHN HASLAM. 



NetD York, July, W36. 
Having examined the First Part of the Scientific Class-Book, we feel justi- 
lied in concurring in the above favourable recommendations. 
EWD. D. BARRY, DAVID SCHUFER, 

J. M. ELY, F. A. STREETER, 

JOSEPH MKEEN, CHARLES W. NICHOLS, 

JONATHAN B. KIDDER, THOMAS M'KEE, 

PATRICK S. CASSADY, G. I. HOITER, 

WM. R. ADDINGTON, J. B. PECK, 

RUFUS LOCKWOOD, S. JENNER, 

NORTON THAYER, RICHARD J. SMITH. 

JOHN OAKLEY, 
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THE SCIENTIFIC CLASS-BOQK, PART 11. 



SCIENTIFIC CLASS-BOOK: a Familiar Introduc- 
tion to the Principles of Natural Philosophy, adapted to the us^ 
oi Schools. Part II. Comprising Chemistry, Metalluzgy, Mine- 
ralogy, Crystallography, Geology, Oi;yctology, and Meteorology. 
With Notes, References, Questions for Examination, and a copi- 
ous Index. By Walteb R. Jomkboit, Professor of Mechanics 
and Natural Philosophy in the Franklin Institute of the state 
of Pennsylvaiva. 



REOOIUIMIENDATZONS. 

fVom Charles Henry Alderij A.M.j Teacher ^ Philadelphia. 

The mirest test of the excellence of a book— its extensive adoption and 
use— has been applied, and successfully, to the " Scientific Class-book, Part 
I.;" and the success of "Fart II.," which you have just published, is therefore 
not to be doubted. Given to the public under the supervision of the same 
accredited scholar as the former volume; enriched by additional illustra- 
tions; in many places emended; and containing a valuable list of biblic^ra- 
phical notices, it can with propriety be commended to the use of schools and 
academies as well as to private families, as a most valuable manual The 
treatise on Chemistry, though necessarily very short, embraces a perfect out- 
line of the science, and cpntains the most recent discoveries. The tracts on 
Metallurgy, Mineralogy, Crysullography, Oeology^Orvctnlogy, and Meteo- 
rology, are nowhere more^ lucidly and attractively explained. This volume 
ou^ht to accompany Part I., wherever that is adopted ; indeed, in my opinion, 
it is more deserving of public favour. 

The style and execution of the " Scientific Class-book, Part II.," as a pro- 
duction of your press, is highly creditable. C. B. ALDEN. 

February 16, 1836. 

I have pecused, with much interest, the " Scientific Class-book," edited by 
Professor Johnson. Allow me to unite my acknowledgments with those of 
other teachers^ for so valuable an aid to the business of instruction. The 
whole work forms the most clear, exact, and comprehensive elementary 
treatise that.I hav^seen on the subjects which ft embraces. The value of 
the work is still farther enhanced as the production of one long familiar with 
the topics on which it treats, and thoroughly versed in the mode of present- 
ing them to the mind, in the various forms of practical instruction. 

Yours, &c. WILLIAM RUSSELL. 

Philadelphia^ October 6, 1835. 

Recommendations of the same decisive character have been received from 
the teachers and professors named below : 
VICTOR VALUE. Philadelphia. 

GEORGE B. GLENDINING, PrinciMl of Troy Select School, Troy, N. T 
J. P. BRACE, Principal of Hartford^Female Seminary. 
J. H. BROWN, Principal of Clasafcal School, Philadelphia. 
WILLIAia CURRAN, Philadelphia. 

8* 
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GEOGBAPHT OF PENNSYLVANIA. 



A GEOGRAPHY OF PENNSYLVANIA for the 

1186 of Schools and Private Families. Second edition, with oor- 
rections and additions. By Rebscca Eatok. 



REOOlMXnEZIHDATZONS. 

From Rev. Dr. 3fConaught/f President qf Waehington CcUege^ PenH. ' 
I have read a portion of the proof sheets of a " Geography of Fennsylvania,*' 
by Miss R. Eaton, and am much pleased with its details. They are, in fo 
fiur as I know, accurate. The historical and statistical &ct8 are of general, 
and not a few of them, of thrilling interest. The description of the country, 
given as the result of personal observation, evinces close and discriminating 
attention. The manner in which the subject is presented is very interesting. 
It is well adapted to convey much useful information to youth, and will M 
lead with pleasure and interest by all. 
January 5, 1837. * 

From Rev. Mr. Elliott Prqfeseor in the Western Theological Seminary, 

Pittsburg. 
Miss Eaton : 

That portion of the proof sheets of your " Geography of Fennsylvania," 
which you were pleaseaip forward me, I have examined with as much cars 
as my arrangements woulQ permit. The statements appear to be correct and 
well arranged. If the other portions of the work be executed with the same 
fidelity ana judgment, I shall consider it a valuable and acceptable present 
to our juvenile population, and well deserving the patronage of the friends 
(tf education throughout our commonwealth. 

January 9, 1837. 

Philadeljphia^ September 18^ 1837. 

We fully concur in the opinions above expressed. ^ 

NICHOLAS DONNELLY, THOMAS BROAD, 

U. KITCHEN, THOMAS EUSTACE, 

JOHN STEEL, JOHN EVANS, ■ 

THOMAS BALDWIN, W. CURRAN, 

J. W. ROBERTS, T. SEVERN, 

. THOMAS H. WILSON, WM. ALEXANDER, A.M. 

HENRY BILL, Union Hall. A. F. TREGO, 
A. MITCHELL, THOMAS COLLINS, 

WM. MANN, - THOMAS M'ADAM. 

Philadelphia, March 24, 1834. 
This is to certify, that " Eaton's Geography of Pennsylvania" has been 
adopted as a class-book by the Controllers of the Public Schools of the Firat 
School District of Penns;nvania, anjl is in general use in the public schools 
in the city and county oi Philadelphia. 

R. PENN SMITH, 
Secretary o/ Board qf ControlUra^ 
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ESCHENBURG'S MANUAI^ 



MANUAL OF CLASSICAL LITERATURE, from 

the German of Johbt J. Eschehbubo. With additions by 
Professor Fiske, of Amherst College. The work comprises five 
parts : — 1. The Archeology of Greek and Roman Literati^ and 
Art 2. ITie Greek and Roman Classic Authors. S, The 
Greek and Roman Mythology. 4. The Greek and Roman An- 
tiquities. 6. Classical Geography and Chronology. Second 
edition. 

The following notice of this valuable work, from the Boeton Recorder, con-' 
tains a very candid and succinct account of its character and design: 

"We have no hesitation in saying, this is the most comprehensive and 
valuable work of the kind which has appeared in the English language. 
Eschenburg was-oneof the most distinguished scholars of Germany. Six 
editions of his work were published before his death, (in 1S20,) to each of 
which useful improvements were made under his own eye. A 1 rench trans- 
lator of the work remarks, 'It is sufficient encomium on the book, that it has 
been adopted as the basis of public and private instruction in the major part 
of the universities and colleges in Germany.' The present volume is divided 
into five parts: I. Archaeology of Literature and Art; II. History of Ancient « 
Literature, Greek and Romany III. Mythology of the Greeks and Romans; . 
IV. Greek and Roman Antiquities ; V. Classical Geography and Chronoloey. 
The work is divided into sections of great convenience for reference. The 
intervals are occupied with notes, illustrations, and references, by Professor 
Fiske. These are very numerous and valuable, as they render more com- 
plete the design of the work, and furnish a vast amount of important matter 
in a small compass. The notes and references do great honour to the trans- 
lator, as an accomplished, judicious, and diligent scholar.*' 



REOOBSIMCENDATZONS. 

FVotn Rev. Edward Robinsorif D.D.., Prqfeaa^of Sacred LUerature, in ths 
New York Theological Stmnary. 
I formerly had occasion to make considerable use of the original Manual 
of Eschenburg, and have ever regarded it as the best work of the khxd extant. 

lYotn hie Excellency, Edward Everettj/ormerly Pr^eeeor qf Greek Litero- 
ture in Hcuroard Univereiiy. 
I am acquainted with the work in the original, and have always regarded 
It as one of the best of the class. I know of no volume which contains so 
much information in every department of classical literature. 

FYem Rev. H. B. Eackett, Prt^eseor qf ClaseiccU Literature in Brown 
Uhiversity. 
** The Manual of Classical Literature is, in my opinion, the most valwable 
work of the kind, which has yet been given to the public. It goes fanner 
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umurds the supply of a want which teachen have long felt, than any aimilar 
work with which I am acquainted. . 

FYom Bev. J. Todd, author qf the Student's Manual^ and the Sabbath- 
school Teacher. 
This book ought to be in the library of every professional man. the ph:f8i- 
ciaa, the lawyer, and the clergyman. There is an amount of informaiion 
condensed iu this volume, whicn amazes onS who has known the toil of try 
log to gather up inforraalioa in his studv. .No professional man can afford -to 
lose what he roust lose if unacquainted with tnis work. And as to studentSy 
1 have no doulit they will gladly obtain it. Professor Fiske has made himtfelr 
a benefactor to our voung men, and they will do injustice to themselves, not 
to follow in the path which he has opened. , 

lYom A, S. Packard, Professor qf the Latin and Greek Languages and 
Classical lAlerature in Bowdoin College. 
The American student has now access to important sources of information, 
from which he has hitherto been, for the most part, excluded. In regard to 
the labours of tlie translator, esoecially in the additions he has made to the 
work, I very cheerfully respond to the general sentiment which has been ex- 
pressed in favour of theirgreat value. 

The gentlemen named below have forwarded to the publisher recommen 
dations of the same favourable character as the foregoing : 

SAMUEL B. WYLIE, D.D.,. Professor of Languages in the Univenity of 
Pennsylvania. 

JOHN' FROST, Principal of 7oung Ladies' Classical Academy, PhUad. 

WILLIAM RUSSELL, first Editor of the Journal of Education. 

J. B. WALKER, PrincipaUf Classical Academy, Philadelphia. 

N. DODGE, Principal of Harmony Hall Seminary, Philadelphia. 

JOHN M. KEAGY; Principal of Friends' Acatiemy, Philadelphia. 
• C. H. ALDEN, Principal of Hish School for Young Ladies, Philadelphia 

MOSES STUART, Professor Theological Seminary, Andover, MasA. 

PROFESSOR BECK, Harvard University, Cambridge, Mass. 

JOHN M*1NTYRE, Teacher, Philadelphia. 

SAMUEL JONES, Principal of Mathematical and Clafliical Inatitute, 
PhiladeH)hia. 
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ESCHENBURG'S CLASSICAL ANTWUITIES. 



CLASSICAL ANTIQUITIES, being part of the 
Manual of Classical Literature, from the German of J. J. Es- 
GHSiTBURe, Professor in the Carolinum at Brunswick. With 
additions, hy Professor Fisee. Second edition. 

This work is designed expressly for the use of the Classical Student. It is 
an octavo -volume of about 350 pages, of convenient size, and comi>actly print- 
ed. It includes, in distinct positions, ^ve treatises; the following are the 
subjects : Grbsk and Roman Mythology ; Grecian ANTiamTiss ; Rohan 
Antiq,uitibs ; Classical Obooraphy and Topography; and Classical 
Chronology. It has three separate indexes carefully prepared; firsu ah 
index of the Greek words illustrated in the work ; secondly, an index of the 
Latin words ; and thirdly, an index of the subjects. 

No other work in the English language includes all these important sub- 
jects, brought Within one volume, and adapted for the student's daily use. 
At the same time, each treatise is sufficienilv full fi)r all the common wants 
of the scholar,' and on some points more full than any work hitherto used in 
our seminaries. It furnishes also, on the principal subjects, references to 
other sources of information ; a peculiarity which greatly enhances its value 
both to pupil and teacher. • 



REOOBOIVXENDATXONS. 

JFVoffi the Biblical Repmitory, 
As to the need of some such work as this, there can be but one opinion. 
The manner in which the translator has executed his task needs no com- 
mendation from us. The volume will find a place among our colleee text- 
t)ooks ; in our academies and higher schools; and in many private libraries. 
It will fill the same place in classical literature, which the works of Jahn do 
in biblical. 

From the North American Review. 
Professor Fiske deserves much praise for the manner in which he has exe- 
cuted his undertaking. The American edition is certainly a great improve* 
ment upon the labouni of Eschenburg ; and we are confident, that those who 
examine it most carefully, will be most prompt and unqualified in their ex- 
pressions of commendation. Every student in our colleges would do well to 
have it upon his table for daily consultation. It should also be ffund in all 
our academies and classical schools. And whenever it is purchased by a 
stadent, he should retain it as one of the books of his permanent library. 

llie following relate more especially to the Ckueieal Antiquitiea, as 
adapted f<»r the primary classical schools : 

From Rev. L. Coleman^ late Principal <f the Burr Semtnarj/t Mmcheater, 

Vt.f now Principal ifthe Teachere* Seminary ^ Andover, Maes. 

It is with peculiar pleasure that I learn that the part of the Manual of 

CUumcal Literature, relating to the mythology and antiquities tf the Greeks 
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long felt the want of some 8Qch manual to aid them in the study of claBBical '^ ^ 
literature To all who are pursuing a course of cliissical study, mis compend / 

should be, not a book of referencsi but a text-book faithfully studied and 

fauiiliarly known. ^^, / s. ^ 

JFVom Mr. J. S'. MbnchtTf Principal of the Northampton ESgh School. ^ '' - 
I bare carefully examined the Classical AntiquitieSf by Professor FiskOy 
and consider it a book of which every classical student should avail himself "X ', t, ^ 
in his preparatory studies. I design to introduce it in my 9chcN>i as soon as 
it can be obtained. > . ^ , 

From Rev. R. E. Pattison, President qf WatervOle College, 
I have examined with considerable attention the Manual cf Classical ^ T r- 
£{7«ra/ur«, and especially the third, fourth, and fifth parts, (the parts included 
in the yolume entitled Classical Antiquities;) and I ceRily with entire cbfiF6r> Y - 
fulness my opinion, that the work is one of much value, and that in preparing 
it, the author has rendered to the cause of learning an essential service. 

Prqfessor Barnes^ who instnicts in the Latin and Greek classics, in this 
college, allows me to express his full approbation of the work as an import-' / ^ - 
ant aid in his department of instruction. , / 

FromPrqfe8sor.A.S. Packard, -^y 

As it respects the portion published separately for academies. I do not hesi- -' ^ 
tate to say, that it has advantages over similar works designed for students, 
and ought to be in their hands scarcely less than the dictionary or grammar./^, ^ •. 

From Rev, D, R Auetiny Princyxd qfMonson Academy. ^ , ^ 

* I have long felt the need of such a work for classical scholars in the early 
stages of their education. The epitome of Classical Geography and Chrono- ' 
logy is of peculiar importance, as it opens a rich fund of information upon 
these subjects, which /ire generally very imperfectly understood. After a 
thorough examination of Professor Fiske^s Manual, I am deeply impressed 
wrilh a sense of its unrivalled excellence. 

jPVom Rsv. L. Sabint late Principal ofHopkhns Academy ^ Badleyt Mass, 
I have carefully examined the Manual of Classiwl AnHguitiee, beinc a 
detached portion, bound separately, from the Manual of Classical Litwature. 
I perused the Classical Antiquities with much interest and pleasure, which 
increased at every step by seeing so great an amount of classical learning, so 
accurately and perspicuouslv systematized and condensed. It appears tODtOf 
that the work is admirably ntted for extensive use in our academies and bign 
schools. As a text-boolc to be studied in connexion with Virgil, Cicero, &c., 
by those who are commencing a course of liberal study, such a work is need- 
ed ; it cannot be dispensed with by those who would be thoroughly prepared 
for the study of the other classics. And those students who would acquire an 
education without the system of a college, and would even confine them- 
selves to studies in Enelish, will be well paid for their time and labour in the 
Ihorough study of the Manual of Classical Antiquities. 
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FRENCH LESSONS FOR BEGINNERS. 



I/ABEILLE pour les Enfi^ns ; ou, Dfe^oiw Francaises : 
Premiere partis ; a I'usage des Ecoles. The Bee for Children; 
or, French Lessons ; Part First ; fgr the use of Schools. 

Several compilations of short andK interesting French tales have been lately 
offered to the public. In all of them, however, expressions are found, which, 
although familiar to the ear of a Frenchman, offend that of a carefully edu- 
cated American child.- It is true that the French do not consider '*Moa 
I)ieu !" swearing ; with them, it is equivalent to " Gracious !" or " Oj dear !" 
but it is certainly desirable that the eye and the ear of the pupils of schools 
in this country should not become accustomed to such expressions. They 
have, therefore, been carefully excluded from this little work, as well as 
every thing of an unchristian tendency. It is designed for the first reading 
book. The style is simple, the sentences short, and containing few idioms, 
inversions, or difficulties. At the end of each page is a translation of the 
idiomatic expressions it contains, and of the words used in an acceptaticn 
not given in the dictionary. 



RECOnnyX£NDATXONS. 

FrxmiJ. G. De Soier^ MA., Prqfessor of French, Spanish, and Italian, Phi- 

ladelphia. 

T have examined " L'Abeille pour les Enfans," published by Messrs. Key 

ft Biddle of this city, and am so much pleased with the pure and chastestylA 

of the selection, thai I shall use it In my instruction with the younger pupils.^ 

F. em Rev. S. B. Bene, DJ)., late President qf Dickinaen College: and 

Rev. Dr, Westbrook, Principal ef Female Seminary and Rector of Rut- 

gers* College Grammar School. 

" The American Speaker" and the " Lecons FraD9ais," contain judicioiu 
selections from the writings of different authors, and are well adapted to the 
use of our schools. 

New Brunswick, February 17, 1836. 

Mr. Edward C. Biddlb : 

Your little work ** L'Abeille pour les Eofans," for its chaste and simple 
style, is entitled to the regard or all who are engaged in teaching that beau- 
tiful language (the French) to the young. 

With regard, yours, J. H, B. 

JFVom Messrs. Calvin TVacy, A.M., and C. Q. Bumham, A.M. 
" L'Abeille pour les Enfans." The style of this work is easy and simple | 
the fables are interesting and instructive, rendering it a valuable work for 
such as are commenclAg the study of the French lansruage. 

~ C. TRACY. 
Principal of New Brunswick Femal^Academu. 
May 13, 1836. C. G. BURNHAM, 

principal <fihe Rahway Female Seminary, 
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EWING'S READER'S COMPANION. 



ifUST BUBLISHED, 

THE READER'S COMPANION:^ A Complete 
Guii^ to correct Reading and Declamation, comprising the 
Principles of Elocution, with Exercises in Prose and Verse 
marked with the Rhetorical Inflections ; and directions for the 
expression of the Passions in Reading and Speaking. Designed 
to be used in connexion with the reading books of Murray, 
Pierpont, Emerson, Cobb, Angell, Worcester, and the various 
others in common use. By T. Ewiiro, Teadtier of Elocution, 
and Author of a System of Geography. 

The Tolume now offered to the public is the result of a want which htt 
long been felt, and is a subject of frequent and just complaint ;— the want, 
nameljTi of a concise treatise of the principles n elocution, with examples 
and minute directions for reading and declamation, to serve as a companion 
to the numerous reading books m common use, which have nothing of the 
kind contained in them. If thei? were no settled principtes of elocution, this 
omission on the part of the compilers of our reading boolcs would be a sybject 
of less surprise. Bui since the labours of Walker, Rush, and others, have 
reduced elocution to Ihe regularity and order of a science, it surely advances 
a fair claim to the attention of every teacher and ever^ pupil hi the c6untry. 
When the pupils in our schools are taught to read, it will require no more time 
to liave them Instructed in this branch, according to the correct principles of 
elocution, than to have the business performed in a hasty, careless manner, 
and without any attention to the recognised principles of elocution. The 
general claims of this science are recognised in the busy world, if not in the 
schools. 

So generally Is this now understood, that elocution Is daily attracting more 
of the general attention. Anxious to facilitate the acquisition of so important 
an accomplishment, the author of this volume has prepared the rules which 
it contains, and selected the extracts by which these rules are exemplified. 
He now commends it to the notice of teachers, trusting that it may becoma 
an important auxiliary to their useful labours. 



IN THE PRESS, 

SCIENTIPIO CLASS-BOOK: a Familiar Introduction to the 
Principles of Physical Science, for ^e use of Schools and Acade- 
mies. Part in. Comprising Botany, Physiology, Vegetable and 
Animal, Zoology, Conchology, Ornithology, and Herpetology. 
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